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1 Division

In this course we consider N = {1,2,...}.

Overarching Question: How can I solve ax + by = ¢ where a,b,c € N for solutions x,y € N?
Def. Let n,d € Z. We say d divides n if there is e € Z with n = de. We write d | n.

Proof Techniques
1. Induction
2. Strong induction
3. Well-ordering property

Theorem 1.1 (Division Algorithm). Let a € Z,b € N. There exists q,r € Z with
a=qgb+r, 0<r<bd

and q,r are unique.

Proof. Let
S={a—-bg>0:qeZ}

Suppose ¢ = —|a| so that
a—gb=a+|alb>0

so S # @. By the well-ordering property, S has a least element r = a — bg. Then the following hold:
l.a=bg+r
2.r>0
3. If r > b, then 0 <r —b=a—b(g+ 1), contradicting minimality of r.

Uniqueness: Suppose
bgi +r1 =a=bgy + 79

Then
L — Ty = b(Qz - (J1)

Notice that —b < r; —ry < b since 0 < r1,79 < b. Then we have ry = ry because r; — ro is a multiple of b

that is strictly between —b and b. Then ¢; = g2 follows.
O

Lemma 1.2. Let a,b,c,d € N.

1. Ifa|bandb|c, then a| c.

2. Ifa|bandc|d, then ac| bd.

3. Vx,y€Z,ifd|aandd]|b, then d| azx + by.
Proof.

1. b=an,c=bm,c=a(nm)

2. b=an,d = cm,bd = ac(nm)

3. a=dn,b=dm,ax + by = d(nxz + my)
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O

Def. For a,b € Z, their greatest common divisor (GCD) is the natural number ged(a,b) which is the
largest common divisor of a and b

e Except if a = b = 0, then ged(a, b) = 1.
Lemma 1.3 (Bézout’s). Let a,b € N. The equation
ax + by = ged(a, b)
has a solution.

Proof. Let
S ={c € N:ax+ by = c has a solution}

This is nonempty because we can take ¢ = a and set x = 1,y = 0. By the well-ordering property, there is a
least element s. We claim that s = ged(a, b).

First note that s > ged(a,b) because ged(a,b) | s (Property 3 of Lemma 1.2). To show that s < ged(a,b),
we will show that s | @ and s | b. Applying division algorithm to s, a:

a=qs+r, 0<r<s

Then
a=qlax+by)+r = a(l —qz)+b(—y)=r

Which implies that » = 0 because r cannot be in S, and so s | a. By symmetry s | b, so s < ged(a, b). O

Theorem 1.4. Let a,b,d € N. Ifd | a and d | b, then d | ged(a,b).

Proof. Using Bézout’s lemma:
ax + by = ged(a, b)

Then d | ax + by by Property 3 of Lemma 1.2, so d | ged(a, b). O
Theorem 1.5. ax + by = ¢ is solvable iff ged(a,d) | c.

Proof.
“ <=7 Say ¢ = ged(a, b)k. By Bézout, there are x,y € Z with

ax + by = ged(a, b)

Then
a(kz) + b(ky) = ged(a,b)k = ¢

“ =" Say ax + by = c¢. Then gcd(a,b) | ¢ by the previous lemma.

O
Def. We say a,b € Z\ {0} are coprime if gcd(a,b) = 1.
Lemma 1.6. Let a,b € N be coprime and ¢ € N. If a | be then a | c.
Proof. By Bézout ax + by = 1. Then
acr + bcy = ¢
Since a | a and a | be, we have that a | ¢ by Property 3 of Lemma 1.2.
O

Page 4



Back to the overarching question: denote d = ged(a,b). Then

b
ax+by=c=dk = gw—i—fy:k

d

Assume a and b are coprime and that

d

axg+ by =c 1)
axy +by; =c (2)
Then
(1) =(2)  alzo—=x1)+blyo—y1) =0
a(xo — 1) = b(y1 — Yo)
a | Y1 — Yo
bl xo— a1
Y1 — Yo = at where t = (zg — 1) /b
xo — 1 = bs where s = (y1 —yo)/a
abs = bat
s=1t
Therefore

xlzxo—bt

Y1 =Yo + at

Theorem 1.7 (Linear Diophantine Equations). Let a,b,c € N. Let xo,yo € Z be a solution to ax + by = c.

Then all solutions are of the form (x,y) where

where d = ged(a,b) and t € Z.

Proof. By the above observation.

To find ged, consider a pair of natural numbers (a,b). Divide

a=qgb+r, 0<r<bd

Then ged(a,b) = ged(b, ) because say d | a and d | b, then d | a — gb = r. Conversely, if d | b and d | r, then

d|gb+r=a.

Example: find the ged of 315 and 17.

315=18-174+9

17=1-948

9=1-8+1

8§=8-1
ged(8,1) =1
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So ged(315,17) = 1. Try back substitution to find z,y such that 315z + 17y = 1:

1=9-1-8
—9—-1-(17—1-9)
=2.9-1-17
=2.(315—18-17) —1-17
—2.315-37-17

Theorem 1.8 (Euclidean Algorithm). Let a,b € N where a > b. Define a sequence by repeated divisions
a=qb+r, 0<r;<b

b= qori +12

Tn—3 = qn—2Tn—2 + Tn—1
Tn—2 = qn—-1Tn—1 +Tn

Tn—1 = (dnTn

Then ged(a,b) = r,. Moreover, we can solve for x,y in ax + by = r, by back substitution.
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2 Prime Numbers

Def. A natural number p > 1 is prime if its only divisors are 1 and p.

Lemma 2.1. ged(a,p) =1 or p. Moreover, ged(a,p) =p iff p| a.

Corollary 2.1.1. If a prime number p divides ab, then p | a orp | b.

Proof. Either p | a, or ged(a,p) =1 and p | b. O

Corollary 2.1.2. Ifay,...,am € N and p|ay---am, then p| a; for some i.

Theorem 2.2 (Fundamental Theorem of Arithmetic). For every n € Z\ {0}, there exists a factorization
n=Epyt -l

where p;s are distinct primes, k; € N, and this is unique up to reordering of the p;.

Proof.
Existence: By strong induction on n.

Base case: 1 =1, 2= 2.

Inductive step: suppose this holds for 1,...,n and consider n + 1. If n + 1 is prime, then we’re done.
Otherwise, there is a divisor of n + 1 that is in (1,7 + 1). Can then write n + 1 = de with 1 < d,e < n. By
induction, d, e factors, so n 4+ 1 factors.

Uniqueness: First observe that if p, ¢ are prime and p | ¢, then p = q. Write two factorizations

k k- t ts
n:pll...pT7 :qll...qs<

By the corollary, since g1 | n, then ¢ | p; for some i. This means that ¢; = p; for some i. By reordering we
can assume q; = p;. Using the same technique, we can cancel off a ¢; and p; from both sides, which gives

ki1—1_k k. _ ki—1t ts
S SR A A/ L

Keep cancelling ¢1s as long as they are on the RHS. We eventually get

ki—t1, k kr _ t ts
L R P

Since the ps and ¢s are unique, if we have another p;, it must divide one of g, ..., gs, which cannot happen.

Therefore k1 — t; = 0, and so we get

k kr _ ¢ ts
p22...pr _q22...qs

Tterating this procedure (i.e. induction on length), we get r = s, k; = t;,p; = ¢; for all 4.

Lemma 2.3. Consider
a=pi -y
b=pi---py
with tj, k; > 0. Then
1. ab=py . phett
° T
2. bja =pi*~F . plr=Fr moreover, a | b <= t; > k; for all j

3. ged(a, b) = printhutn) o pmin(ee.tr)

Page 7



Theorem 2.4 (Euclid). There are infinitely many primes.

Proof. Let pi,...,p, be prime and consider N = p; - p, + 1. It has a prime factor ¢. If p; | N, then

Dj | n —p1 -+ pr =1, which is impossible. So p1,...,pr,q = pr+1 is a larger set of primes.
[

Lemma 2.5. 7(z) = number of primes < x ~ .
Questions regarding primes:
1. How did we estimate m(x)?
e Will return to this later
2. Do they bunch together

e Know that n and n + 1 are not both prime if n > 2

e For n and n + 2, we don’t know (twin primes conjecture)
3. Are they far apart?

e pi could be arbitrarily distant to pgy1 (requires very large py)

e Bertrand’s postulate: for every n € N, there is a prime p with n < p < 2n

Lemma 2.6. Let p, denote the nth prime number. Then
pa <27

Proof. By induction.

Base case: p; = 2,22 =2.

Inductive step: assume p; < 227" for all 7 < n. We know that there is a new prime ¢ dividing M =
p1---pn+ 1. So

Dnt+1 < ¢
=p1-pn+1
<2292
52 991
=25 41

om _

:22711+1

Def. For z € R, || =n € Z where < z < n + 1. The fractional part defined as
{z} =2 — |z

Corollary 2.6.1. 7(z) > |log,logy 2| + 1.
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Proof. m(x) = number of primes < 2. Want to count the p,, with 22" ! < z. Taking a log gives
2" 1og, 2 < 2" ! <log, =

Taking another log gives
(n —1)logy 2 + log, 2 < log, log, x

So

nlog, 2 < log, logy
n < log, logy x
< |log, logy ] +1

Lemma 2.7. A composite n has a nontrivial divisor d < /n.

Proof. By contradiction, if all divisors are > y/n, then multiplying them exceed n.

Theorem 2.8 (Principle of Inclusion-Exclusion). For sets A1, As, As,

|A1 U As U Az| = |A1| + |Ao| + |As| — [A; 0 As| — [Ay N Ag| — [As N Ag| + | A1 N Ag N A
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3 Modular Equivalence

Def. Let X be a set, then an equivalence relation on X is the some relation ~ on {z ~ y pairs} such that

1. Reflective: x ~ « for all z € X
2. Symmetric: x ~y = y~x
3. Transitive: x ~y,y~2 — x~ 2
For n € N, define an equivalence relation on Z by a ~biff n |a —b
l.n|0=a—a,s0a~a
2.nla-b = nlb—a,s0oa~b = b~a
3 n|la—bn|lb—c = nla—c
When a ~ b, we write a = b (mod n).

Lemma 3.1.

1. Addition is preserved by modular equivalence, i.e. ifa =a’ (mod n), b=10b" (mod n), then a+b = a’+V'
(mod n).

2. Multiplication is preserved by modular equivalence, i.e. if a = o’ (mod n), b = b’ (mod n), then
ab=d't’ (mod n).

Proof.
l.nla—d,n|b=V,son|a—d +b-V =(a+b)—(a’+V),s0a+b=d +b (mod n).
2. Ifn|a—a,n|b—10, notice that
ab—a't! = ab—ab' +ab' —a'b’
=ab-b)+V(a—d)

So n | ab — o'V, therefore ab = a'b' (mod n).

Def. The equivalence class of a point z € X is the set

[2] ={y e X1z ~y}

e The set of equivalence class is
X/ ~={[z]:x € X}

e In the case of modular equivalence, there are n equivalence classes
Z/nZ = {[0],[1],...,[n = 1]}

e Take n = 12, then
7/122 = {[0], [1], [2], 3], [4], [5], [6], [7], [8], [9], [10], [11]}
Then

349=0 (mod 12)
2-8+4=8 (mod 12)
3-7=9 (mod 12)
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For larger numbers, can use the following trick:

3:9=3-(-3) (mod 12)
=-9 (mod 12)
=3 (mod 12)

Consider the case where we want to divide by 6, i.e. find z¢ such that
6zg =1 (mod 12)
which is impossible, since the RHS can only be 0 or 6

e We can divide by a (mod n) iff the equation az = 1 (mod n) has a solution, which we call a~!, the
multiplicative inverse of a (mod n)

e Consider axr =1 (mod n).
ar=1 (modn) < ax=1+ny for some y € Z
= ar+n(-y) =1
which is solvable iff a,n are coprime.
e The following are well-defined, i.e. does not depend on any choice:
[a] + [b] := [a + 0]
fa] - ] i= [at]
e [a] =[] < a=0b (mod n)

Corollary 3.1.1. If p(z) € Z[z] (integer-coefficient polynomials), and a = b (mod n), then p(a) = p(b)
(mod n).

Proof. By induction, if p(z) € Z[z], then p([z]) = [p(z)] is well-defined.

Theorem 3.2. The equation
axr =b (mod n)

has a solution iff d = ged(a,n) | b. If xo is a solution, then the distinct solutions modulo n are

2n (d—1)n

n
Zo,To + —,%o + ©, 0 p

d d’
e a is a congruence class

e ged(a,n) is well-defined because by Euclid’s algorithm ged(m, gm + r) = ged(m, r)

Proof.
“=7: Say x( such that axg = b (mod n), then n | axg — b. So there is a yo € Z with

nYyo = axg — b
b= axo+n(—yo)
ged(a,n) | b

“<«=7: If ged(a,n) | b, then there are xg,yo € Z such that axg + nyo = b, so n | axg — b, or equivalently
axg =b (mod n).

By the LDET the solutions are of the form xo+ 5¢,t € Z. Want to show that these are distinct and complete.
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1. Distinct: Suppose zg+jn/d = xzg+in/d (mod n). Then n | (i — j)n/d, where 0 <i—j < d—1. Since
|(i — j)n/d| < n, and that n divides this number, this number must be 0, so i = j.

2. Complete: For any x, know that

xzxo+gt=zo+g(qd+r)=xo+%+qn, 0<r<d

therefore the list is complete.

Example: simplify the following equations
e 10z =11 (mod 9) = z =2 (mod 9)
e 7x =13 (mod 15) = convert to 7z + 15y = 13

— First solve 7x + 15y = 1, apply Euclid gives 15=2-7+1,7=7-14+0,s0z = -2,y =1
— Multiplying by 13 gives x = —26,y = 13
— So the solution to 7z = 13 (mod 15) is x = —26 =4 (mod 15)

Lemma 3.3 (Independence Condition). Letn = p* ---pt . Thena € Z,a =0 (mod n) iffa =0 (mod pfj)
foralll1 <j<r.

Consider addition + and multiplication - on Z/nZ x Z/mZ:

Z/nZ x Z/mZ = {([a]n, [blm) :a=0,...,n—1;6=0,--- ;m—1}
([aln, [b]m) - ([c]n, [d]m) == ([ac]n, [bd]m)
([a]n, [b]m) + ([e]n, [dlm) = ([a + c|n, [b + d];m)

e (0,0) is the additive identity
e (1,1) is the multiplicative identity

e Consider 22 =2 (mod 14), we can split into

z2=2 (mod 2)
=0 (mod 2)
z=0 (mod 2)
and
=2 (mod 7)

x =43 (mod 7)

Theorem 3.4 (Chinese Remainder Theorem). Let m,n > 1 be coprime integers. Then the map

0 Z/mnZ — Z/mZ X Z/nZ

a (mod nm)— (a (mod m),a (mod n))
is a bijection. Moreover:

1. It preserves addition: p(z +y) = o(x) + ©(y)

2. It preserves multiplication: p(zy) = o(x)e(y)
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Proof. To show that ¢ is injective, want to show that ¢(a) = ¢(b) = a = b, which is equivalent to a = b
(mod n) Aa=b (mod m) = a =0b (mod nm). Because n,m coprime, have n | a — b A m | a — b, which
implies that nm | a — b.

To show that ¢ is surjective, for any b (mod n), ¢ (mod m), we want a (mod nm) such that a = b (mod n)A
a = ¢ (mod m). By Bezout’s Lemma, there are xq,yo € Z such that nxg + myg = 1. Take

a = b(myo) + c(nxo)
Then when we work in modulo n, then
a = b(myp) + c(nxo) = b(myp) = b(1) (mod n) Since myo =1 (mod n) by Bezout’s
Similarly, a = ¢ (mod m).

To show that ¢ preserves addition:

plz+y)=((z+y) (modn) (z+y) (modm))

(

=(x (modn)+y (modn),x (modm)+y (modm))
=(x (modn),z (modm))+(y (modn),y (modm))
= () +¢(y)
To show that ¢ preserves multiplication:

p(zy) = ((zy

) (mod n),(zy) (mod m))
(x (modn)-y (modn),xz (modm)-y (modm))
(= (

z (modn),z (modm))-(y (modmn),y (modm))

p(T)p(y)

Consider the polynomial
p(z) = agz® + ag_ 127+t ax+ag=0

Then
+ -+ (arz) + ¢(ao)
-+ p(ar)e(z) + ¢(ao)

+plar)p(z) + ¢(ao)
= app(2)? + -+ arp(x) +ag

(
This means that ¢(p(z)) = (p(z) (mod n),p(z) (mod m)), and p(y) =0 < y =0 (mod nm). ¢ gives a
correspondance

{(a,0) [p(a) =0 (mod n),p(b) =0 (mod m)} «— {c|p(c) =0 (mod nm)}
Ex. Solve the following equations
e 6z =15 (mod 385)
e 22 =2 (mod 14)
— CRT says it’s enough to solve
2 =2 (mod 2), =2 (mod 7)
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The first one gives 22 =0 (mod 2), so x =0 (mod 2)
— The second one gives 2 =
later)

On the LHS of the correspondance we have {(0,3), (0,—3)}

This means we need to solve simultaneous sytems

(mod 7), so x = +3 (mod 7), these are the only solutions (prove

=0 (mod 2)
x=3 (mod7)
y=0 (mod 2)
y=-3 (mod?7)

— (First two) Use Euclidean algorithm with backsubstitution to get 7(1) +2(—3) =1
— Want z (mod nm) that maps to (a (mod n),b (mod m))
— z=ua(my) + b(nz) = 3(2)(=3) + 0(7)(1) = —18, so z = 10 (mod 14)
— (Second two) z = (—3)(2)(—3) + (0)(7)(1) =18, so z =4 (mod 14)
Strategy for solving f(z) =0 (mod n):
1. Factor n = p’fl ophr

2. Solve the system

3. Use CRT to finish
e Example: ¢ =7 (mod 81)

e 81 = 3%, so we work mod 3

*=7=1 (mod 3)

e £ =1,—1 (mod 3) (because the only choices are 0,1, 2)

Working in mod 9, 1, —1 correspond to 1,4,7,2,5,8, so we only need to check those

e If n =a (mod p*), then there are p possible congruence classes for n (mod p**!)
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4 Rational Numbers

Consider the equation 22 4+ y? = 22. Does this have rational solutions? Can we find them?
e Ifa,b e Q\O0, thena/beQ
e Divide by z:

and so we can work with u2 4+ v =1

e (0,1) is a rational solution. Assume that there is another rational solution (a,b), we could draw a
secant line through (0,1) and (a,b), the line is defined by v = t(u — 1)
w? + (tu—1))2 =1
u? 2w —2u+1)=1
1+t —22u 4+t —1=0

2t £/4th —4(1 +2)(2 - 1)
2(1+¢2)
262 £ /4t — 4(t1 - 1)
2(1 +2)
S
C2(1 4+ 12)
241
RS
t2—1
21
v=1t(u—1)

—e(E=t oy
o\ +1
2 —1—-t2-1
:t _—
2 +1
2t
241

e Can build a dictionary between rational slopes and rational points on u? +v2 =1
. t?2—1 2t
2+1 2-1

-1 mo
2+1 my
m2—n2
m?2 + n?
2t —om

n

241l mg

nZ
—2mn

m2 4 n2

Write t = m/n where m,n € Z
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e From rational points to integer points on 22 + y? = 22

2 2

m°—n —2mn

5 31 3 5 | — m2—n2,—2mn7n2+n2

m*—+n< m*—+n —— S ——
z
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5 Polynomials

Theorem 5.1. When p (the modulus) is prime, we can have a division algorithm for polynomials
e Say f(x) is a polynomial with f(a) =0 (mod p), then f(z) = (x — a)g(x)
e The degree goes down after division

Polynomials with coefficients in Z/pZ, p prime

e Notation: F, = Z/pZ
Fylz] ={anz" + -+ a1z +ao | an,...,a0 € Fp}

Theorem 5.2 (Division Algorithm). Let f(z),g(z) € Fplz], g(x) nonconstant. There exists q(z),r(x) €
F,[x] such that

And r(z) =0 or degr < degg.

Proof. Let
fx)=anz" + ap_ 12" '+ Farx+ag, a,#0
g(:c) :bmxm+b7n—1zm71 +--+bix+bo, by #0

If m > n, then ¢(z) =0, r(z) = f(z). If m <n, then

f(n) — Z—nx”_mg(x) =cp12"  Hep0x™ 24+ F iz +

Continue to iterate this process until it terminates. The remaining term is r(z), and ¢(z) = sum of all the
terms we multiplied g(z) by. O

e The fact we have a division algorithm means we have a unique factorization in F[z]
e Moreover, the division algorithm lets us connect roots of polynomial with linear factors

e Given a polynomial f(z) and that x —a | f(z), i.e. there is g(z) € Fplz] with f(z) = (x —a)g(z), then
fla)=0

e The converse is true as well
Theorem 5.3. Let f(z) € Fylz], a € Fp. If f(a) =0 (mod p), then z —a | f(x).

Proof. Apply the division algorithm to get f(x) = g(z)(z—a)+r(z), where r(z) = 0 or deg(r) < deg(x—a) =
1, so r(x) = by is a constant. Plugging a into the equation gives f(a) = (a — a)q(a) + by (mod p), so by =0
(mod p). This means that r(z) =0, so f(x) = g(z)(x — a). O

e Notice if we write
fl@) = (@ —a)(z—az) - (z—ar)g(x)
Then deg f > k.

Theorem 5.4. Let f(z) € Fplz] be nonzero. Then the number of roots of f(x) < degf, counted with
multiplicity.

Proof. Induct on degree.
Base case: degree 0, 1 are clear.

Inductive step: Say the result is true if deg = n and consider f(z) with degree n + 1.
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e If f has no roots, then we’re done
e If f(x) has a root a, then by the previous theorem, we can write
f(z) = (z—a)g(x)

and deg f = 1 4+ degg. Knowing deg f = n + 1, I know that degg = n. By IH the number of roots
with multiplicity of g(z) is < n, so the number of roots with multiplicity of f(z) is <n + 1.

O
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6 FEuler’s Totient Function

Consider 2P —  (mod p)

e Observe that 27 —z = z(2P~! — 1)

e Everything is a root

e For a 0 (mod p), a?~* =1 (mod p)
Group of units modulo n

e Forn > 1,
(Z/nZ)* ={a € Z/nZ | gcd(a,n) = 1} = invertible elements modulo n

1. It x,y € (Z/nZ)*, then xy € (Z/nZ)*. Moreover, this product is associative and commutative
2. Forall z € (Z/nZ)*,1-x =z (mod n)
3. For all z € (Z/nZ)*, there exists y € (Z/nZ)* such that xy =1 (mod n), i.e. inverses exist

Def. Define a function on the positive integers by

o(1) =
o(n) = |(Z/nZ)*| forn>1

This is called the Euler ¢-function.
e For p prime, ¢(p) =p —1
e For a € (Z/nZ)*, define a function
to : (Z/nZ)" — (Z/nZ)*, x> ax
— This is a bijection
— We know there is some a~1 € (Z/nZ)* S0 piq © flg—1 = jiq—1 © g = identity
Theorem 6.1 (Euler). For a € (Z/nZ)*, a®™ =1 (mod n).

Proof. Write (Z/nZ)* = {a:l, . ,x¢(n)} = {axl, ... ,axq;(n)} (multiplying by a shuffles the order of the set).
Multiplying everything together gives

Ty Ty = (ax1) - (aypy) (mod n)
=a®™ (2, - Tyrny) (mod n)
1=a’"™ (mod n)
The product is commutative because integer multiplication is commutative. O
Corollary 6.1.1 (Fermat’s Little Theorem). For p prime, a # 0 (mod p), a?~! =1 (mod p).
Lemma 6.2. If n,m are coprime, then ¢p(nm) = ¢(n)p(m)

Proof. By Chinese Remainder Theorem, we have bijections

Z/nmZ — Z/nZ X Z/mZ
(Z/nmZ)* <— (Z/nZ)* x (Z/mZ)*

a € (Z/NZ)* iff ax =1 (mod N) is solvable.
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Given an arbitrary n, we can factor

k kr
n:pll...pr

and pfi, p?j are coprime if ¢ # j, so
¢(n) = ¢(p)*) -+ d(p}")
k

To compute ¢(p*), observe that ged(a,p*) = 1 <= p{a. p¥ has divisors 1,p,p?,...,p".
1 < a < p* with ged(a,p*) = 1, observe that this number is the same as

So if I want

k k P* k k—1
o(p”) =p" — {J =p"—p
p
Because ka / pJ represents the number of multiples of p in the range 1,...,p*, and multiples of p cannot be

coprime to p*.

Theorem 6.3.
1. ¢(pF) = pF —p*~ L =p*L(p— 1) for p prime, k> 1
2. If n= p]fl ook then

o(n) = ¢(p}*) -+ d(pkr)
=py M pr— 1) PP (p — 1)

Notice that p* — p*~1 = pk(1 — 1/p)
Can then write

o(n) = (pllcl (1_])11>> <p7lf"' (1—plr>> —p’fl...pfrgo_;) —nH(l—j})

pln

E.g. n=13*.3%.197, which is big, but we can compute ¢(n) = 13%(13 — 1) - 3%(3 — 1) - 195(19 — 1)

E.g. Compute the last 2 digits of 31492

— We know that 3?1190 = 1 (mod 100)

If 1492 = ¢ - ¢(100) + 7 for 0 < 7 < $#(100), then 31492 = 3¢:¢(100)+7 = 37 (mod 100).
$(100) = 2(2 — 1) - 5(5 — 1) = 40

1492 = 12 (mod 40), so 31492 = 312 (mod 100)

— Successive squaring trick: every number has a binary expansion

m = ck2k + ck_12k_1 +---+c2+¢
where ¢; € {0,1}. Then

M = xck2k+ck,12k71+~~~+012+co

k\ €k k—1)\ Ck—1 c1
:(;ﬂ) .(lﬂ ) (@) g

— 12=8+4,3* =281, 3% =361 =61 (mod 100)
— Now 32 =61-81 (mod 100) =41 (mod 100)

Want to solve z¢ = 1 (mod n)

e Say a? =1 (mod n), then a=! = a?~! (mod n)
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Def. For a € (Z/nZ)*, the order of a, denoted orda, is the smallest positive integer d such that a? = 1
(mod n).

e This exists because a®™ =1 (mod n), and most of the times the order < ¢(n)
Lemma 6.4. For a € (Z/nZ)*, if @™ =1 mod n, then orda | m.

Proof. By division algorithm,
m=gq-orda+r, 0<r<orda

See that

m — aq-orda 4T

1=a a”"=a" (mod n)

By minimality of ord a, » must be 0, and so orda | m.

Corollary 6.4.1. For every a € (Z/nZ)*, orda | ¢(n).
We know that #% = 1 (mod n) are only solvable if d | ¢(n)
e Observe that if we want solutions with ord a = d, it is enough to solve this for d = ¢(n)
e Want to find an element of order d for every d | ¢(n)
Lemma 6.5. We can always find an order d element for d | ¢(n) iff we can find an order ¢(n) element.

If we have a large (hard to factor) N and some exponent e. If someone wants to send a message A in terms
of (Z/NZ)* elements, they send
A¢  (mod N)

where ged(e, ¢(N)) = 1. By Bezout
ef +o(N)h =1

Then
A= Aef+¢(N)h (mod N)
h
= A¢f (A¢(N)) (mod N)
= (4% (mod N)

Notice that
(Z/NZ) = {1,9.,% ...}

The existence of a generator gives us a “discrete logarithm” to each a € (Z/NZ)*, i.e. there is a unique
0 <k < ¢(N)— 1 such that ¢* = a (mod N), so k = log,(a).

e This matters because log “linearizes” equiation

log(A°) = elog A
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7 Primitive Roots

Def. We say g € (Z/nZ)* is a primitive root if ord g = ¢(n).

Lemma 7.1. Fora € (Z/nZ)*, orda = [{a" | k > 0}|.
Proof. Define a map
{1,...,orda} = {a" | k >0}, k—aF

This is surjective by the division algorithm. To see that this is injective, if a’ = a/ (mod n), say i > j, then
a*7 =1 (mod n),but 0 <i—j <orda,soi=j.
O

For the polynomial 2¢ — 1, if a € (Z/pZ)* of order d, then all powers of a, i.e. {1, a,a?

,...,ad_l} are all
distinct roots of z% — 1.
e This list has no repeats

e Since 2¢ — 1 has < d roots, and the list contains exactly d roots, the set of elements of order d is some
subset of this list

Lemma 7.2. Let a € (Z/pZ)* have order d. Then ord(a*) = d/ ged(d, k), k > 1.
Proof.

d k
(aF)ma(@n = gweatam

=1 (mod n)

Say that (a*)? =1 (mod n), so d | kj. Then

d | k .
ged(d, k) ' ged(d, k) 7
d
= scd(d. ) | j By lemma (coprime)
Soaslongasj>0,j2m.
O
Corollary 7.2.1. ord(a*) = ord(a) iff ged(ord(a), k) = 1.
Lemma 7.3. In (Z/pZ)*, there are either 0 elements of order d, or there are ¢(d).
Proof. Write n(d) = # of order d elements in (Z/pZ)*. Observe that
> n(d) =¢p)=p—1
dlp—1
Which aggregates elements of every possible order, counting each element once, which results in |(Z/pZ)*| =
o(p). If any n(d) = 0, then the sum would be < p — 1.
e Technique: if 0 < a, < b, and > a, = > by, then a, = b, for all n
e a, is n(d), which represents the count of elements in (Z/pZ)* of order d
e b, is ¢(d), which represents the theoretical maximum number of elements in (Z/pZ)* of order d
O
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Theorem 7.4 (Gauss). For any m > 1,

> () =m

d|m
Proof. Consider Z/mZ and for each d | m, look at
Sqa={rxe€Z/mZ|der=0 (modm)Alr#0 (modm) VI<d}

This is the set of smallest Z/mZ elements that when multiplied by d results in multiples of m. Observe that
Sa, N Sq, = & for di # da, because diz = 0 = dox (mod m) for any © € Sg, N Sy, so dy < ds < dy =
dy = dy. Also observe that for every x € Z/mZ, x € S, for some d | m (by division algorithm, since every x
can be “multiplied” to 0 (mod m)). Therefore

Z/mZ = | | Sa

d|m

m=_|S4
d|m

Say x € Sg such that dz =0 (mod m), or equivalently, m | dz, therefore % | . Can then write x = %t for
some t € Z. We claim that ged(¢,d) = 1, which we can see because

Take the cardinality of both sides give

. m t
~d/ged(d,t) ged(d,t)

Therefore

d
<

But since © € Sy, d < gcd?di) < d (first
ged(d,t) = 1. Then

is by minimality of d), so d = m, which means that

Sd:{%tzogtgd—lAgcd(t,d)=1}

This means |Sg| = ¢(d), which completes the proof.

Theorem 7.5. Primitive roots exist mod p.

dnd=p-1="Y_ ¢(d)

dlp—1 d|p—1

Since n(d) < ¢(d), we have n(d) = ¢(d). In particular, n(p — 1) = ¢(p — 1) > 0, so there is at least one
primitive root.

Proof. We know that

O

Further observation

If p is not prime, then primitive root may not exist:
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e (Z/8Z)* ={1,3,5,7}
—12=1,32=1,52=1,7% = 1, and so there are no primitive roots

o (Z/4pZ)*

(Z/4pZ)* «— (Z/AZ)" x (Z/pZ)*

— a+— (byc), a¥ < (bF,cY)

— Then a?~! =1 (mod 4p) for all a

— But ¢(4p) = 2(p — 1), so there are no primitive roots

Lemma 7.6. For n | m, the reduction map

(Z)mZ)* — (Z/nZ)*

[@]m > [z]n
18 surjective.

Proof. Say 1 < z < n, ged(z,n) = 1 (ie. take z € (Z/nZ)*). If y € Z/mZ with y = x (mod n), then
for any other ¢y € Z/mZ, y' = x (mod n), ¥y = y + nt, so the elements in Z/mZ above z are z + at. If
ged(xz,m) = 1, then we're good. Otherwise, there are primes p | m with p | z. Note that m = (m/n) - n.
Since ged(z,n) = 1, we're forced to conclude that p | (m/n).

Pick ¢ to “interfere” with these primes, i.e. take ¢ to be the product of p | (m/n) but p{ z. Then we claim
that ged(x +nt,m) = 1. Take a prime p | (m/n). If p | , then p |  + nty implies p | nto, so p | to, which is a
contradiction (beacuse this would divide z). And, if p t z, then by construction p | to, so p |  + nty implies

p | &, which is a contradiction. Therefore we have shown that ged(z + ntg,m) = 1.
L]

Lemma 7.7. Let n | m. If (Z/nZ)* has a primitive root, then so does (Z/mZ)*.

Proof. Call the reduction map 7 : (Z/mZ)* — (Z/nZ)* and say that g is a primitive root mod m. Take
h =mn(g) (mod n), then for any x € (Z/mZ)*, I know there is some y € (Z/mZ)* with 7(y) = = (mod n).
But since y = ¢g¥ (mod m) for some k > 0, and that 7 preserves multiplication, I see that h* = 7(g)* =

7(g*) = 7(y) = x (mod n). Therefore h is a primitive root mod n.
O

Theorem 7.8 (Obstruction). If 8 | n or 4p | n for p an odd prime, then (Z/nZ)* has no primitive root.
Also, if pq | n for distinct odd primes p,q, then there is no primitive root.

* (Z/pqZ)* «— (Z/pZ)" x (Z/qZ)"
e Exercise: a?~1@=1/2 =1 (mod pq) for all a € (Z/pqZ)*
e Work separately in mod p and mod g, observe that

(p—1g-1)
2

(p—1g—-1)

and qg—1] 5

p—1]
Since ¢(pg) = (p — 1)(¢ — 1), there is no primitive root mod pq
Candidates for having a primitive root (i.e. things not ruled out by obstruction theorem)

e Only possibilities are n = 1,2, 4, p¥, 2p* for p an odd prime

Theorem 7.9. (Z/p*Z)* has a primitive root for p odd, k > 1.
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Proof. We're done with the case of k = 1. Start induction from k = 2. Given g a primitive root (mod p),
we claim that one of g or g + p (mod p?) is a primitive root. If ¢ is a primitive root, then we’re done.
Otherwise, g?~' = 1 (mod p?) since if g = 1 (mod p?), then g¢ = 1 (mod p). So by an order argument,
p—1]d. Soif d is the order of g (mod p?), we know d | ¢(p?) =p(p—1). Sop—1|d|p(p—1),s0d=p—1
or d =p(p—1). Since we're assuming that g is not a primitive root mod p?, we have that d = p — 1.

(g+p)P =g +(p—-1)g"?p (mod p?)
=1+(p-1)g"?p (mod p?)

If LHS = 1, then p? | (p—1)gP~2p, which implies that p | (p—1)g?~2, but both of those numbers are coprime
to p, so LHS # 1. This means that g + p has order p(p — 1), so it is a primitive root.

Now, for induction, claim that if 4 is a primitive root mod p* for k > 2, then it is a primitive root mod p**?.
Say that d = order of h (mod p**!). Then h¢ =1 (mod p**!) so hY =1 (mod p*). By an order argument,

o(p*) | d, and d | $(p**1). We know
o) =p"'p—1)  and @) =pfp—1)

So d = ¢(p*) or d = ¢(p**1). Observe that ¢(p*) = pp(p*~1). We know

R =1 (mod p*~1)

#1 (mod p¥)

By Euler’s Theorem

k*l)

Lo

The first equation states that RO =1 + p*~'t and the second equation states that p {¢. Then

1\ P
po®") = (htﬁ(pk 1)) (mod p**1) (mod p**1)
=(1 erk*lt)p (mod p**1)
=1+p"t+ <g)p2(k1)t2 + - (mod pk*t)
In the “-.” are the terms that look like p**~1 s > 3. So using 3(k—1) > k+1, I have 2k > 4, and so

k > 2 (and so the inequality is true). This means that all those terms vanish (because they are divisible by
the modulus).

2(k — 1) is not always > k+ 1, but p | (127) So the 3rd term is divisible by 2(k — 1) + 1, which is > k+ 1, so
the 3rd term vanishes too.

So our equation becomes
k
h¢P) =1 4 pFt  (mod pF*1)  (mod pFt1h)

LHS =1 <= p*t =0 (mod p**!) <= p | t, which is not true. Therefore h is a primitive root mod
k+1
pr. O

e If g is a primitive root mod p? (p is odd prime), then g is a primitive root mod p* for any k > 1

e Can find a primitive root mod 25 and check that it is a primitive root for 5%, k =1,3,4,5

o #(2p") = ¢(p*), so if g is a primitive root mod p*, then g is a primitive root mod 2p”
Corollary 7.9.1. (Z/2p*Z)* has a primitive root for p odd, k > 0.

Proof. k =0 is trivial. For k > 1, take g to be the primitive root (mod p¥). Say g has order d in mod 2p*.
Then

d | p(2p*) = (")
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and
g¢=1 (mod 2p")

This implies that g = 1 (mod p*), and so ¢(p*) | d, therefore d = ¢(p*). Hence g is a primitive root mod 2p*.

One thing to notice is that if g is even, then we can take g + p* instead.
O

Theorem 7.10. (Z/nZ)* has a primitive root if and only if n = 1,2,4,p*,2p* for p an odd prime and k > 1.
Example: find a primitive root mod 9.

o (Z/9Z)* ={1,2,4,5,7,8}, which is of order 6

e It suffices to check 2, 5, 8 as they are primitive roots of mod 3

e 21 =222 =4 23=8 206 =1. By our theorem, 2 is a primitive root for any (Z/3*Z)*

e Additionally, we can find solutions to 27 = 8 (mod 81)

e Can always write z = 2¥ (mod 8), so 27Y =8 =23 (mod 81)

e This means 7y = 3 (mod ¢(81) = 54)

Def. If p is prime, h an integer, k > 0, then p* || n means that p* | n but p**! { n.

Lemma 7.11. Forn >0, 22| 52" —1

Proof. For n =0, 52n—1:5—1:4, on+2 — 4.
Suppose this holds for n > 0, and consider 52""" _ 1. Observe
52" _ p22n _ (52">2

So »
52 —1:(52 —1) (52’+1)

By induction, 2"+? || 52" — 1. Working mod 4 (because we want to check whether this is divisible by higher
powers of 2),
5" +1=1+1=2 (mod 4)

-1

So 2 || 52" + 1. Therefore 23 || 52"
Theorem 7.12. Forn > 3,

1. 5 has order 2"=2 in (Z/2"Z)*

2. Every element of (Z/2"Z)* can be written uniquely as (—1)'57, 0<i<1,0<j<2" 2 -1

Proof. For 1, because ¢(2") = 2"~ !, we know that d = ord(5) = 2¥ for some k > 0 (by Euler’s). Moreover,
we know

52 —1=0 (mod 2™)

So i
2" | 5% —1

But by our lemma, 2++2 || 52" — 1,50 n < k + 2. We know (Z/2"7)* has no primitive root, so k < n — 1.
This means n — 2 < k < n — 2, therefore k = n — 2.
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For 2, consider the following lists

50,50,...,52" 1
— 50,51, =5 1
Each have no repeats. If the lists had no overlap together, they would give 2 - 272 = 2"~! elements, and

|(Z/2"7Z)*| = 2"~1. Suppose for a contradiction that 5 = —57 (mod 2"~1), which implies 1 = —1 (mod 4),

which is a contradiction, and so the lists do not overlap.
O

E.g 2" =9 (mod 280)
e 280=7-5-23
e By CRT we can split this up

—2"=2 (mod 7)
* By Euler’s theorem (Fermat’s little theorem, then multiply = on both sides), 27 = 2 (mod 7),
x =2 (mod 7) is the only solution
— 2" =4 (mod 5)
* By Euler’s theorem, 2* = 1 (mod 5), therefore 3 =4 (mod 5)

x [1[]2]3]4
213214

* Therefore 23 = 4 (mod 5) has only z =4 (mod 5) as a solution
— 2" =1 (mod 8)
% By Euler’s theorem, 2* = 1 (mod 8), so 2> =1 (mod 8)
* By the previous theorem, all elements mod 8 have the form +5%, i = 0,1
* (£5%)3 = £5%. Since 5% = 125 = 45 = 5, we have +5% = +5' = 1 (mod 8). Therefore the
only solution is z =1 (mod 8)

Quadratic Formula

e Comes from completing the squares

2 4

L bV e
- =

b\’ b2
224 br+e= (m+) +c——=0

e 22 =7 (mod p) has 0, 1, 2 solutions; if s is a solution, then so is —s
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8 Quadratic Reciprocity
Things we know
1. Divisibility and factorization, e.g. ax + by = ¢
2. Prime factorization
3. Remainders Z/nZ,(Z/nZ)*, Chinese remainder theorem
4. Hensel’s lemma
Theorem 8.1 (Quadratic Reciprocity). Let p,q be distinct odd primes.

1. If p = 0 (mod 4) or ¢ = 1 (mod 4), then 22 = p (mod q) has a solution iff > = q¢ mod p has a
solution

2. Ifp=q=3 (mod 4), then 2?> = p (mod q) has a solution iff x> = q (mod p) does not have a solution
e By quadratic formula, solving quadratic mod p is the same as solving 2 = a (mod p)

The Gaussian integers are Z[i] = {a + bi | a,b € Z}

2 2

e 22 +y? = 22 can be factored into (x + iy)(z — iy) = 2

— Notice 2 can be factored into (1 4 ¢)(1 — %)
— 5 can also be factored, i.e. 5= (2+41)(2 —1)

e There are primes which are the sum of two squares, say p = x? + y? for z,y € Z regular integers

e ged(z, p) = ged(y,p) =1

Zl/q = {a+byq|abeZ}
e 22 — qy? = 2% can be factored into (z + \/qy)(z — \/qy) = 2*

e We could write some prime p as p = 22 — qy?; when ¢ is a square, the we have the same case as the
above

From now on we consider p to be an odd prime.

Def. a € Z,a # 0 (mod p) is called a quadratic residue if the equation 22 = a (mod p) has a solution. If
there are no solutions, then a is called a non-residue.

Lemma 8.2. There are 112;1 quadratic residues mod p, and % non-residues.

Proof. Consider the list 12,22,3%, ..., (p — 1)2. This contains all quadratic residues. Since (—z)? = 22,
2

the list 12,22,32, ..., (%71) contains all quadratic residues. There are no duplicates in this list because if

1 < a,b< B2 with a® = 5% (mod p), then (a — b)(a +b) = 0 (mod p). Now p | (a —b)(a+b) = p |
a+bVp|a—b. Because 2 < a+b < p—1, we have p { a+b. Therefore p | a—b. Knowing that —p < a—b < p,
we must have a — b =0 and so a = b.

. -1 . . . . . .
Since there are exactly 5= quadratic residues, anyone not in the list is a non-residue, therefore there are
p—1

non-residues.

O
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Def. For a £ 0 (mod p), denote

a\ |1, if a is a QR mod p

D B —1, if a is a non-residue mod p
This is the Legendre symbol.
Theorem 8.3. Let a,b € Z. Say a,b# 0 (mod p). Then

()=G)G)

That 1is,
QR X QR=QR
QRx NR=NR
NRx NR=QR
Proof.

Case 1: QR x QR = QR. Say a = s? (mod p) and b = s3 (mod p). Then ab = (s152)? (mod p).

Case 2: QRX NR = NR. Say a = s> (mod p) and b is a NR. Suppose that ab = t?> (mod p). Then s?b = 2
(mod p). Dividing the s2 gives b = (¢/s)*> (mod p), which is a contradiction. Notice that we can write
fraction because the multiplicative inverse of s exists.

Case 3: NR x NR = QR. Say that a is NR. List all the QRs

q1,---,4p=1
2
List all the NRs
ny, ,MNp—1
2
Mulitplying a to the first list, we get
CLQ1,...,U/Q% (*)

which only contains non-residues by case 2. They are distinct otherwise we can cancel the as and the gs
would be the same. Since there are %_1 of them, they must be all the non-residues. Now multiply a to the
second list

ani,...,anp_x

which has p%l elements, and they are all distinct. Observe that this list is disjoint from (*). Therefore this
list is all the QRs. For a NR b, ab is in this list, hence it is a QR.
O

Example: Does 2 = 3*-57 - 113 (mod 13) have a solution?

e Compute the value of the Legendre symbol

5T %Y (3T 5\ (1T (5 (1L
13 - \13 13 13)  \13 13
e Now find the list of QRs 12,22, 32,42, 52, 62, which is 1,4,9,3,12,10

e Neither 5 nor 11 are in the list, therefore (—1)(—1) = 1, so the original equation has a solution
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Generally, given n = :I:qicl - gk with g; distinct from p:

(-GG -6 -6 -6

e We know that (%) =1 because 12 =1

e We want to understand (%) and (%) for primes q # p

Theorem 8.4 (Euler’s Criterion). For a € Z,a # 0 (mod p),

(5)=e i

Proof. By Fermat’s little theorem, the polynomial zP~! — 1 has exactly p — 1 roots mod p. But since p is
odd, (p —1)/2 € Z and so we get a difference of squares

Pt (1 ) (4

Both 2”7 — 1 and "2 + 1 have exactly % roots because
e 2771 —1 has p — 1 roots
e So factoring it results in a total of p — 1 roots
e Each of the factors has at most % roots because of the degree
e Therefore each factor has exactly % roots
Consider for s # 0 (mod p):

(32)%1 —1=s""-1 (mod p)
=0 (mod p)

Therefore the roots of 2% — 1 is the set of the quadratic residues. It follows that the roots of 25 4 1is
the set of the non-residues. Rewriting this observation:

1. aisa QR <— AT —1=0 (mod p). So for a QR, T =1= (%) (mod p)

2. aisaNR < a"= +1=0 (mod p). SoforaNR,aLglz—lz<%) (mod p)

e Observe that this implies the multiplicativeness of the Legendre symbol up to modulo p

()

(ab) Bt (mod p)

(mod p)
)0

e If p is an odd prime and ¢,0 € {—1,1} with e = ¢ (mod p), then e = ¢

I
IS
[§]
(=
w\

—€=06 (modp) = ple—19¢
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—e—6€{-2,0,2}
— Out of the list, the odd prime p only divides 0

e The above two points imply that (%) = (%) (%)

e E.g. compute ()
— By Euler, compute 7(11=1)/2 = 75

Corollary 8.4.1.

<_pl> =% = {—1, ifp=3 (mod 4)

Now we want to compute powers modulo p
e Use Fermat’s little theorem

1. Write out a list x1,...,x¢

2. Observe that azq,...,ar; is the same list

3. Therefore 1 -+ -z, = ax; -+ - axy = alz; -+ - x4

e Now consider the list

1 1
%,...7—2,—17 1,2,.... 2

—1<n< % stay where they are
- 192;1 < n < p—1 get subtracted by p

e First consider the positives, and the related list

-1
a,?a,..., b 5 a
—Eg. p=13,a=T:
Original List 11213145
Related List 71118129

Related List Reduced mod 13 | -6 | 1 | -5 | 2 | -4

™~ | w|w| o

— Notice that the number of minus signs = number of 1 <

— Also observe that
(-1)N1-2.3-4-5-6=71-2-3-4-5-6) = 7°=(-1)" (mod 13)

% 75 comes from the fact that we are multiplying by 7 to each of the 6 terms
% (=1) comes from the fact that there are N terms with —1 in front of them

< 221 50 that ka (mod p) >

p—1

2

4L

N

Theorem 8.5 (Gauss’ Criterion). Let a # 0 (mod p). Let N be the number of 1 < k < % such that ka

(mod p) > 25*. Then

a’z = (=Y  (mod p)

and as a result
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Proof. Start with the list 1,2,..., ”2;1 and consider the related list a,2a7...,p%1a. We know for each
1<k< p71 , we can write ka = ey (mod p) for 1 <y, < % and € = +1 (i.e. every element in the list

looks like 1 2 . ; up to a sign). As a result, the product of elements in the second list is

a(2a)(3a) - - (p; 1a> =a"7 . (p;l>! (mod p)

On the other hand,

a(2a)(3a)-~-<p;1a> E(€1y1)--'(6p 1Yp_1 1) = : € | yi = ( Y1 Yoo (mod p)

=
<.
—

1=

If the following holds, then we’re done:

-1
{yl,...,yw}—{l,...,p}
2 2

We first show that the s are all distinct. Suppose y; = y;, then it follows that

ia = ¢y; = ¢y; = £ja  (mod p)

So a(i Fj) = 0 (mod p). Because a £ 0 (mod p), we have p | i F j. Because 1 < 4,5 < 2= this forces
iFj =0s0i= =44 and that ¢ = j because both 7, j are nonnegative. It follows that yi, ... 7yp2;1 = (p21)!
(mod p), so
o p—1 1
o7 (=)= (—)N P2 (mod p)
2 2
Which implies that oz = (—=1)N (mod p). O

e We sometimes use u(a,p) to denote N given a,p

e Assume a odd (since the symbol is multiplicative, We can reduce to this case). Notice that there are

unique gy, 7 € Z such that ka = qip + r, where —2=2 < pj, < p
- Observe = qr + “& where —3 1< < z
— Therefore
\\qu _ qk, if Tk 2 0
p g — 1, ifrp <0
— Consequently

p—1 p—1

kzz H:J = 22: ar — p(a, p)

Theorem 8.6. Let p be an odd prime, a be odd, a £ 0 (mod p). Then

= ka
p(a, p) = LJ (mod 2)
=1 L P
Proof. From before:
wla,p) = {pJ + qu (mod 2)



Since a,p are odd, we have

ka=qip+rr (mod 2)
k=g +rr (mod 2)

Therefore

p_1 p_1 p—1

2 2 2

qu = Zk—&-Zrk (mod 2)

k=1 k=1 k=1
The list of s is exactly e- 1,¢-2,..., €pa %71, where ¢; = +1. Notice that 1 =1 (mod 2). So

p—1 p—1
5 5
Zrk = Zk (mod 2)
k=1 k=1
And so
p—1 p—1
2 2
qu ZQZREO (mod 2)
k=1 k=1

e Eg a=7Tp=11,1<Ek<5H
1.7 2-7 3-7 4.7 5-7
e [ E - e ]
Their sum is 7, which is odd
e Computing u(7,11) in the traditional way gets
7T=7 14=3 21=10 28=6 35=2
3 of which are > 5, and so u(7,11) = 3, which is odd

e Geometric perspective

— l%J counts the integers 1 < m < %

Back to a = 7,p = 11 example

— If m satisfies 1 <m < %, we indicate x; otherwise we indicate -
4 . .
3 . . . . . X
2 . . . . X X
1 - - X X X X
m/E|0 1 2 3 4 5 6

— If we draw a vertex at (p/2,a/2) and draw a triangle from the origin, then only the x are in the
triangle (we don’t count the points on the boundary)

p—1

2k

E {GJ = # of lattice points inside the triangle £ T'(p, q)
p

k=1

Theorem 8.7. Let p be an odd prime. Then

<2>{1, ifp=1 (mod8)Vp=7 (mod 8)

P -1, ifp=3 (mod8) Vp=5 (mod8)
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Proof. Want to use Gauss’ Criterion, so we compute p(2,p). We know that for 1 < k <
So 2k (mod p) = 2k. So

<Pl o<ok<p-1.

-1 -1
n(2,p) = {1<k<p:2k>pz}’

Case 1: p=1 (mod 4). So 2 is an integer and

w(2,p) = Hp;l <k< p;l}'

p—1 p-—1
2 4
p—1
4

.Soﬂ<k <— %—l—lgk. Hence

- —1 -3
Case 2: p=3 (mod 4). Then 2= = 222 4

N[

p—3 1
o -|{52 e <es 2
p—1 p—3
=5 - (4+1>+1
_3p—2 p-3
T4 4
_p+1
4

Now to finish, we need to compute (—1)#(>P). This is a condition on p (mod 8) and there are 4 cases to
consider:

Case 1: p=1 (mod 8). This gives p =1 (mod 4) so u(2,p) = p_ , which is even.
Case 2: p="5 (mod 8). This gives p =1 (mod 4) so p(2,p) = %, which is odd.
Case 3: p=3 (mod 8). This gives p =3 (mod 4) so u(2,p) = p+1 , which is odd.
Case 4: p=7 (mod 8). This gives p =3 (mod 4) so u(2,p) = pTH, which is even.

Notice that being 1 or 3 mod 4 only gives integrality, only mod 8 gives parity.

Theorem 8.8 (Quadratic Reciprocity). Let p,q be distinct odd primes. Then

(-
(1;’) (Z) = (=19 (—1)n(@r)

= (—1)rP+nlap)

Proof.

= (=1)Ta+T(ap)
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From the triangle argument, we can use some symmetry:
e For T(p,q), the hypotenuse is y = %x
e For T(q,p), the hypotenuse is y = %:c
e They have reciprocal slopes, and their side lengths are the same

e Can “click” the two triangles together to form a rectangle

(r/2,q/2)
(a/2.p/2) (0,p/2) (q/2,p/2)

(O’ O) (Q/27 O) (0,0) (p/27 0) (0,0) (Q/Q’ 0)

e The rectangle has height and width p/2 and ¢/2
e Observe that no lattice points lie on the diagonal

Hence T'(p, q) + T'(¢g,p) is the number of interior points of the rectangle, which is %_1 . q;—l

Example: let p be an odd prime, p # 5. When is 22 = 5 (mod p) solvable?

e Compute (%) = (2) (—1)%1'5;1 = (%)

e 12=1,22 =4 (mod 5). Therefore (2) is —1if p=2,3 (mod 5); 1if p=1,4 (mod 5)

Example: compute (%)

e ()= EEE =@

° % is governed by a mod 4 condition; (%) is governed by a mod 7 condition; CRT tells us that the

product is governed by a mod 28 condition

12 =1,22=4,32 =2 (mod 7). Therefore (%) islifp=1,2,4 (mod 7); -1if p=3,5,6 (mod 7)

(—1)*= islifp=1 (mod 4); —1 if p=3 (mod 4)

The product is 1 if the two are the same; —1 if the two are different
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9 Sums of Two Squares

Overarching question: which primes can be written as a sum of 2 squares? i.e. p =22 + 42, 2,y € Z
o If p=2, we can do 2 = 12 + 12
e We are interested in the odd p case

Lemma 9.1. If p is an odd prime and p = 2 + y?, then p=1 (mod 4).

Proof. Working mod 4:
z |0 1 2 3
220 1 0 1

So 2?2 +y*=0,1,2 (mod 4) (2 comes from 1+ 1). But p is odd, so p=1 (mod 4) O

e Recall

1, ifp=1 (mod 4)

(?)Z{L ifp=3 (mod 4)

e If p =1 (mod 4), there is some a with a> = —1 (mod p), or equivalently, p | a®> + 1, which we can
write a? + 12 = pk for some k € Z

Lemma 9.2. (u? +v?)(4% + B?) = (vA —uB)? + (uA + vB)?
Lemma 9.3. If 2% + y? = zw?, then z is a sum of squares if w | x and w | y, i.e.
)y
w w

Lemma 9.4. If we can write A?> + B? = pk for some 1 < k < p, then we can write > + y? = p.
Proof. (by descent procedure) Input: write A2 + B2 =pk, 1 <k <p

1. If k=1, A? + B> = p. End.

2. Find —k/2 < u,v < k/2, with w = A (mod k) and v = B (mod k)

e By division algorithm, A and B are congruent to some u,v modulo k
3. Notice u? +v? = A2+ B2 =0 (mod k). So write u? + v? = kt

o kt =u? +0v? <Kk*/4+k%/4=1k?)2

e This means t < k/2 < k
e Because k,u?,v? are nonnegative, ¢ > 0

e Suppose for a contradiction that ¢ is 0, then u,v =0, so k | A and k | B. Since A% + B? = pk, we
get A = ka, B = kb for some a,b. So k?(a® + b*) = A%+ B? = pk. So k | p, which means k = 1,
which contradicts the fact that we did not halt on step 1

e Therefore t > 1

4. Multiply k?pt = kt - pk = (u® +v*)(A* + B?) = (vA — uB)? + (uA + vB)?
5. Notice k | (vA — uB) and k | (uA + vB), so pt = (UA;uB)Q i (uA_IEUB)Q

e vA—uB=BA—-AB=0 (mod k)
e uA+vB =A%+ B?>=0 (mod k)

Theorem 9.5. Ifp =1 (mod 4), then p = 2% + y? for some z,y € Z.

Proof. We know that we can write a? + 12 = pk for some a € Z and 1 < k < p. Apply the descent procedure

until it terminates with p = 22 + 2.
O
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10 Arithmetic Functions

Example: let W(n) be the number of prime divisors of n
o« W(3) =1
o W(12) =2

Def. An arithmetic function is a function f: N — C.

Def. An arithmetic function f is multiplicative if two conditions are satisfied:

1. f(1)y=1
2. If ged(n,m) = 1, then f(nm) = f(n)f(m)

e E.g. Euler’s phi function is multiplicative

Theorem 10.1. Let f be multiplicative. Forn > 1, n = p]fl o-pkn. Then f(n) = f(p’fl) o fpkn)

Proof. WTS by induction if my, ..., m; are pairwise coprime, then f(mj---my) = f(mq)--- f(m¢). The
idea is that since m; is coprime to all of mo, ..., m;, we can pull out m;. Then we can pull out ms, and so
on. O]

Def. An arithmetic function f is totally multiplicative if two conditions are satisfied:

1. f(1)=1

2. f(nm) = f(n)f(m) (no coprime assumption)

e E.g. the Legendre symbol (E) is totally multiplicative

Theorem 10.2. Let f be totally multiplicative. Forn > 1, n = plfl —opbn. Then f(n) = f(p1)F* -+ f(pn)Fn

Theorem 10.3. Let n,m € N where ged(n,m) = 1. For every positive divisor d | nm, there exists unique
positive divisors di | n, do | m such that d = dyds.

Proof. Take d; = ged(d,n). Then dy | n. Take do = d/d;. Then d = dids. To show that dy | m, by ged
property ged(d/dy,n/dy) = 1. The first term is dy and so it’s coprime to n/d;. Since didy = d | nm, we
have dy | nm/d; = m because dz is coprime to n/d;.

For uniqueness, suppose there exists ey | n, es | m with d = ejea. Then d1dy = d = ejes. Observe if a,b are
coprime, then divisors of a and divisors of b are coprime by prime factorization. This means ged(eq, d2) = 1.
Since e; | dida, we have e; | dj. By symmetry d; | e1, and so e; = +d;. Since they are all positive, we have
e1 = dy. By symmetry e = ds. O

e Observe that there is a bijection

{positive divisors of n} x {positive divisors of m} — {positive divisors of nm}
(di,dz) = dida

Lemma 10.4. 7(n) and o(n) are multiplicative, where T(n) = >_ 1 is the number of divisors of n, and
d|n
o(n) = > d is the sum of divisors of n
d|n
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Proof. 7(1) = o(1) = 1 because 1 is the single divisor of 1. Now take n, m to be coprime.

7(nm) = Z 1

dlnm

= Z Z 1 By previous theorem

dl |’I‘L d2|m

= Z 1 Z 1 Since multiplication and addition distribute over one another

di|n  da|lm

= 7(n)7(m)

o(nm) = Z d

dlnm

= Z Z dids By previous theorem, also because d = dyds

dl |’IL d2|m

Lemma 10.5 (Generative series).

<§: a”z"> (i bmzm> = i Z aib; 2k
n=0 m=0

k=0 \i+j=Fk
e We consider the series to be absolutely convergent
e Riemann zeta function:

)=

n=1

e Dirichlet series:

n=1 n
-~ 9(n)

B -3
n=1
. 1

D(s)E(s) = Z ( f(a)g(b)) — Inside the parentheses is called Dirichlet convolution
n

n=1 \ab=n

f(d)g(n/d)

dln

Def. Dirichlet convolution is an arithmetic function f * g defined by (f * ¢g)(n) = >_ f(d)g(n/d)
d|n

e Eg. (1x1)(n)=> 1(d)1l(n/d)=>.1=1(n) (1 is the constant function that always output 1)

d|n d|n
e Eg. (Ix1)(n)= dzl: I(d)1(n/d) = %: d=o(n) (I is the identity function)

Theorem 10.6. If f, g are multiplicative, then f x g is multiplicative.
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Proof. (f = g)(1) = X g f(d)g(1/d) = f(1)g(1) = 1. Now let n,m be coprime. Then

(fxg)(mm) = 3 f(d)g (=)

dlnm
=Y fdid)g ( j)
2
d1|n d2|’ﬂ
= Z Z f(dy)f(d2)g (d) g (d) n,m coprime implies their divisors coprime
d1|n d2|m 1 2
Zf(dl)!J( )Zfdz < >
di|n da|m

= (fxg)(n) - (f *g)(m)

O
e Follow-up question: since f * g is a “product”, is there a “division”?
1, ifn=1
e Define i(n) =< nn .
0, elsewise
Lemma 10.7. If f is an arithmetic function, then fxi= f.
Proof.
n
S0 (3)
> f@i(
d|n
=f(n)-1 Since all d # n terms vanish
= f(n)
O
e Now we want to know whether given f, can we find a g such that fxg =1
e Eg. f = 1 the constant function. For g to be an inverse, we need 1 * g = i; or equivalently,
1, ifn=1
> 9(d) = .
din 0, elsewise

—Plugn=1:¢(1)=1
— Plugn=2: g(1) +
) +

— Plug n=3: g(1

(2) = 0. This implies g(2) = —1

3) = 0. This implies g(3) = —1
— Plut n =4: g(1) + g(2) + g(4) = 0. This implies g(4) =0
In general, for n > 1, g(n) + . g(d) =0

d|n
d<n

g
g(

Def. The Mobius function is defined as

1, if n square-free and has an even number of prime factors
u(n) = < —1, if n square-free and has an odd number of prime factors
0, elsewise
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Lemma 10.8.

elsewise

S ) {1, ifn=1
d|n 0,

Proof. The RHS function is 4, which is multiplicative. Since p(n) is multiplicative, the LHS is also multi-
plicative. Using the fact that f = g <= f(p*) = g(p*) for all primes, it suffices to check that this equality
holds for n = p*, p prime, n > 1.

> u(d)

k
dlp* =0

n(p’)

[

= pu(p’) Since all non-square-free terms are 0

Theorem 10.9 (Mobius Inversion Formula). Let f,g be arithmetic functions. Then
n
Fm) =Y g(d) <= gtn) =Y f(@u (%)
d|n d|n

Proof.
“ =7 Suppose f(n) =73 g(d). Then
d|n

> fd)p (g) => D gl | (g)

d|n d|n eld

=3 gle)u (%)

dln e|d

=9 Y u(3)

eln d|n,eld

n .
Zg(e)d; u(ﬁ> Write d=ed sod|n,e|d = d' |n/e

nje
= (e) 7
- S (%)

eln

=g(n)

“ «<=" Follows from a similar argument.

e Eg. ¢(n)= n}‘In (1 - g) = d\znu(d)%
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11 Probability

Question: if I pick two positive integers n, m at random, how likely is it that they are coprime?
e How do we pick two positive integers at random?

Question: If T pick two positive integers n,m at random from {1,2,..., N}, how likely is it that they are
coprime?

__ # of outcomes where A happens
- # of outcomes

e Pr(A happens)

e If we call this probability py, then the limit Nlim pn (if it exists) is the answer to the first question
—00

E.g. estimate p1go

Size | Probability
40 0.5
100 0.494
1000 0.639
10000 0.609
e Compute py
— Total # outcomes = total number of pairs (n,m) = N2
— Total # pairs n,m such that ged(n,m)=1 = > 1
n,m<N
ged(n,m)=1

Recall Lemma 10.8

Zﬂ(d){(l): A =1 == Z #(d){(l): if ged(n,m) =1

lsewi lsewi
d[M elsewise d|ged(n,m) elsewise
Lemma 10.8
e Then
> 1= > p(d)
n,m<N n,m<N d|gcd(n,m)
ged(n,m)=1

= w(d) (# of pairs (n,m) with d | n and d | m)

d<N
N (2
= Z w(d) \‘dJ Because # integer between 1 and N divisible by d is {J
d<N
N (N’
> -{3))
d<N

e Notice that

Therefore



e Back to (*):

n,m<N d
ged(n,m)=1

d<N d<N
d 1
= N? “0(12) +O(NY S
d<N d<N
=Ny M) o (Nlog N
- d2 g )
d<N
e Now we can compute py:
> 1
n,m<IN
__ ged(n,m)=1
PN=TTN
1(d) log N
-y i o (%
d<N

e As we take N — oo,

Theorem 11.1 (Basel Problem).

Theorem 11.2 (Probability of coprimality).

d=1
Proof. Notice that
Z Z — = Z (e x =1 1 is the constant function 1
ns
Knowing that Z = ((s), we have the other sum as ((15)' Knowing that ¢(2) = %2 (Basel problem)

completes the proof
O

Observe that

3 32
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e If there are finitely many primes, then LHS would be a finite product, however the RHS diverges to
infinity

Lemma 11.3. If f is multiplicative, then
oo 2
Zf(?) ZH(H f(]so) N f(z;s) +>
n=1 n D p p

If f is totally multiplicative, then

PO |

n=1

Notice that

o pn) ulp) | p?)
Z ns _H<1+ ps + + )

3
—_
hS]

Going back to the previous chapter, we have

SESIE

n=1

e Each of the product terms is the probability that n, m are not both divisible by p
Question: If I pick two positive integers n,m at random, how likely is it that m | n?
e Start with the question

_ # of (n,m) with n,m < N where m | n
= N

gn

e F.g. if N =10, try to count pairs
(I,m) | 7(1) pairs
(2,m) | 7(2) pairs

(10,m) | 7(10) pairs

e Then
> 1= > 1
n,m<N n<N m<N
=221
n<N m|n
=Y ()
n<N

e Knowing that 1 > 7(n) ~ log N from homework, we have
n<N

TN
ngN()NlogN
N2 T N

qN = -0 as N — o0

Page 43



12 Fermat’s Last Theorem
Pythagorean equation: find solutions to #? — y* = 22 with ged(w,y,2) = 1
e This is equivalent to ged(z,y) = ged(z, 2) = ged(y, 2) =1

e This means exactly 2 of x,y, z are odd, let x, z be odd and y even

Then (x — y)(x +y) = 22

Observe that

ged(z —y,z +y) = ged(x — y, 2y) Since z + y = z — y + 2y and ged(a, b) = ged(a, b + at)
= ged(z —y,y) Since z — y is odd
= ged(x,y) Sincex=xz—y+y
=1

Writing z = plfl --pFr then , o o
z :pl 1...pr’7‘

SO

(z —y)(z+y)=pi - p2e

e As a result, there are coprime odd s and ¢ with

o y= oo @ty +@—y) 241
2 2
x —(z — [
x—|—y:t2 _— y:( +y) ( y):
2 2
z = st z = st

e Writing 22 = y? + 22, we found all solutions to the Pythagorean equation

Consider 22 + y3 = 2% with ged(x,y,2) =1

=(y—2)(y* +yz +2°)
e At this step, we’re stuck

Back to Pythagoras

1‘2+y2:Z2

2 Since 72 = —1

2 (iy)? =2
(2w —iy)(x + iy) = 2*
e We are now working with the Gaussian integers Z][i]

Back to the cubic case

e Take w = ?™/3 where w® = 1 and w # 1 (3rd root of unity)
P —1=(z—-1)(2*+2+1)

w is a root of the LHS. w is not a root of (x — 1). Therefore w is a root of 2 + z + 1.
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e Now
J R +y3

= (z +y)(z + wy)(z + w’y)

e Since w is not a Gaussian integer, we're now working with the Eisenstein integers Z[w]

Both the Gaussian and Eisenstein integers have unique factorization

For an odd prime p, there is ¢, = €2™/? with (P =Tand (271, (2%, ..., (2, #1
P =al +yf = (e +y) e+ Gy)e+Gy) oz +ENy)

e We're now working with Z[(p], however unique factorization fails in this domain

6=01+V5)(1-V5) =23

— In equation 22 + 5y? = 22, we would have (x — v/=5y)(x + v/—5y) = 22, which does not have
unique factorization

Theorem 12.1 (Fermat’s Last Theorem). Forn > 3, there are no positive integer solutions to ™ +y™ = z™.
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