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MAP Inference for MRFs

» Energy minimization

min ) 6;(x;) + Y 0f(xy)
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MAP Inference for MRFs

» Energy minimization
min ) 6;(x;) + Y 0f(xy)
i f
» Example - unary + pairwise + higher order factors

min Y 6;(wi) + ) 6ij(wi,z;) + Y 0p(xy)
i (4,9) !



Decomposition Methods for Optimization

» Decomposable problem:

min f(z) + g(y) = min f(x) + min g(y)

Two subproblems can be solved independently (in parallel).



Decomposition Methods for Optimization

» Decomposable problem:

min f(z) + 9(y) = min f(x) + min g(y)

Two subproblems can be solved independently (in parallel).

» Nondecomposable problem with complicating variable:

min f(z,2) + g(y, 2)

x?y7z



Primal Decomposition

Fixing z, the problem is decomposable:

min f(z,2) +g(y, 2) = min f(z, 2) + ming(y, 2
w?y



Primal Decomposition

Fixing z, the problem is decomposable:

I?iyn f($, Z) + g(y, Z) = Hlxinf(l', Z) + HZlng(ya Z)

Algorithm:
1. Solve two subproblems (in parallel) for the current z.

2. Update z, e.g. take a gradient descent step if z is continuous.



Primal Decomposition

Fixing z, the problem is decomposable:

I?iyn f($, Z) + g(y, Z) = Hlxinf(l', Z) + HZlng(ya Z)

Algorithm:
1. Solve two subproblems (in parallel) for the current z.

2. Update z, e.g. take a gradient descent step if z is continuous.

Let z* = argmin,, f(z,2), y* = argmin, g(y, 2)
Then gradient at z:

of (z%, 2) N dg(y*, )
0z 0z




Primal Decomposition

When z is discrete and can take values from only a small set:
1. For each z
» Solve the two subproblems and compute objective

2. Choose the z with the minimum objective



Primal Decomposition

When z is discrete and can take values from only a small set:
1. For each z
» Solve the two subproblems and compute objective

2. Choose the z with the minimum objective

Example

Loopy graph Two chains



Primal Decomposition

Problems:
» When 2 is discrete, gradients not available

» When dimensionality of z is high, enumerating all z is
expensive.



Dual Decomposition

Equivalent formulation of the original problem:

min f Z,21) + gy, 22
min f(z,z) + g(y, 2) T,,21,22 ( ) 9y, )
x’y”z

S.t. 21 = 29
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Dual Decomposition

Equivalent formulation of the original problem:

min  f(z, z1) + 9(y, 22)

gcnyu; flz,2) +9(y, 2) T,y,21,22
S.t. 21 = 29
Lagrangian

L<x7y7217227 )‘) = f(xazl) + g(ya22> + )\(2’1 - 22)
Lagrangian dual function

D(A) = min f(z,21) + g(y, 22) + AM(z1 — 22)

T,Y,21,22

=min [f(z,21) + Az1] + min [g(y, z2) — \z2]
zZ1 Y,22

z,



Dual Decomposition

Equivalent formulation of the original problem:

min  f(z, z1) + 9(y, 22)

gcnyu; flz,2) +9(y, 2) T,y,21,22
S.t. 21 = 29
Lagrangian

L<x7y7217227 )‘) = f(l',Zl) + g(ya22> + )\(2’1 - 22)
Lagrangian dual function
D()\) :xgrlnzilnzg f(x721> +g(y722) + )\(21 - 22)

— min [f(z, 1) + Aa1] + min [g(y, 22) — Az

z,z

=min [f(z, 2) + Az] + min [g(y, 2) — A¢]



Lagrangian Dual Function

Denote p* = min, , . f(x,2) + g(y, 2) as the primal optimal
objective value, then

min [f(z, z) + Az] + min [g(y, 2) — A2]

T,z Y,z

< min[f(z,2) + Az + g(y, z) — Az]

x7y7z

D(X)



Lagrangian Dual Function

Denote p* = min, , . f(x,2) + g(y, 2) as the primal optimal

objective value,

D(X)

then

min [f(2, 2) + A2] +min[g(y, 2) — Az
min [f(x,2) + Az + g(y, 2) — \2]

x7y7z

= min[f(z,2) + g(y, 2)]

w7y7z
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Lagrangian Dual Function

Denote p* = min, , . f(x,2) + g(y, 2) as the primal optimal
objective value, then

D(X)

min [f(2, 2) + A2] +min[g(y, 2) — Az
min [f(x,2) + Az + g(y, 2) — \2]

x7y7z

= min[f(z,2) + g(y, 2)]

w7y7z

IN

*

= D

D(X) is a lower bound for p* for any A.



Solving the Dual Problem

Dual problem finds the tightest lower bound for p*.

max D)) = max {rinzn [f(z,2) + Az] + Iénzn l9(y,z) — )\z]}



Solving the Dual Problem
Dual problem finds the tightest lower bound for p*.
A A X,z Y,2

max D(\) = max {min [f(x,2) + Az] + min [g(y, z) — )\z]}

Algorithm

1. Solve the subproblems for the current A

2. Update A, e.g. take a gradient ascent step



Solving the Dual Problem

Dual problem finds the tightest lower bound for p*.

max D)) = max {min [f(x,2) + Az] + min [g(y, z) — )\z]}
T,z Y,z
Algorithm

1. Solve the subproblems for the current A

2. Update A, e.g. take a gradient ascent step
Let (2%, 2{) = argmin, , f(z,2) + Az and
(y*, 23) = argmin,, , g(y, z) — Az, then

oD _
oN

* *
1 — 22



The Gradient Ascent Algorithm

Remember that
D(A) = min [f(z, ) + Az] + min [g(y, z) — \2]
X,z Y,z

and
oD

ox

Taking a gradient step,
Ay =2iz— 232 21 2N\
Ag =232 — 212 z /AN

Each gradient step makes the two subproblems agree more on z.



The Gradient Ascent Algorithm

When %—l)? = 0 & 2] = 23, we found the optimal z* = 2] = 23,



The Gradient Ascent Algorithm

When %l)? = 0 & 2] = 23, we found the optimal z* = 2] = 23,
because

D) = min[f(@,2) + Ae] + min [g(y, 2) — 12

= [fla%21) + A2 + [9(3/752)_)‘35]
= [ 2) +9(y", 2"

and D(A) < p* < f(x*,2*) + g(y*, z%).



Dual Decomposition Compared to Primal Decomposition

Good
> )\ is continuous
» Unconstrained optimization
» D(\) is always concave, as

D(\) = min [f(x, z) + Az] + min [g(y, z) — Az]

x7Z y7z

is @ minimum of linear functions of .

Bad
» Nontrivial to recover the optimal primal assignment
(x*,y*, 2*%) if 21 # 23.
» Duality gap: sometimes (or usually) D(\*) < p* even for dual
optimal \*



Dual Decomposition for MRF-MAP

» Primal problem:
min ) 6;(x;) + Y 0p(xy)
i f

» z; € {0,1}, 1-of-K encoding z; = k < x5, = 1,2 = 0,
K+ k.
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i f

» z; € {0,1}, 1-of-K encoding z; = k < x5, = 1,2 = 0,
K # k.
» Introduce one copy of x; for each factor f
min Zﬁi(xi)—f—zef(xf)
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Dual Decomposition for MRF-MAP
» Primal problem:
min ) 6;(x;) + Y 0p(xy)
i f
» z; € {0,1}, 1-of-K encoding z; = k < x5, = 1,2 = 0,

K # k.

» Introduce one copy of x; for each factor f
min Zﬁi(xi)—kzef(xf)
x,{zf} s P 7

s.t. x{:xi, YVf,i

> Lagrange multipliers A/ € R¥ for each f,i



Dual Decomposition for MRF-MAP

Lagrangian dual:

x,{af}, ) = Ze xl+29f )Y S M (@] - )
i f



Dual Decomposition for MRF-MAP

Lagrangian dual:

x, {z'},\) = ZO (x;) Zﬁf(xf)—l-ZZ)\{T(xlf—xi)
i f

f

Denote /\f(xz) = /\{Txi



Dual Decomposition for MRF-MAP

Lagrangian dual:

x, {z'},\) = ZG (x;) Zé’f(xf)—l-zz:)\zf—r(xlf—xi)
i f

f

Denote /\f(xz) = /\{Txi

Lx{zf},0) =>" [exxi) > A{m)] +y° [9f<xf>+ZA{<x{>
f

i FEN(4) ief



Dual Decomposition for MRF-MAP

Dual function:
D) =miny  |6i(z;) = Y A(xi)| + D min [6;(") + DN (@])
i FEN (@) ] f L ief

:ngnz Oi(z:) — > M(w:)| +)_ min ef(xf)+ZA{(xi)]

FEN (i) 1l s ief




Dual Decomposition for MRF-MAP

Dual function:

D) =min} | 0:(e:) = > M@)| + 3 min |07(l) + > X ()

feEN(4) ] f L ief

:ngnz Oi(z:) — > M(w:)| +)_ min ef(xf)+ZA{(xi)]

FEN (i) 1l s ief

<min D Oi(w) + D Of(xy)
i 7




Dual Decomposition for MRF-MAP

Dual function:

D) =miny  |6i(z;) = Y A(xi)| + D min [6;(") + DN (@])
| FEN (i) L icf
=min Y |0i(z;) — Y M(zi)| +> min ef(xf)+ZA{(xi)]
T FEN(3) | T ief
< H;le 0i(xi) + > 0f(xy)
i f
:p*
Dual problem:
max D(A)

A



Dual Decomposition for MRF-MAP

Algorithm:
1. Solve subproblems
> ming, 0;(2:) — 3 rena) M (a;) for all i.
> ming, 07(z5) + Y,e; M (27) for all f.

2. Update /\{(azz) for all f,4,x;, e.g. take a gradient step



Dual Decomposition for MRF-MAP

Algorithm:
1. Solve subproblems
> ming, 0;(2:) — 3 rena) M (a;) for all i.
> ming, 07(z5) + Y,e; M (27) for all f.

2. Update /\{(azz) for all f,4,x;, e.g. take a gradient step

Denote z} = argmin,, 0;(xi) — > rens) )\f(azz)
ol = argmin,  Op(zs) + 3 ¢y A{(ml) then
oD f

—— = Iy = x| + I[a; = ]
M T |



Decode Optimal x* from Dual Solution

» The simplest method:

x; = argmin Z )\f (i)
i FEN(D)
» A better solution: take the best x* over all iterations of the
algorithm.

» Problem dependent, more structured methods may work
better.



Example: Segmentation with Cardinality Potential

v

Binary segmentation: z; € {0,1}.
Model: pairwise CRF + Cardinality Potential

E(x) = Z 0;(xz;) + Zeij(xi,mj) + 0.(x)
@ (4,9

v

v

Pairwise potential

Gij(xi,xj) = pI[.CI}Z' 75 xj]

v

Cardinality potential
6c

Oo(x) = O (Zx) \ / . \/\/z




Two Subproblems

» Pairwise CRF
Z Oi () + Z 0 (w5, 75)
@ (4,5)

Efficient exact inference using graph cuts.



Two Subproblems

» Pairwise CRF

Z 0; () + Z Oij (i, ;)

(i7j)
Efficient exact inference using graph cuts.
» Cardinality + unary

Zei(xi) + 0. <Z xz)
= sz‘(l) — 0:(0)]w; + Z9i(0) + 0. (Z xi)
:202931- + 0. (Z%) +C

Exact inference by sorting 6;'s in O(N log N) time.



Dual problem
Break E(x) into two parts

B(x) = ’YZ‘%%) +y Gij(l’ial’j)] +

(2,9)

(1—7) Zﬁi(xi) + 0, <Z I)]



Dual problem
Break E(x) into two parts

Ex) =

’729z‘(l’i) +> Gij(l’ivl’j)] +

(2,9)

(1—7) Zﬁi(xi) + 0, <Z a;)]

Dual function

D()\) :m}in {Z [’}/91(1‘1) — )\1(331)] + Z Qij(xi,xj)} +

v (4,4)

min {Z [(1 = 7)) + Nilx)] + 0. (Z w) }

%



Dual problem
Break E(x) into two parts

Ex) =

’729z‘(l’i) +> Gij(l’ivl’j)] +

(2,9)

(1—7) Zﬁi(xi) + 0, <Z a;)]

Dual function

D()\) :m}in {Z [’}/91(1‘1) — )\1(331)] + Z Qij(xi,xj)} +

i (i-4)
min {Z [(1—)0; () + Nia:)] + be <Z m) }
Gradient

oD CRF Card
— Xfz; = 2 Ijz; = 202
DWES [z; = 27 ] + I = 27




Results

Decode primal solution x* for a given A

R

» | simply take xR as the primal solution.

» Output the x“RF with the best F(x) over all iterations as the
final result.

Show demo.



Other Methods for Solving the Dual Problem

The dual problem

max {erglvlin [91(;@) - Z A{(mz)] + nglfn lﬁf(xf) + Z )\{(xz)] }
i f

FEN (i) ief

can also be optimized by other methods.



Other Methods for Solving the Dual Problem

The dual problem

max {ZH}CIH [91(%) - Z )\{(xz)] + nglfn lﬂf(;vf) + Z )\{(acl)] }
i f

FEN (i) i€f

can also be optimized by other methods.

Coordinate ascent: optimize a set of )\lf's and hold the others fixed
» Usually the small set of /\f's can be solved to optimum
» Allows big moves - maybe faster than gradient ascent

» Parameter free - no need for learning rates



Max-Sum Diffusion
Optimize )\{ for a specific f and ¢, hold all others fixed.



Max-Sum Diffusion

Optimize )\{ for a specific f and 4, hold all others fixed. Relevant
parts in the dual

Hgljlll’l 0;( Z )\f (z;) +m1n O(xy) +Z)\f (z;)
FEN() ief



Max-Sum Diffusion

Optimize )\{ for a specific f and 4, hold all others fixed. Relevant
parts in the dual

Hgljlll’l 0;( Z )\f (z;) +m1n O(xy) +Z)\f (z;)
FEN() ief

Useful notation

0,7 (x;) = 9¢($i)—z N (@), m! (x;) = ml\n [9f zy) +Z)\ (w4 ]

FI#f i



Max-Sum Diffusion
Optimize )\{ for a specific f and 4, hold all others fixed. Relevant
parts in the dual

min |:9 Z )\f :Ell +m1n |:9f xyf) —}—Z)\f l‘l]

i FEN(3) ief
Useful notation
077 (i) = 0;(x;)— . i e i/
C) = Oia)= 3 N @), mi(e) = ml\nlef$f+z)‘ Ty
F#f #i
Then the objective becomes
min [0 f(xz) /\{(acz)} +min |0;(xy) + Z /\Zf,(xi/) + /\f(acz)
T zf —
i

— min [91 f(xz) _ )\f(;cl)} + min [m{(xz) + Af(:m)}

X X

]



Max-Sum Diffusion

For any )\{, the dual objective

min 057 =) ] (2 + M )

<min (677 () = M (@) + m] (2:) + N (@)]

:Hglciin {Hl_f(xl) + m{(%)}



Max-Sum Diffusion

For any )\{, the dual objective

o o)~ ] i )+ ]

g@p[qf@n—Aﬁm>+wJ@»+Aﬁmﬂ

= min |:9;f(xz) + m{(:m)}
Choose /\{(xl) =1 {GZ_f(xz) - m{(xz)} then

i 87 (@) ~ X (@0)] + min [m () + M )

—g min 67 (@) + mf ()] + 5 min [0 (22) + ] (2]

= Hal:lln [Hl_f(xz) + m{(%)}



Max-Sum Diffusion

M () =367 (@) — g ()
i) - M @] - = {min |0,(0) + 3N (@)
g |7ilTi ' i \Li 2 )z ACT _ .z’ i
f'#f )
is optimal.
Algorithm:

1. Loop until convergence:
» For each f,i, update )\{ as above

One problem:
> Need to compute m? (z;) = ming ., [Gf(mf) + i )\Zf/ (m;)}

i

for all f and ¢, can be expensive



Max-Product Linear Programming

Optimize {)\{}ief for a specific f.



Max-Product Linear Programming

Optimize {)\Zf},;ef for a specific f. Relevant parts in dual function

Zn}cm {9 (x;) Z /\f a:z] +m1n |:0f (xf) —i—Z)\f a:Z]

FEN(D) ief



Max-Product Linear Programming

Optimize {)\Zf},;ef for a specific f. Relevant parts in dual function
f f
ZHEH 0;(x;) Z Aj () +m;n Or(xy) —i—Z/\ (x;)
FEN(D) ief

Similarly we can show the following )\Z is optimal

M) = (1= 57 ) 677 a0 -

MPLP is usually faster than MSD.

e



Connection to LP Relaxation

MRF-MAP LP formulation

Biopf

m}znzei(:ﬂi)—i—ZHf(xf) min ZZG (i) pi(x;) —I—ZZGf (xp)ps(zy)
i f 7

such that p; and py are marginals over x;
and s for some distribution p(x).

> These two are equivalent: the optimal p* will put all the mass
on x*, i.e. pu*(x*)=1.
» Problem about LP: too much constraints needed for p; and pf



Connection to LP Relaxation

Relaxed LP formulation

mmZZ@ @) i (x —i—ZZHf xf)pp(xy)

HisMf i

s.t.Zui x)=1, Vi

Zuf xp) = pi(wi), Vfi,
Tr\i

Result: Lagrangian dual of this LP relaxation is the same as the
dual function used in dual decomposition.



Connection to LP Relaxation

One interesting result about gradient ascent algorithm
> Define pf(xz;) = I[z; = af], p'y(xy) = Ifxy = 2], where z}
and :L"’} are optimal solutions for the subproblems, and

1 T

pi(e) = =) ()
t=1

1 T

apleg) = > wy(es)
t=1

» Then fi;(x;) and fif(xf) converge to a solution of the LP
relaxation as 7' — oo.



Conclusion

» Dual decomposition is a very general technique for
optimization

» Plug-and-play if we use gradient ascent for the dual problem -
can be immediately applied to a wide variety of models

» Decoding x* from the dual depends on problem structure,
trial and error process to figure out best method

» Coordinate ascent methods may speed things up
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Other stuff



Strong Duality

A nice guarantee (but usually not very useful for MRF-MAP
problems):

> If the primal problem min, , . f(x,2) + g(y, ) is convex and
feasible, then D(A\*) = p* for dual optimal \*, i.e. duality gap
is 0.



