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Thm 4L kW eﬁ/mmle/\ce_']
mCkt Degn (F) = co (mEW )

thm 2 [ Ldked CNE Seardh = KW 1
Search (COﬁ“) = Kw, For

e

Thin 2 [ Determaishic Lx{hrlr’_]
Fo( any seasin p»ol;lzm, <(e Seaﬂﬂ\(ﬁ))

Decfree (Seanh(e)) = CC (Search (Cog™)]

Tan 4 (LBs for Seardr ()]
There  exist uwnsab (CNE C over 2.2, st. DecTree (Serch ()) = A(Nn)

GO —— Emd —— @D
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Search (603“) = KW_ o on assocafed matme. 4
e
Th(y\?, LDeie/m:ms)nc, L\{{'lrlcﬂ .
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Dec-Tree (Seard«(@)) cC (Seaveh (C“'_oc( J

Tan 4 (LBs for Seardr ©y)
There  exist uwnsab (CNE C over 2.2, st, DecTree (Search () :n,(n)]To Do

GO —— Emd —— @D

DT (Searck (€3) =) € Seurh(Coq™)) =(0Llr) CC (ke Y= l) mckt dep I (E |- ()
(Thrn 4 (Thn 3 (o 2) (71\:{ i;&



THEOREM Y Lowge(L RB6JUNDS FOZ Dpectsion Frel
JVH/\ for Searcﬂf\(Q)

L
The hard foomwlay ¢ Random (ix(/t'ﬂd'”j) e s

Fux o bupa(/c{{;e. (mlfl) u{;ancler’}‘ (e()f clearte, K |

gis on (sc)-expander if Jd L eL (L[5
INCL) | 2 - (L
C‘i 18 an (5,0’3»}76\!"\0&1/&] CKPC‘MC‘/‘ if \‘/Ll “—|‘§S
\ B[ = C 1L

Clawme A rando (Q()Jr t(—reﬂular Ialee{r%i%e, c&m‘oh IL=m=cn &L=
— (%) ll_g_) —chWN(“"f] eepander why
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THEOREM Y Lowge(L RB6JUNDS FOZ Dpectsion Frel
JVH/\ for Searcﬂf\(Q)

Lec R
The hard fpomulas : Random (oxpnding) leet/Es S X
. + \J
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Theoem 3 ( Ddvermmstic L'\(%fnq)

£+ N-bit boolean function /searda problem

3,. indey 3"“’3”3 IND()(,\I\ = \Ix \\,l = Nl° I\L( = (0 lo:‘(\/

Theorem (Determ mistic L\‘F{'I.ﬂs) LRM, §PW ]
DT(#)+ 6(logN) = CC (\‘“3" )




TODAY " SIMPLER PROOE USING SUN FLOWERS
(ith Tun Marke Lovett, Meka, 2nung

£+ N-bit boolean function /searda problem

3,. indey 3“"3“: lND()(,‘I\ = \/x \\,l = N|° lY.( = (0 lo:‘(\/

Theorem (Determ mistic L\H-n'r\3> LRM, §PW ]
DT(#)+ 6(logN) = CC (\‘“3" )




Let N be a l& uniform set fyrfem.

1 ()(\) (K } han X(on{:a’ms o sunffower
Wik P petals,




SUNFLOWER LEMMA

uniform set ;\/n‘em over I

Let 7( be a l&
contoins & sun f{ower

1 ()(\) " fhen X
Wi P Pa’ca'S,

K=l—}) P>\

old ; True for  ~ pk

Conyetture . True for ¥ ~ P

ﬁ%: Teue for v~ ploglpl)  [ALUZ M19]



Tdew behind New Pwof  show [x[>r" = g X

>( 15 r-s‘orea.cﬂ W VZc[n]’ at most fk"i' sebs (ontath 2
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'— *
ow 3 2z sudh that > sets confamn
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/Xl>rk =>-# ¢ X

X 15 ('-SPI‘EGL& '|-f- \7‘%9{!\1/ O\t (Y\O'S't rk"if SQ!:S (oyﬂ'a(‘n 2
ond_ , X( > rl(

Lemm e )( r-spread = X contetns p - (/;( disjont sek¢

Prook of Lemmoe for r‘=P[(1

Lok B=35,..,5. % be maximal| collecton of

disjont sets w X, €<p

Then Some demw‘t— (Of\fal‘nﬁd (}\ 2 _‘é_ll SQ{'S
18|k

a5 Kl
L___\“ = (PK\ =(pk _
Talk —FT— (P ) , 39 y not v s‘areack




BLOCK - RESPECTIN = = - de
» (-SPLEAD = logr nse
SET SqITE MSj . (-sh 0&

WLog AM=CemN] [T 1 T 1 ] N blocks

<~m>

cochh xe X containe ot most ome element per block

X s r—sEga& =X is locir—&enge_

J1erw) vs=cm)t

VI H04G) = loge- [T
[Link (X )| = ‘}‘(/,I,

where H«,()O = m,"{i e (}Pr‘tf%:b

ﬁ
s

91 -
M mwentopys of N =9 1T) dogn (1l infy known abut )
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1= ?g 27
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xk\[\ YreN ()= D



Robusk Sunflowerg

N blOCJCJI cadnh sz

X s (E,_la) -SotiSG\p'm\c( W
Pr [.VX‘E}C X?y] <€ Xowe - KX VXN % VKXo X

N randonL vedtior in }o‘)zlw) P"L\(ﬂ]‘- ;2

Then ;f‘ L’XONF(Y)¥ IJ € &

Theorem [ALws] Let Y be 140 dense r=cloﬂ(%)_‘mm
Pr{ Soue (Y) # '] <

[ fru@ even foc Moamanofove, DNF
03y =« lojm



Robuskt Sunflowers

Let X be a set system over U

sEying : vV X X
X s ("'—) ¢) - sotisfying Kowe - KX %q V XMy X V ¥aXo¥e

?{" [_VX eX ygy] < g \‘ . random. Vector in fol)jlul) pr L‘(L:I] - 12
\JE‘/‘U’ Then gr' onwp(\() x| se
z
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T A )

(exponerhal impovemtat whea € vey smal )
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FULL RANGE LEMMA (vie. S#°)

N

o N ——

W (Z, 4 e 3

M~N\° m = N

let X ¢ [m]N be .‘Hojm—alens‘l. 5
Y= fot™ be Lage CF i )

Toen A¥ex VgeifoqV¥ Iyey
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L T 1 87

T 77
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FULL RANGE LEMMA (via 2= )

‘ L ( md'ﬂ:'
X .ﬁluam Jensel \} arg \\{[za .=>

e 3 ex Vpeto Y Byey: DTG ) - €

Yot Assume ¥y 34, st e\ SNDN(Y,A)E%@K
We can assume W,QOJ +hat ﬁx = 1“
Create ONVE =V Y

xeX

W1
By Robust Sunfloder [emme, Pr [I {.,( %\] <3

<€ 503"

SNce \[ 5 L‘"’qe, 346\/ sé. ‘f|°(=l. 4



PACK TO; DETERMWITIC LlFTINS TUHEOREM

£ N-bit boolean function /search problem

3’. indey 3&&3@{; 3(#,\[3 = \Ix
NI =N° ) Ix[= 10loqN
= m

Theorem (Deberm mistic L\H-n'r\g) [Raz, McKenzie,
Df(ﬂ + 6 (log “3 =CC (£- 3N ) ‘joss,?,v\)a\-soﬂj
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Probocol T8 a e parbihans M ko berQC‘l'qndQ»(

Alice {'
0
0

\ cach vertex v of o
I Labe(led wAHn

j Sudrectany (@ Q =K Y,




g wen N for £o1ND' —» Constuct decisin free | for ot
[ depth ~ haght(T
o ep g l)/’o:[”

M has he.'jh‘t d=6

T has hesht 4 =
/ S ej lojm 3




g wen N for £orNd —» Constuct decision free | for 4
of depth. ~ height(T) /"‘3 J

want _
Lot v be o vertex in |, and let f,

be the lpwho‘& assignmant associaded

with v.

Let Rv pe the I'Zc.{omale N associafech
vevtex of T

Then ‘v’@e 7.0‘11(\ cx‘l'e/lcll'nj Pv >
[\. A seme (4)e R, st. :cm)"(x.\a)zg



g wen N for FornD —» Constuct decision f(’QQ,T-for-F
(. ~ height
of depth ~ heg () /'°j J

Shvateay (high level);

e As lonq as Not= muchk (Wfo “is revealed

abost any shycet of coord inates,
g to lorgelh side
e D+therwic fnd woxmal subset of
wordinadtes where wunenti g is
low | set +hese wodinales é X
[\ and que’y +hent in T
e Need &0 mamtawn anant Hat
o all uwvset coorolméz{u)
LHe indo has been revealed




Invariant : KxY £ [m]” X iO[IKMM

Simulatign - Wamw‘b X is .Qlogm-dense
N \arge. VT "‘V n
o Tnkially (at wot of 1), X' Y 6o gmu

o When Bob sends a b, qo to Large.(‘ s\dQ
e when Wice sends a bit 0 to Larse(‘ sdce
T4 X WNo (onger . qlogm dense, @

— Find maxmal supset T=IN] ond value C()M]
hex ‘s 10O hkel
- Quuj varables 21 ?l teIz n T



N N
Invariant : KxY = [m] x 103"

Simulation X is .‘Hojm.a&o.nse. .
N large \y( = amV-N

o Tadia(ly (af oot of ), X )Y fo.m™
o When Bob sends a b, qo to Large.(‘ side,
e When Alice sends a bit 90 {o Larse(‘ sce
I X wo (orger .‘iloJm dense, ¢
- Find maxmal subset T=[N] ond value CUA]I
hat s 400 l\te\\‘,
- Query varables 2, “ig, 0T in T Say Z.-8
_ This mduces o rekaement of )(*y;
)C - i*e*( xl ‘-o(}
Nt - S ELER ‘33



REFINEMENT (of \/ wirt X’)

A No longer .9 \ogm dense_

I 3423
¥ WITTUITTIT O]
*\/J
x{ N
* IxeX x>}

B z\' \{l "’ND(d)YIB 3?

/

X

{

Yoo

f
o

[
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REFINEMENT (a&\/ wet X)

X No lonﬂef‘ -7(037" dense

I %423
NN NINNN N ANLYN EAANN RADEN

/\/J . : '

< \100 \‘0| \lno Y“
/ ) X,
K 4

*l"UfX/xI-ot}
Ng ~ Eyey | aws(, v;) 43

FULL RANGE LEMMA tells us  that ‘I(s' s Not """(’{‘l V@
% Need to show \(‘4 ¢ large  (otherwsse deasimree T can err)




Simulation :

Trvariant PG ZO||,*§") T = fxed (p)
Ris Xxy p-structured ;
* X ¥ are fixed on blocks T
and TND, (¥ ¥5) = (3]

° X? is .qUlogm dense

.\k 0 Lufﬂe (>am‘3:l-Nlo?m)




Invarant ; Ris p-structured
X\ are fived on I, TNDT(X, Y, )=p

SIMu(OHM . Kz is +q logm dense_
-z \s lerge

o Takially (at 0ot of T), X )Y fo.m™
o When Bob sends a b, qo to Large.(‘ side,
e When Alice sends a bit 90 {o Larse(‘ sce

I X wo (orger .‘iloJm dense, ¢

— Restore. densil, vie Rectongle Partrhan
- BV Man L‘QMM, 3_,(’),()”_[‘.'\ anl f\‘IJ’Bf

st Vb \/Jré s (a‘ﬁel )\J denge

pef Q\]'IJ"



qucmn(Q Parttron Procedure.

Inl)u(‘t X~ \/

Phasse T - De/lsil:( restoraﬁm of <
Repeatedly €rd max supet of word neges
Um(aIn'nj block mg J%}é(. Sel e coordinades
to mest kel value
Taduces pacthin § X ibe X, ¢ X pl SMD

. emrPW
Phasee T . For ecach W R(fw\e\/



Phase T:  Density Restoraton (for Ye le'\>

AN

X — »X s o X —— - —~>lf""|<. )Y
I:4 l I;dzl ’i;o(gj l -
X x* 'Y N

13: mox sobset of [1) that Violates .cf'oﬂYrL‘l:‘QCkWéQo
W\\‘t\er\%o?j oA /l;\ 5 0{36 mei s qssfclr\menf 1Q

blocks f\-_-) Vlo\o'l'\'nﬂ m\‘nm%mw (‘\Q. Yc [*[Is‘x; &X S A‘ﬁ II;\\o«jm)



Phase T 1 Densib, Resprotun & X

fcmlwltk( = X L X!
While ()(”3( > (XI/L do 2
Lek IJ : Mo subse t of (n) V'uo(a‘hr.\ﬂ 3
.9 foqm Aens\&, ot x*
et o(-Je CW\}Is be outtome wdness?ng this
e ([)24) 2 oGl

x~?(23
et © = Teexd | xIG])=o 3

L-Q‘f Xj“ - Xz:‘ \XJ
323t

z[h]l =0
:I‘Uz] =109
x[l3] = as

z[l1] # ai

z[h] £
z[lz] # as




Phase I - For each )("; refine Y

For eadn (T;,4,) fom phase T, Be ¢013%s do:

Let \'=tyey(yCL,4]=8S

Let 7&»" 3 (zo,ug”‘)‘ii’ be the stnng

\Maxumizinj \i\'e\(' [yIT;] ""LL" i(

Let \‘3.3 - 5‘1‘Y‘ |\{CIJ]~.7LJ',6 j

Xl

X2

X3

y2.000/ 12,001 Iyzmo

YLOO Yl,Ol Yl,lO Iyl.ll
' Y‘2,011 [Vz,loo |y2.101

YS’O Y3’1

NI 11




Rectansgle Parkton (Proceduwre

Yl,OO Yl,Ol Yl,lO 1,11
Xl
X1 (L] = o
y2.000] 172,001 Tzow Y>2,011 Iy2,100 y2.101
X2 2[l] = as 2] # a X2
5 e z[] # a1
X x[I3] = o3 2[h] # a3 Y3’0 YS’I
L X3

———— _ _ ‘I. 3 ,
V,) x’ X \“\;‘& s fed on J,J. and TIND (XJIJ JX};’>:#



Clum 4.3 Y )(:’_I s . logm dense

3

Proof (sketi)
we ?né(ced} maxumal block TLJ- +hat Wolated,

block wie M\ﬁMW s ot .’L‘-‘ 10 most UkQIT Value .

L 4

. )(-)1-‘ Was plocluse olens'\kj restored on meaumrj
blocks

3015 . (\\cf(b MOL)L\W/ SWset :l:) of CQQrJ'M"e_S
o Mest M-ell value  restores dens‘s m

—

ma\ammj unfwced coond inates T,



numiRre of bws ot
DQQ\C\ev\&\tZ Do° (s)- loj |S| - HoQ (53 k \nkormation, [earned

Claim -4 (&Q‘Gic\é—AC\( of each ¥ clmes b\a .(L(I:.T‘“(oj rnB}

Q\{S 1 Xi sets  blocks I‘ then ?pfocol mus1 hau surb)




Claim 4.4 (dqeic\énc\( of each ¥ Ames Ima A(IQ(lojm))
For all (1‘\)&)\ ; Doo (*Ji’\i D&(\A)-— \_15 lIJ (lojm+ |

Q\’s X sets blocks I‘ then ?pfocol musi hau sun‘:)

Poof  (uses (] = '*'/1)
D (K )= IT,[logm - log/ ¥’
C 4 (ool g — Jog (18T Sy
£ nlogm - lfjl\o:\m - log e [+ 271%;|logm —lojlr(+ fogl¥|
= (Mlogm - loglxl) - -1 Thogm + tog (/s ) o0 > b

&D%(X\- ,%I‘I;,HoamJ( \ k



Rectangle Partione Frocedure 2 maN LEMMA Y.S

Yl,OO Y1,01 Yl,lO 111L]
Xl
X1 z[h] =m
X2 o[l = a ] i X2 2,000 12,001 Tz,olo y 2,011 "/2,100[1/2,101
. A = z[h] # o |
X3 2[I3] = a3 o[l # Y370 Y3~,1
X3
[ TTTITTT] [T T 1
MaN LEMMA (4.S)

Let X~ \3)\& be .qlogm-o() dease, N lovge . Thew

ER ‘s/(&dO,\f,‘ \[33__ i%e\-‘ lIND(o(J. )\/Ij):ﬂi s |a/32'



Clams H.Z.l H. 3 and Mauwn Lemma 4.5
Show HAat our invanant holds.

Clam 4.4 shows +mat  deph (T) ~ /c\i /[ujm.,

\

depth of cc f—wb’@‘ T



Man Lemma (4.5)

- YI‘OO Y].ﬂl Yl.lU Yl.ll
Lek Y= Lj*’ be .Q(IOE]W\ -0l dQV\&Q) \{ LUVQL X!
Then 3j VYLeio ISIJ suchh thot © T ! r
. YF}.O Y3:1
\\"‘1s \ = l\“/23 lf,'\losm. X?
I [T [ I1
Proot idece -

Recall FULL RANGE LEMMA (vie S92 ):
let X< [mV &e Aoy -dense. Y= fol"™ pe large.
Then A¢ex Vgeto™ Ayey TN (& y*) ¢

o Qe()HMj full Rargs lammec to eadne block Xj, eah one

wkdons sl X wie full ronge




Main Lemme (4.5)

- yLo | yton| yuo prul s
lek Y= Lj\,;‘ be Flogm -ot) dam&)\[ Lcmatl. f X J=l
Then 3 VYel9 IST‘ suchh thot ¥ | |

Y30 Y31
&\j)!,\ = l\l\/a3'fj\l°3"" £ = [T TTILL] T T
Proot id (AT

Recall FULL RANGE LEMMA (vie. S#2 ).
let X ¢ [m]" be .'i!oam—JensQ. \ < io.ly““ be Larﬂe.
Then A¢eX Vgefoq¥ Afey TN (& y*) ¢
@ Qe()LtIv\j Full \Qcm?,m emma_ 10 eadne block Xj) eahn one_

wkdons st X wie full ronge

@ Assume for contaadichan V) aﬁeio,\fs ot l\ll"s\ 100 small

\" =\ - Bud onies

calcwlahsani shows (\i'l 2 N’é SO \1' shl Lafﬂe,

A“)zj Full revge Lemmac o XY Which
wnteadicts (D)




Newo| 15 smaLL:

- Assume for contradichin \/J 3{3 such that
l\P'Pl < ‘\”/7_'“1; logm.

o Lot \'EAD = ijc—\/ 'ETJ TND(«, \Ifj\: ‘ﬂj i
,\(zm‘ == K%:T (2> MK I\”/Q:‘k’oﬂm

A
K=\

< W//L



