njec'[;we : Mpper bouno(s

Yuhoo Li
201 4.0




Z.Oj Ronk Covnjec-t«»e, (LRC)

Theavem ( Mehlhorn - Sehmidt / 82)
Let F: KxY=>fo:1]. Then

P<CF) 2 logCro-himp)).
Cvnjecture ( Lavasz-Saks’$7)
Let F: X7 =>§0.|7 Then
PECrF) = ldjc'(yomk(/\'\;\).

Sfaﬁz—o{-‘tl\e-mt
n(laaz(mh(MF))) < Pcc( F)< O(Jya,,h( ME) "’3(}’9"’1(0/\;))).
T (
(ravs . Pitossi, Watsm'ls  Lovett'ly




O ut line

® LOj Rank Canjectuve -FW Pom"tv'eS

o Py.,of af the Sjuore rwt upper bound -Far LRC.



Loj Ronk Conjecture for Parities
L"f‘f"“j -F-ucta'ons with Poarities:
Suﬂ)ase -l:: fo.ﬂn—e fo.l’ is @ Boolesn -fm-t-‘m.

Corsidler the communication -fw-rtc'm fe fo-l sn X fa.ﬂ" - f'o.l‘
where f"c*:ﬂ): = £(x8Y). '

cﬂ“jecfuve 5
Let -Fi fo.ﬂh—e fo-l} be a Booles fmt.‘m. Then

Pcc( ]C@) < ,aéc( ronk( Mf@)) 3



Pecision Tree

@’ OR

Paw’fj Decisin Tree

F==JN
D |
Y N



Pee£8)  versus  POT ()

Pcc(F@) € 7. PDT('F) ‘
Theorem (Hetomi, Hosseini, Loveti/1h)

PDTCH) < (F“(f@))ﬁ.

Sa the om“ara. (S :
Lﬂj Ra~k ijccf,«ve. -F'r Pan‘ta’es S efuivaleat to
PDT ()¢ loa® ( romk Mf?)).



Fourier expansion

0 Foun'ey exXpansion "‘F Booleow fwct«'an )C

e s oo dy
Fer

 Fourier spersiy

View Fauney sfectm + 0s A vector with Ieujﬂv "
sperstg ()= ||l

2 SPectml nirm

is defined o 15ll,.

IH/EH. < i, |7J Couchy ~ Schworz u'nejuclitat.

But far AND {mf-an
191], <3, 161l 2



mnk(M'Fe) versng  Fourier SFWSl"DJ O-F .F

ronk (MAF9 )= sFarsftg,L(]/C\ ). LRC fr RS PDT(F)flgc(llfllo).

f(#8Y)= %ﬂ £ Aspoy)= 32:30 £ - Ag() Tsty).

#=d" 2 = - s=¢ J=d" il
1Y)
\, 0
/\/\_[_@ = k| x| O | x| B
0\,
ol £l 5o

PDT(F)slg"(lhEll,) becowse [I£Il, < fif, .



State - of - the—crt
Suﬂnse the I-T—,,-o(gjrec of £ is d.

ThWVeM (Tsaug, Wanj , )(.'e, Zhanj ’,3 oLr)

PPT(F) _4.0(“‘,['\”.) d
= P“( 5.@) go(ﬁ'ﬂ;- loj Il?lla)_

Theovem (Tsang. Wong , Kie, zhe=g ' 13 o)
d72 4 A
POT() <0(=" [ fu) - of



Vo ljnamial Rank

SMPPOS& f& FF,[)‘U’“‘”‘“] aWA dej;(‘F):D(
Then }’OMIL(-F) IS defmeol as the minimum |'Wt¢jer r
st. + con be exPVesseo( Qas

:F:' 6'{:\‘{' il o '&Yf)" -+ ijﬂ
\
de«j,w{\:\ L(f)=d- dejz(‘\:m)so("

PDT(F) = rank(F)- deg. () (by Guerying £, - £r)
< rauk (£)- 19111, .



The wnotion O-F romR

Definition 1.5 (Rank). Let d > 0, and let P : F* — F be a function. We define
the degree d rank rank,;(P) of P to be the least integer k > 0 for which there exist
polynomials Q1,...,Q, € Ps(F") and a function B : F* — F such that we have the
representation P = B(Q1, ..., Q). If nosuch k exists, we declare ranky(P) to be infinite
(since F™ is finite-dimensional, this only occurs when d =0 and P is non-constant).

This is {”M Q PQP” I’j

Ben (nreen onol Terence Tad.



A Simple but Pawer-F.“ Lemmo,

Far all non-constont jC; fo.,]'n—v fa-”/ i‘(: theve /s an aff.‘m sul’SPGCQ l’\

st. 09yl Fln) < dleg,(F), then
romk(f) € 0 -olim (14)



PaV'.‘bj /(i“ Nuwmber

C?.-‘(f) =M~""foo-d"~£"|)
His au aﬂ.-ue sul,sfaee, on which F s @ constent "

rank (f) < Cf-.(‘F) be. 'HH 'S o(qm 0.

We will not lose 0o many ‘Hm'ngs Using ronk () Guol Pori#y Rill number.
POTE)/ 19115ll; < ronkif) < Cp umin(f) € PDTC).



RBCa” thot
P £©) < 00PPTLF) = ronR () o(ej,(f)

< Ca.min(f): lojuﬂk
It rewains ‘F?V ns to u’)Per bound C@,min(-(:)_

I the worlo( +het LRC s true:
A
Conmint€) = log Il

Whet s known (Teomg. Wong , Yie, Zhowg !13.04)

Comin(£) < 1), < Jif,



Praof sketch o-F C@,m’n(‘{:) c ||_ﬁ”'
) sart the [?(3’) | in the o(acreasuj ardlev ' ---yS

| ﬂ’eed_'] -fvlo(f»:ﬁ puocess :
@Fdd p= ¢'+¥" and selete befol] st. vhe subfumetiom

has its I“':?“‘f Foun’er ooe{:{icfeuee,‘be be I‘IF(M,‘I’ ';é(d'm)l.
O Use ZF' Xz bh as o [ineer vestrictim ([ §uery ﬁ owal get ouswer b).
¢

) offer ot wost 151, Queries, [Feanl7 4 .
2) then for ecch query I|1€|\. will oecrease 2+ [F(¥)] % |
3) when Ifl|, =), it will be a constont -Fnut.‘on aftcr one mae Guey,



State - of - the—crt
Theovem (Tsomg, Wang , Kie, zhanj 3. aLr)

P (£9) < p(uflL) o = offiFl; - log ufil).

Theovem (Tsong. Wong , X-e Zh“"j 13.04)
Pee(£2) <0(="" 153" 1411, ) - ol

Conjectuel Tso-g. Wanj Kie, Zzhog |13 04)
C@“(H Jog CONL) = og° (R, )



State - af— the —crt
Theoyewl (T;nug, Wanj , Kie, ;hauj ’,3 OLI’)
P £9) -‘-U(Ihzll.) ol = o([1Fl, - 13 iFlls)

Theovem (Tsang. Wong , Kie, Zhowg ’l}.oq»)
ce d/a 2 A
Pee£9) <02 1oy yfi, ) -of
Conject«oe( Tsang, Wanj , Kie, Z’Wj '3 .OLr)
Cominth) 2 19°0R1) = o5 (,).

Thfs has been distVeal-..
Theovem (ohattoyadhjmj  Mande, S'hey,'.{: /| q)
There is a Batkan fowction £ with 0lm) spectrel norm,

but C@,m-'n ('F); I-Z'M’ﬂ



COmmunn'catu'ou lg boundea( bj yot O]C Vanh



State o-F the art

Thearem (Lovett!i4)
Let f: lx)xIYl-@f—l-ﬂ be o Boslean funetion wi
ranR(M$)= r. then ‘F“ o

PEC (F) < OUTF logr).

The Wle.thaol (s 19 OhoIiz@ /arje monaohmmatic Vectany&,
“S'Mj (ta/li“] ao(vantaje O-F ) D(l'che,Panoj :



Theorem -,men Nisan and Wrgalersan

Theovem ( Nisan and Wigo(ersan'qq)

Assume that for ahﬂ -fuucﬁon -f: X*xY = f-1.1} Of
ronk (Mg)=r there exists a monachromatic
rectongle Of size IRI?Z—'“” ' 7"‘”.

Then we hove e

Pecf) < 0Liogr + 2, ¢ (W)

In Particulav, bj master theorem
clNe p)=> P“L-{—)g pcr) .
cw)e g%y = PCef)e |ajow .



b

CL() Seo( Manochromatic Rectaoyle.

Let f IX'%WI )f—| ﬂ be a Boolem\ fumtmn with
renR(M$)=F and ELF] 2 /-37 3¥ . then theve
exists a MOnOVectahj(a. R with

IR| 2 |x=Y|[/8.

#- <IY]|/2r r
s - -~ inder.

S~ - - Ve‘toys
H-1<N|/2y¥




Discre}?ancj

£: XY >§-11] is a tatel function
,4 Is a distyibution gver XXT .

= W) foey
(*Y)eR

0(0.56'4 (.-F) P = WQ?‘R

oisc (F): = min mak &Y J{:u»y) .
setf K R (izj)c-il,l ’ '
& shorf when fic1p
We ave j"""j o pryve
3 mona IR’ 7 2:0(‘03"/8) ’X XT’ ’ S s dlise (f} ,



H "jh’LeVel iolea : Puh’{yin’ motyri#$

let .F: XxY=>f-1.1] ond [E[f]=1-f 720 ond oisc(f)=385.
Then there exists R s.t.

| Erl£1] 7 1- P/
IR| %278 | X% Y|

Refeat this Lemma (0(109F) times , we will get a R¥* s.t.
|- | ErF1] %1 far

2 R| % 2037 E) 1 xy|



How 10 use oliscrepancy ?

Lewmay Let F: XXV = §-11] with ELf]= A%0 aud olise(f)=35.
Then there exists R S-t. il
ErLf] 2 &+ St-«*) SRT™

PVW-F:
Design a distribution (. R, | R, ’ 2 juxy) f(x Y235
I ) (X-9)eR,
F(x,j): f([ﬂ:()',xx‘.', '{' xY)=1 R; R‘.‘
=% R <T| -F(x,'j)--'l

IR st. = l‘“"ﬂ)f(x-j) z5

Then we have Z puxy) fexy)= ¢ (X-9)eRr
By same colculation .

> 2 Y -
. Rfmn AIR|+ |RxY| (I-0*) S .



Final step e
Su")l?iise« Etf]=u= (- ll 9 - ERLT] 2 X+ Sti-«*) IR| -

From 1o

Sum?ase we iﬂzro.tinly apply Lewm € times angl Get
Ra= XxY R, R, -+, Re.

We hove &t 2> Kot S- ﬂ/z' Z’R"'I,/lkil :
SO ﬁ» “‘t'O(aZS‘ (;/7, ’Z'RO""/IRI".



