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Assignment 2

Marked Questions

Q1. [10 Points] Counting Labeled Trees (mazimum 2 pages)

In this question we will walk you through the proof of the following claim.

Claim 1. There are n" 2 different labeled trees on n vertices.

a. (b Points.) Label the vertices from 1 to n and perform the following procedure to construct
two lists A and B:
i. Take the leaf with the smallest label and its neighbour and add it to B and A respectively.
ii. Remove this leaf.

iii. Repeat until only one edge remains.

Figure 1: Example tree.

For the graph in Figure[l, A =(2,2,1,1,7,1,10,10] and B = [3,4,2,5,6,7,1,8].

Given a sequence A = [ay, ..., a,—2] We can reverse the procedure as follows: Let a,_1 = n.
Fori=1,2,....,n—1, let b; be the vertex with the smallest label not in the set

{ai, @it1, .., an—1} U{b1, b2, ...,bi_1}. (1)

Show that every tree has a leaf and that {(a;,b;) : i =1,...,n—1} form the edges of
a tree on the vertices 1,...,n. Remember to cite external resources if you use them.

Solution. First, to show that the every tree has a leaf, suppose not. Since the tree is connected,
the degree of every vertex is positive. Since there are no leaves, the degree of every node must
be at least two. From the tutorial, we know that every graph whose nodes have degree > 2
contains a cycle. Note that trees cannot contain cycles so this is a contradiction.

Next to show that the sets £ = {(a;,b;) : i € [n — 1]} form the edges of a tree on the vertices
1,...,n, we show that

(a) The resulting graph is connected. We induct on the number of nodes in G. Let P(n) be
the predicate: for G = ([n], E'), G is connected.
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i. Base case. When n =0, or n = 1, E is empty so G is connected. When n =2, G
consists of the single edge (1,2) so it is also connected.

ii. Inductive step. Suppose for some constant k& > 2, P(0) A --- A P(k) is true. We
will prove that P(k + 1) is true as well. Let G = ([k + 1], E) be a graph with edge
set E constructed using the above procedure (e.g. given sequence A, each b; is the
smallest label not in the set described by Equation . Let (a1, b1) be the first edge.
Consider instead the edge set £’ = {(a],}) : j € [n — 2]} where o} = a; if a; < b
anda;:aj—lifaj > b andb;:bj if b; < by andbg»:bj—lifbj > by (since
the labels are all distinct j # ¢). By the induction hypothesis, G’ = ([k], E’) is
connected. Adding back the edge (a1, b1) and incrementing the indices greater than
or equal to by results in a connected graph: There exists a path between b; and any
other node v through a;.

(b) The resulting graph has no cycles. Since there are n — 1 edges in E and the graph
constructed by n is connected, the graph must be a tree (using the unmarked question).

The sequence A is actually something called a |Prifer sequence which Hienz Priifer used in
1918 to prove Cayley’s formula (Claim .

1 Point: explaining why every tree has a leaf. 4 Points: Showing that the graph is connected
and that there are no cycles. In my solution showing the graph is connected is the difficult
part so I would allot 3 points for that and 1 point for showing that the graph has no cycles,
but other solutions might differ.

b. (2 Points.) Complete the rest of the argument, why does this procedure prove Claim

Solution. Every sequence A of length n — 2, results in exactly one sequence B of length
n — 2 using the procedure described in the previous part e.g. if we started with the example
sequence A = [2,2,1,1,7,1,10,10], without looking at B, I know its first element is 3 because
it 1is the vertex with smallest label not in A. Further, I know that the second element of B is
4 because it is the vertex with the smallest label not in (A\{a1}) U {b1} and so on.

Given a pair of sequences A and B, there is only one way to reconstruct the tree. Thus there
is “one-to-one” relationship between the sequences A and labeled trees. Since there are n™ 2
possible sequences A, there must be the same number of labeled trees.

1 Point: the number of lists A equals the number of labeled trees. 1 Point: explain the count
of the number of lists A.

c. (3 Points.) For tree on n nodes with n > 4 how many contains exactly n-3 leaves.

Solution. The key observation is that every number which does not appear in the list A
(before adding a,—1) is a leaf. To see this, note that a node a; is only added to A if it is
adjacent to some leaf node b; which gets added to B. In all iterations the neighbour of a leaf
node cannot be a leaf node: This can only occur if there is only one edge remaining and the
algorithm stops when this happens. Thus number of leaves is n — u where u is the number of
unique indices which appear in A.

From there, one of two (plus the original) problem could be solved.

(a) For a tree on n nodes with n > 5 how many contains exactly three leaves?
This is equivalent to computing the number of sequences of length n — 2 which contain
exactly n — 3 unique elements. From the set of n items, we can pick n — 3 to be unique
and permute them. Then we pick one of the n — 3 to be duplicated. The duplicated


https://en.wikipedia.org/wiki/Pr%C3%BCfer_sequence
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item can be in one of n — 2 positions: before the first, after the last and between any
pair of adjacent elements. Since the duplicate and the original are indistinguishable, we
must also divide by two. Final answer: (n’zg) ("_3)!(n2_ Hn=2) _ n!(n_i’%(n_m.

1 Point: observing the relationship between the elements not in A and the leaves. 2
Points: correct final answer.

For a tree on n nodes with n > 5 how many contains exactly n — 3 leaves?

This is equivalent to computing the number of sequences of length n — 2 which contain
exactly three unique elements. The number of sequences with 3 or fewer unique elements
is (g) 37=2. The number of sequences with 2 or fewer unique elements is (g) 27=2_ Each
such sequence can arise from one of ("IZ) sequences counting < 3 terms. And the
number of sequences with only one unique element is n. Each such sequence arises from
one of (";1) sequences counting < 3 terms. Thus, the number of sequences of length
n — 2 with ezactly three unique clements is (3)3" 2 — ("IQ) (5)2" 2+ ("gl)n

Same as rubric as above.

Compute the expected number of leaves.

The final answer is (n —1)"~2. T won’t go into too much depth as most people probably
did not solve this problem. Please read an exposition here| if you are interested. Essen-
tially it was necessary to make a further connection with the polynomial (z1+- - -4x,,)" 2
and note that the monomials in the expansion correspond to labeled trees (this is not
dissimilar to what we saw with the binomial coefficients which appear in (1 + x)").

The student needs to explicitly mention that they are solving this question if they choose
to do so. There needs to be a detailed rationale for how they arrived at the solution as
I am personally curious as to how someone might approach such a problem. Correct
answers with a good rationale gets 2 points (1 point for observing the relationship as
before). Exemplary solutions maybe shared with the class with the student’s permission.


https://math.mit.edu/~djk/18.310/18.310F04/counting_trees.html
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(b) Base value of the different poker hands (be-
(a) My hand (bottom): ace of spades, clubs, diamonds, 10 fore adding chip value of played cards): straight
of spades, 6 of spades, 6 of clubs, and 3 of clubs. What’s in flush give 100 chips and 8 multiplier, four of a
my deck (top): 6 spades, 6 hearts, 6 clubs, and 8 hearts.  kind gives 60 chips and 7 multiplier, and so on.

Figure 2: My hand (left) and base values of poker hands (right).

Q2. [10 Points] Balatro (mazimum 2 pages) Balatro is a solitaire game based on poker hands.
You do not need to buy the game in order to solve the problemﬂ The game has a bunch of jokers
and card modifiers which augment the score, but I will not be using those.

Considering the set of cards shown in Figure I will pick five cards from the set to play and they
will score according to the base values shown in Figure Scores have two components: chips
(blue number shown on the left e.g. full houses are worth 40 chips) and multiplier (red number
shown on the right e.g. full houses are worth 4 multiplier). Better poker hands result in more chips
and (possibly) more multiplier. In addition to the base score for a hand, I also get chips for each
card in the hand, added to base chip value before multiplying by the multiplier. Number cards are
worth their face value (e.g. a nine is worth 9 chips) except aces which are worth 11 Chipﬂ

Let’s look at an example. From the set of cards shown at the bottom of Figure I can make a
full house consisting of three aces and two sixs. The base score of a full house is 40 chips with a
4x multiplier. The value of the cards in the hand is 11 chips for each ace and 6 for each 6. This
means that the total chip value of my hand is 40 + 3(11) +2(6) = 85. Together with the multiplier,
the score of my hand is 85 x 4 = 340. Unfortunately, the blind (the target score) is 350.

I have one discard left where I can pick n < 5 cards from the set, remove them, and replace them
with n cards drawn uniformly from the ones remaining in my deck (shown at the top of Figure .
The goal is to determine which cards to discard in order to have the best chance of
hitting the blind. We do so by considering the types of hands to play. Define “successfully
scoring” as obtaining a hand worth more than 350 chips. In the following, no proofs are required,
but you need to consider all the cases. You may check your work programmatically, but make sure
to state the cases and explain your calculation in your submission.

1 Point for each correct calculation in a group (e.g. all diamond flushes together make one point)
up to a maximum of 10.

Tt might be helpful to watch a video of someone playing to get a sense of the game (look online for these).
2Face cards are worth 10 chips each, but there are no face cards so don’t worry about them.


https://store.steampowered.com/app/2379780/Balatro/
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a. What is the probability that after one discard I successfully score with a full house?

In the following the denominator of the probabilities will depend on the number of cards

discarded. If five cards are discarded then it is (256), if four cards then it is (246), and if three

cards then it is (236). In the following we will only consider the numerator.
Total of 6 cases.

(a) Three A, Two 10 (discard 6,6, 3): I want to draw one or two 10 (but not three 10) and

no A. The number of ways this can happen is (£1’>) . (222) + (3) . (212).

(b) Three A, Two 9 (discard 10,6,6,3): I want to draw two or three 9 (but not four 9) and
fewer than two 10s. Again, I can’t draw any A. The number of ways this can happen is:

4 3 18 n 4 18 n 4 3 n 4 18
2 1 1 2 2 3 1 3 1)
(¢) Three A, Two 8 (discard 10,6,6,3): I want to draw two or three 8 (but not four 8) and
fewer than two 10s and fewer than two 9s. Again, I can’t draw any A.

006 00O O
-()-0+(-0-0)-)

(d) Three 10, Two A (discard A, 6,6,3): T want to draw two (but not three) 10 and no A.

The number of ways this can happen is (g) . (222).

(e) Three 9, Two A (discard A, 10,6,6,3): I want to draw three out of the four 9 and no A.

The number of ways this can happen is (i) . (221)

(f) Three 10, Two 9 (discard any two A, 6,6,3): I want to draw two 10, and two or three 9

and not draw an A. The number of ways this can happen is (g) . (3) . (118) + (g) . (g)

b. What is the probability that after one discard I successfully score with a four of a kind?
Total of 6 cases.

(a) Four A (discard 10,6,6,3): I want to draw the remaining A. There are (235) ways this
could happen.

(b) Four 10 (discard two aces, 6,6,3): I want to draw all three 10. There are (223) ways this
can happen. Four 3 is calculated similarly.

(c) Four 9 (discard two aces, 6,6,3): I want to draw all four 9. There are (212) ways this can
happen. Four 8 and four 7 are calculated similarly.

c¢. What is the probability that after one discard I successfully score with a straight flush?
Total of 7 cases.

(a) Spade straight flush 10,9,8,7,6 (discard all As, 6 of clubs, 3 of clubs): I want to draw
9,8, 7 of spades. There are (223) ways this could happen.

(b) Club straight flush 10 down to 6 and club straight flush 9 down to 5 (discard 3, 6 of
spades, 10 of spades, and any two aces): for the former, I want to draw 10,9,8,7 of
clubs. There are (212) ways to do this. For the latter, I want to draw 9,8,7,5 of clubs,
but I do not want to draw the 10 of clubs. There are (211) ways to do this.

5
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(c) Diamond straight flushes 10 down to 6, 9 down to 5, 8 down to 4, and 7 down to 3
(discard 3, 6 of spades, 10 of spades, and any two aces): In all these cases, I have none

of the necessary cards so I would need to draw them all. There is only one way any of
these can happen.



