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Lastclass

log
• P
"

(f) a- NP
"

(f) • CORP
"
(f) Apart,tin number)

← min A- of22 partitions
.
• Log Rank conjecture poly deck NMF ' n'to

.
monachism

.

svbrecfagles



Lastclass

• P
"

(f) a- NP
"

(f) • co NP
"
(f)

.
• Log Rank conjecture

today :
• Randomized cc

• Relationship between Randomised r Distributional

• Lower bounds via Discrepancy



RANDOMIZED CC

Recall : for 0 < e < 's

a z- sided cc protocol for f is a protocol IT such that ;

↳g) Pr [ ñ4y)=fCx,y☐ → l -E

BPP
,

"

(f) = min max [ ttibits sent by IT on *, y )]
protocols 1T

(Yy)

with error e
1×1=171 : n

(public coin)



D TRIBUTIONAL COMPLEXITY

Let µ be a probability distribution over ✗ ✗Y,
X

, y = { 0,13?

A deterministic protocol IT computes f : ✗ ✗Y → 90,13
with error ± E Wrt µ if : Pr [itchy = flxiy] > l - E

Cx,y)~M

The lie
, e) - distributional cc of f, DY (f) ,

- is the minimum cost over all deterministic protocols
that compute f overµ with error a- e



D TRIBUTIONAL COMPLEXITY

Let µ be a probability distribution over ✗ ✗Y,
X

, y = { 0,13?

A deterministic protocol IT computes f : ✗ ✗Y → 90,13
with error ± E Wrt µ if : Pr [itchy = flxiy] > 1- e.

Cx,y)~M

The lie
, e) - distributional cc of f, DY (f) ,

- is the minimum cost our all deterministic protocols
that compute f overµ with error a- e

Theorem Bpp? (f) = Max D? (f)
u



Theorem Bpp? (f) = Max D? (f)
u

proof

PPe.lt) > Maxie
D? (f) :

Let IT be a BPPI protocol for f of cost c.

i. Prr [ Icky ,r)
= flay)] - l - E

•: by averaging , there
exists some Hst

Pr [ Itchy, rte )
= fair] 3 l - E

y
Cxiyrru



Minimax theorem

• A 2-player zero sum game :

player I has a finite set A = {9 . . . am } of (pure) strategies

player I
" "

" " B :{ b, , . - , bn }
" "

"

• Each player has a utility UI(ai ,b;) , (ai ,b;)

for each pair Cai ,b;) of strategies

• zero sum : Uci ;] ) UICai b;) t UI Cai b;) = 0

Example : V-cq.is,) one player wins ( Utility
stl)

and the other player loses (utility = -1)



Example b
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b
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a
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Mixed strategies (p,q)
player I :p is a probability distributor over Ea , , . . . , am }

Pi -- Prob (ai )

player II : qts a probability distnb over Eb, , . . ,bn}

Payoff for player ☒ É É pill>Caib;) qg.
I on cp ,g)

=
1=1 s=i



Example b
,
b
,

b
,
b
,
b, b

,
b
,

b
, bybsa

,
- l - l - l - l

- l a
, I 1 I 1 I

-

u
.
:

:-. ¥ : :::÷ace
,

- l - l l l
- l 94 l l - l - l l

a
,
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Mixed strategies (p,q)
player I :p is a probability distributor over {a, , . . . , am }

Pi -- Prob (ai )

player II : gets a probability dlstnb over Eb, , . . ,bn}
a-Mlpiq)payoff for player ☒ É É pill>Caib;) qg.

I on cp ,g)
=

1=1 s=i

Player I wants to find mixed strategy p to maximize min Mcp,q)
q

player#- wants to find strategy 2 to minimise Max Mcp
,g)

P



MINIMAX THEOREM ( Linear Programming Duality)
For every 2-person zero-sum gang there

exists an equilibrium strategy
That is

,
7- value V such that

✓ = maxp minq Mlp,g) = mm
, maxp Mcp, q)



Theorem Bpp? (f) = Max D? (f)
u

proof

③ PP
,
(f) ± Maxie D! (f) (minimax argument)

Player I (protocol designer)

pure strategies : all c- bit deterministic protocols
mixed strategies : distills over all c-bit deterministic protocols

Player I Cadcersary)
Pure strategies :

all inputs Cx
, g)

mixed strategies : all distributions our ✗Y



Payoff M (for player J)
* is) Player II

PlayerI

all protocols it

Mla
,
Hit) = 1I -

\\ iff IT Cxiy) : fcxif)

Assume: tie over xxy ☐ a deterministic protocol (of cost c) such that
Pr [it Cx,y) = flay)) ⇒ I - E

His)nM

:O MMµ Max, MCM,9)= I -E

i. By Minimax theorem ,

Max
,g Mina M(µ, it) = l - E

•

°

.

9 randomized protocol st - for
- all fixed Cxiy , payoff is = I - E.



Randomized Cc Lower Bounds via Discrepancy
By minimax, to prove Lover

bounds for B.PPI protocols for f
it suffices to find a distribution µ s.t.D.me (f) is Large .

We will prove LBS Wrt ee via the discrepancy measure .

Discrepancy of Me Wrt a distributor it her ✗✗y

Let R be a streetangle of Mf

Deth Discµ ( R) = I µ(Rn f-
'

( n) - ee CRN f-
'

G) I small discrepancy
Detn Disc

µ
(f) = Max Disge (R) ←

means

large rectangles
REM
, balanced



Deth Discµ( R) =/ µ (Rn f-
'

( n) - ee CRN f-
'
(o) /

Deth Disc
µ
(f) = Max Discµ(R) says low

REMf

implies high
claim for every µ, DL (f)> log fs¥µ ,,,)

← discrepancy
cc Wrt ie

l

l ,



A
,
R)

Deth Disc
µ
( R) = I µ(Rn f-

'

( n) - ee CRN f-
'
(o) /

Deth Disc
µ
(f) = Max Dis cµ(R) says low

REMf

implies high
claim for every µ, DI (f)= log G¥µ ,,,)

← discrepancy
cc Wrtµ

Intuition behind claim for µ = uniform distribution

( same intuition for any ee)

• Low discrepancy says that
all large REM, are nearly

balanced

• A low cost deterministic protocol IT for f partitions Mf
into few subrectangles

,

so most of them are large
• since all large R's are nearly balanced, IT must

make a lot (too many) errors .



Claims If DM (f) a- c then Discuff)? %
↳

Pf_ Let IT be a c- cost deterministic protocol . So IT partitions
Me into disjoint subrectangles M, >Me, . . . , Mzc

We can assume wlog that the 129,17 returns most
common answer

,
call it ai , in Mi (most common Wrtµ)

O O l 0

001 /←
For My 93=0

M
,

Mz
0000

I 100
00 I 0

.

0000
I 000

I



Claims If DM (f) a- c then Discuff)
± ¥

↳

Pf_ Let IT be a c- cost deterministic protocol . So IT partitions
Me into disjoint subrectangles M, >Mz, . . . , Mzc

We can assume wlog that the 129,17 returns most
common answer

,
call it ai , in Mi (most common Wrta)

Since IT has error a- 'S Wrt re:

2- D. isculf) >
É Disculmi) = É fiecminf

-

Kai) - uol.in ( 1-a;D/
i= , i:O

•

⇒ É µ(Min f- 'ca;D - §,µCM .in f-
'
( 1-a;))

i=\

7
'

§

i. C 310g (É⇒) '

'

-
.



Relating Discrepancy to Dm_a×
all eigenvalues small
⇒ pseudorandomsolargerecfangleLemire (Eigenvalue Bound) pretty balanced

Let f be symmetric , with range E-1,1}

Then Disc Cf
,
A✗B) ⇐ 2-

"

hmm,
FM

(Imax -

is largest eigenvalue of Mf)



Leming (Eigenvalue Bound) Let f be symmetric . µ= unifdistrib .
Then Discreet , AxB) a- 2-

"

hmm,
Ñ

Root since My symmetric , eigenvectors Vi of My form orthonormal

basis for IRN CN : -0) . Let Ri be corresponding eigenvalue .

so if viii. v. Ñentries of Mfwrite 1
, ,

7-
☐
in this basis :

in £1,13
1B = Epi

Vigyan,

¥
= £44 .

- y

'e 0
-
- -

☐



Leming (Eigenvalue Bound) Let f be symmetric . Then

Disc Cf
,
AxB) e 2-

"

hmm,
É

-
sums up

all

11 entries in
AXB

PI 22J Disc (f , Axel ? / 1AMe 1-
is \

↳-r→
=/ ( Edivi)T ( Ef; Riv;) /
- As g) Yvz . . an

⑦ =/ £ """" / """"^"" b""

← Imax / Edi Pi / 2 cauchy -Swartz
⇒mail.fi Rei

c) Parseval identity= Imax É
Eti -- 111,15=1 At

Smb squares fisheries coeffs
off =fZ



Randomized Lower Bound for IP Conner product)

IPlay) ⇒ £ 4. y , .
Cmod 2)

i=µ

Mep is the Hadamard matrix ( 1-1=0
,
-1=1 ) :

Ho -- • Its :

An =
Hm, Hm

* * . it I



Randomized Lower Bound for IP Griner product)
Ho :

Hi "
1 : i !,

An =
Hn, Hn

-1 Hi.
,

' !
, I ! ,

l l - l - l

Ana -Ha ,
l -l -11

111
""



Facts about Hn :

① every pair of
news is orthogonal

i. Hi = N •I fN=zn)

② Rows correspond to all I parity functions

③ Matrix is symmetric

④ Hi = Hn HE = I In (proof by induction]

⑤ By ④ , ✓v v Hn HI = Iv

i. 2h is the only eigenvalue of HHT

- % the eigenvalues tf A are I 2^12



•: hmm
,
( Hn) =

2%

i. By eigenvalue bound
(us unit dlstrib)

2
"

Disc ( IPN
.

AxB) £ Rma×ÑBT = ÑÑBj
-

let A = X
, 13=4

Then Disc CIPN ,
A-✗B) ± fÉ • 2-

"

= 2-%

i. BPP, Pn)> log ( ÉiscCJPn))= Rtn)



fsetD-sjan-tnessi.EE Ratborn
- - -

-

-

_¥g@7

DISJ ( x , y ) = 1 Iff lxnyf $01
(ie Ii ✗i=yi=1 )

DISJ easy for Npa

theorem Jie such that D? (Dis)) = Rcn) -

÷
. BPPE ( Disj )= Rcn)

E. { Can cores all T's of Dist by no 1-mono
.

svbreetanjlls
Ri :{ ix.g) lxiyi :B



ANaÉ¥ ( related to discrepancy )

InÉyff

gwen a
distribution # on Mg , given a protocol IT

/

we define £ " How much info
1- IY§= Bob Cnddsy) learns about→
#

✗ from protocol

r.v.ee#- marginal of re on ✗

I-cacylx.IT)
works IC(☒☒iDµ )it



Another related method to lower Bound

randomized cc vice discrepancy (that generalities to NOF)

called
"

BNS
" method after seminal paper by Babai , Nisan,

szegedy introducing NOF cc and this method

Theorem CBNS bound]
Let f : ✗ ✗Y → E- 1,13

,
ie a distribution over ✗ ✗Y .

Then

Dlkulf )
-

e ly l - E / E relyg) ill
×
,
✗
'

c- ✗

'

> Y) flx, y) flx
'

, y) /
yey

Replacing sums by expectations can also write as :

¥§?¥, ← E I E v4,g) mail.yfcx.y) fix ' g) /X
,
X

'

y



Theorem CBNS bound]

Replacing sums by expectations can also write as :

← ¥× ,

I Ey v4, g)mail.yfcx.ylfhiy/P-(u=unif.distrib)

disc Cf
,
Ax B) = I ¥y 1A (x) 1-☐G) fly g) /

so disc Cf
,
AxB)

2

= ( Ey 1-Bly) § 1,1×3 fcx,y) )
"

Cauchy Swartz
2 ⇐CED's EEE]

£ § ( ¥1sG) fcx,g)Y
=

§ É¥ .
Fix) fix

' ) fix
,g) fcx

'

g) )
=

¥× , 1,1×31,1×1) ( ¥ flay) fix,y))
±

¥_× , I Eyfcxisfcxt, g) I



Theorem [BNS bound]
Let f : ✗ ✗Y → E- 1,13

,
ie a distribution over ✗ ✗4

.
Then

Dlsculf )
-

e ly l - E / E relyg)Mai, y) flx, y) flx
'

, y) /
×
,
✗
'

c- ✗ yey

Proof (µ arbitrary dcstnib) .
Let R=AxB

-

Let 4=1 ✓ ✗ c-A
, By =/ HyeB , and for all other ×

, y
Let 4

, By be independent r.v. 's uniformly distributed over {-1,1 } ,

then DiscµCR) = I E Mix
,g) flx,y) /

Hitler
= HE E[d×By]µCyy)flqy)t E E↳ By]dGy)fGy) /
*g)c-R HIDER

= I ☒ [ E L

☒y)
✗ ByMlxifflx,y) /

so there is a fixed assignment 2x
, By c- E-1,1} for all ×,y such that

Discalf) ⇐ I¥y,4Py MHidflx.gl



Theorem [BNS bound]
Let f : ✗ ✗Y → E- 1,13

,
ie a distribution over ✗ ✗Y

.
Then

Dlsculf )
-

e ly l - E / E relyg)Mai, y) flx, y) flx
'

, y) /
×
,
✗
'

c- ✗ yey

Root cont'd

so there is a fixed assignment 2x
, By c- E-1,13 for all ×,y such that

Discalf) ⇐ I¥y,2×PyMHiDf4y /
-

squaring
i. Discreet a- 141 Ey ( By § 4 eecx

, g) fcx,y) )
"

← both sides plus
Cauchy Schwartz

= 141 §g, 44 , § tea, 4)
Mai

,4) flay) fix',y) (Eft)'s Etty
±

141¥ ,

I § ucxiyiecxytflxiyfciy) /


