
Last class

1. 2- party basic model (deterministic)

• § → Joo
←

* → I

P
"

(f) = min Max # bits sent on input ix.g)
Cx

,g)IT for f
1×1=1yen

2. Randomized cc : Public vs Private coin model

BPP
"

: two-sided error

Rpcc : one-sided error
\

zpp
"

: zero sided error .

C- cost = Max

3. No-ndetcclcowoude.tl # bits sent * try
9

f-(x,y)=l Fr THY,r)-4

f4y1=6 truce,y,r)=g
Hy)=0 Fr IC 1=0

c 1=1 tr CIC 1=1



BPP
"

: public coin

lticx
, y , r ) : Hr 1444 is a deterministic

protocol (outputs some value g

IT computes f- in Dpp
" iff :

(
Yy) , 1×1=141

- n

Prr @ x.gr)
= fair] ⇒ 3g (l
-

If we want ppsadpnb. E to be É
ce 0427 ilrgseat we t.me

NP : IT computes f NP
"

iff

thx
,g) If fcx.gl =\ then V08 Fr st ITH

, yr) =)

0W fix
,y
):O then tr ltlyy,r) :O



Last class cont 'd

✓ ① Protocols can be balanced

✓ ② Error E can be amplified with little cost

] Thm" ② "" """ " " """ ""
""""" """"

y ?,"y
i. Public coin & private coin randomized Comm.

Nearly the same

$ P
"

(f) a- NP
"

(f) e Corp
"
(f) anna kakis]

⑤ Log Rank conjecture



RANK & DETERMINISTIC CC

P
"
(f) = min cost of deterministic protocol for f

We know : Pcc Cf) 7 log rkcmf )
r

RLÉÉL (for deterministic cc)

rk ( Mg ) ⇒ r ⇒ P
"

(f) = logr

Exa#k 1
, I

EQCX,y)=1⇐)X=y 1

,

0
zn

Pk (Mga ) = I

1×1=41 - n M o
'

i

,
,
f ⇒ P'' (f) =rCn)

Mea ← zn→



Log RANK CONJECTURE (LRC)

P
"
(f) = min cost of deterministic protocol for f

We know : Pcc (f) 7 log RKCM f)

LIE ffovñsz -Saks ' 88] :p" (f) ⇐ 040g rk (Mf )Y a-
Says if
rank small

,

deterministic cc
is small



Log RANK CONJECTURE (LRC)

P
"
(f) = min cost of deterministic protocol for f

We know : Pcc (f) 7 log rkcmf )
I

LR_C : P
" (f)€0 (log rkCMf))

'

state of the art :

ohffogrkCHET) =p" (f) so (FI) - log rk(Me ) )

t i
Love#

go s
,
P
,
Watson



LRC : a weaker (but equivalent ) formulation

weak LRC : BPP
"

(f) a- Oflugrk (Mg))
'
← says low

rank implies
low randomized

communication



LRC : a weaker (but equivalent ) formulation

weak LRC : BPP
"

(f) a- Oflugrk (Nf))
'
← says low

rank implies
low randomized

communication
weaker LRC : POSTBPP

" (f) a- Ollogrkcmf ))
'



LRC : a weaker (but equivalent ) formulation

weak LRC : BPP
"

(f) a- Oflugrk (Mg))
'
← says low

rank implies
low randomized

communication
weaker LRC : POSTBPP

" (f) a- Ollogrkcmf ))
'

theorem the above weak versions of LRC

imply LRC



LRCn.Anotherequiialentformuluti.la
Let m.no (Me) = max

monochrome

,

IMF /
rectangle Rs M

P
" (F) = log rkcmf )
p
" (F) = log ( mtmomf) )

conjecture log (¥µI) ⇐ 0 flog RKCM, ))
' ←

""
small rank

implies large
mono. rectangle

theorems the abou conjecture empties the LRC



thm-3-letr-rkCM.fi)
,
scr) be arbitrary ¥##g function

If mono (Mt) → scr) then P
"
(f) soflojrtlogr • log (Ecr) )

thm 3⇒ Thm 2 :

* If conjecture is true, month, ) > $01109M
'

for some c

so by thm3 ( with scr) = 2- 040yd
'

)
,

P
"

-

(f) £ Octogrtlogrtoclogr)
' ) = 0 Clogr)

"
so LRC true

.



Thin-3
Let r=rkCM§)

,
scr) be arbitrary nondecreasing function

If mono (Mt) → scr) then P
"
(f) soflojrtlogr • log (Ecr) )

Profiled
Let M

,
hare small runic , and let R be large mono. sibrectangle .

R A⑥write Me as :
→ B C

since R rank 1
,
one of A , B has rk £ rkCMf¥

Spose A has rk ← %

Players determine if ✗ c- RIALS
It

. yes → re curse on submatrix of rk ~ E.
If no → recuse on submatrix☒ of much smaller

size



thm assume cmj & r= rkcrls) then

let r=rkCM§)
,
scr) be arbitrary Nonmueasiny function

Assume for
any rectangle R, a-Mf 2- subrectangle RER, such

that Rz
is monochromatic and lRz / 38 (r) .IR

, 't
then P

"
(f) eoflojrtlogr • log (Ecr) )

Ploof (of thin)

let 1 EM, ,
IRI > 8%+1

Write it
,

= R A

B C

Then by subadditivity of rank,
rkcs) + rk (B) ← rk( RBI ) - rk 8) s RKCM, )t I

weog assume rk (A)
a- RKCB) e % + 1

so rk ( RIAJ ) a- It 2



Mf = R A

B c
rk (☒) a- Et ,

Protocol
Row player (Alice) sends 1 bit specifying if ✗ C- R☒ or

✗ C-

rkcB) < rkcs) then Bob specifies if yei④ or ye⑤)
Reverse .



M
,
= R A rk (Ft) a- Et 1

B C

Protocol
Row player (Alice) sends 1 bit specifying if ✗ C- R☒ or

✗ C-☒
rk (B) < rkcs) then Bob specifies if ye 'R⑦ or ye⑤)

Recurse_
Analysis :
Let Lem

,
r) = A- leaks in above protocol where m = 1Mt

,
r=rk(M)

Then LCM,r) e LCH , Et 2) t
L ( MCI- scr))

,
r )

claim Lcmr) ⇐ exp ( log're logr . log IÉr) ))



Analysis :
Let Lem

,
r) = A- leaks in above protocol where m = 1Mt

,
r=rk(M)

Then LCM
,
r) £ LCM , It 2) t

L ( MCI- scr))
,
r )

claim Lcmr) ⇐ exp ( tog
'
r t logr • log Ikr) ))



Analysis :
Let Lem

,
r) = # leaks

in above protocol where m = 1Mt
,
r=rk(M)

then Lcm,r) ± LCM , % ) t
L (Mll-Hr))

,
r ) (same asymptotic
\ behavior )

claim Lcmr) ⇐ exp ( log're logr . log Ikr) ))

Llm,r) a- LCM
,
E) + L(m(1-s)#

⇐ um
,
E) t É¥Tum(tsP

,
r)

s UM
, %)

1- L( m (1-8)
,
E) t

E gtogm Lcm
,
E) (1-f)

÷
~£

e Ñym_ loyr



Analysis :
Let Lem

,
r) = # leaks

in above protocol where m = 1Mt
,
rsrk (m)

then Lcm,r) ± LCM,
% ) t L (Mll-Hr)) , r ) (same asymptotic

\ behavior )
claim Lcmr) ⇐ exp ( tog

'
r t logr . log Ikr) ))

Llm,r) a- LCM
,
E) + LL incl - s ) , r )

⇐ LCM
,
E) t Ll met- 8) ,E) t 4m (

1- Sir)

s UM
, E)

1- L( m (1-8)
,
E) t HM (1-8)? E) + 4m11-sp, r)

:

I gtogm Lcm
, E)

(1-f)
÷
~£

e(0ym_]loyr

Since protocols can be
balanced ( last lecture)

P
"
(f) ← log Um,

r) 4- logr [ logloymt log 's]
⇐✗oyr)'t loyr . 10g(¥)

B



theorem If BPP
"
Cf ) ⇐ (og rkcmf) )

'

for some c >o

then LRC true .

so to prove LRC , just
need to show that any Me of )( rank r has a BPP" protocol of cost ( log r)0c

')

POSTBPP
"
(f) : zero cos

on lx
, y,r) proto

'

.

cogs :

Pr[Icky)=fCx,y)
r

cost : K , who



theoreml.pe' (f) = 0 (BPP " (f) • loaf rkcmf ) )

Lemmy :
let r=rkCMf)

,

E = £r , let BPP¥ (f) =c
then 1-mono R with IRI = 2% 1M£ /

←É:
let 8cm I 2%6

P
" (f) a- 0C log

'

r t log r . c)
< a- 0 ( BPP " (f) • log(É#gn

P
" (f) a- 01 lojrt log're BPP" ff ))



Lemmy :
let r=rkCMf)

,

E = £r , let BPP
"

(f) = e
E

then 1-mono R with IRI = 2% 1M£ /

Proofsketch .

Let it be
randomized BPP

" protocol for t with cost c

• By averaging
7- ( R'

,
b) st.IR't ? I 1M¥ st . fraction of

pie A' ✗ B
'

↳g)ER
'
not labelled by b -

is = ZE

• Remove from R
'

any
brains inn =¥E fraction of errors

By Markov ,
# remaining rows is = #Nwz) *x¥-} ,,✗✗

Let A"= good rows of A
'

px××××-

LF



Lemmy :
let r=rkCMf)

,

E = fr , let BPP¥ (f) =c
then 1-mono R with IRI = 2% 1M£ /

P.roofske.tk
-

Let it be
randomized BPP

" protocol for t with cost c

• By averaging
7 ( R'

,
b) st.IR't ? I 1M¥ st . fraction of R1 , jxpi

↳g)ER
'
not labelled by b- is = ZE

• Remove from R
'

any
%dws inn =4E fraction of errors

Let A
"

= good rows of R
' 11AM > "%) × } , ,

•
Since Mf has ranKEI,

Q = A
"
✗ B

' has ranker

i----⇒Let ✗
, . ..
✗
r
be a basis for Q

let Bi :{ y c- cols (a) I fcxi ,y)&b } . 1B ; 1<-4 Eel



Lemmy :
let r=rkCMf)

,

[ = fr , let BPP
"

(f) = e
E

then 1-mono R with IRI = 2% 1M£ /

Proofsketch
.

.

Let it be
randomized BPP

" protocol fort with cost c

• By averaging
7- ( R'

,
b) st.IR't ? I 1M¥ st . fraction of

↳g)ER
'
not labelled by b- is = ZE

• Remove from R
'

any
%dws inn =4E fraction of errors

Let A! good rows of R
'
.
1^1=1^1112 µ

•
Since Mf has rank

#r
,
Q= A' ✗13

'
has rank er ,

÷__⇒Let ✗
, . .. Xr be

a basis for Q

Let Bi :{ y c- cols (a) I fcxi ,y)&b } . IB ; /£4El
-

Let B
"
-

- B
'

- Y Bi . 1134=4-4en )lB 't
'



Lemmy :
let r=rkCMf)

,

E = £r , let BPPI (f) = c
then 1- mono R with IRI = 2% 1M£ /

P•¥¥¥- be randomized BPP
" protocol for t with cost c

• By averaging
7- GR:b) st.IR't ? I 1M¥ st. fraction of

↳g)ER
'
not labelled by b -

is = ZE

• Remove from R
'

any
bÑdws inn =4E fraction of errors

Let A' = good rows of R
'
. IAI = 1A

'

112

•
Since Mf has rank

A
,
Q has rk =r

Let ✗
, . ..
✗
r
be a basis for Q

u, ,
, .gg , , , , ,, , , µ, ,, , , g. ,,, , , y, ,

,

,

A
"

Let B
"
=

-

B
'

- Y Bi .

IB
" 1 7 11-Yer) 1B 't

•

The matrix AIB
"
is spanned by rows all equal to b

so all rows of A
"

☒ B
"

are constant
.

Let Rj= rows of ✗B
"

taking most popular value
1Rate I 1Ñ×B

"

/ = JIA 't 11311 = % 2-
' I R 't



Note theorem
holds for even more ponllful POSTBPP

"
model

of CC
.

PostBPP
"
(f) : zero communication randomised protocol

on lx
, y,r) protocol output

is in {0
,
1
,
1-3
←don't know

Cerys :

Pr[Icky)=fCx,y) / IT doesntoutput ± ] I %r

cost : K , where
thx

,g) Por④ ↳g)¥1 ] > 2-
"

them p
" (f) ← O(PostBPP " (f) • loaf rkcmf ) )



Next : Two theorems of Yannakakis

① P
" (f) £ NP

" (f) . coup
"

(f)

② Log of Partition Number =-041" (f ))Zof Mf



Nondet . protocol ft for ME f : gas rise to
a

covering of
J 's
tf fby-B-mmoohrom.sk
rectangles

Mf : ☐° cost
ofpro,☒

☐ • ⑤
*

☐

⇐

=dt1r☒dr
then

#

rectangle
in

courts
e-

228
•wmdet protocol : gills rise to

covering q o,
g y

by co-
mono

.

svbeeja
zeg¥÷

.

* *• * . .



theorem P
" (f) ⇐ NP

"

(f) .

• Np
"
(f)

.

PI ☒
• Observation : Let R be a 0-mono rectangle of Mf

Q " " 1- MMO " " "

then either coesck)
,
colsCQ) are disjoint ☒☒

or rows(R )
,
rows(Q) " "

• spose (x,y) c- f- ' a) , 4.y) E R ☒ ✗
Then either R row- intersects s k o-rect's
or R column - intersects s 's o- rect 's

-



Piotocolvtf :

④ The = all 1- mono rectangles of NP
"

protocol for f
=
" " " " " co NP

"
l' n n

Repeatuntilw-o-rtangles-inQi.IOAllie looks for a 1-mono R such that ✗ c- rows (R) and
S.t. R row- intersects with £ E o- rect 's

If she finds such an R
,

she sends name of R to Bob
.

+ they can prune # possible 0
- reef 's by 's

④ 0W (slice cant find such an R)
,

Bob looks for a 1-mono R St yo R
and R Col- intersects with ⇐ k o- rect's

If Bob finds R, he sends name of R to Allie & they can

prune # possible 0- rect 's by
"
2

.
.

② If ①,
④ fail→ IT Cay) outputs 0



Piotocolvtf :

④ The = all 1- mono rectangles of NP
"

protocol for f
=
" " " " " co NP

"
l' n n

Repeat until no 0-rect 's in Oz:

Étude such that ✗ c- rows (R) and
S.t. R row- intersects with £ E o- rect 's

If she finds such an R
,

she sends name of R to Bob
.

+ they can prune # possible 0- reef 's by 's
④ 0W (slice cant find such an R)

,

Bob looks for a 1-mono R St yo R
and R Col- intersects with ⇐ k o- rect's

If Bob finds R, he sends name of R to Allie & they can

prune # possible 0- rect 's by
"
2

.
.

② If ①,
fail→ IT Cay) outputs 0

cost of IT : Hi#rations = logGNP"Tf))
each iteration has cost ~ log (NP

"
Cf))



Next : Two theorems of Yannakakis

✓ ① P
" (f) £ NP

" (f) . coup
"

(f)

② Log of Partition Number =o(p" (f ))Zof Mf



theorem log ( Partition Number Of Me ) = 0C P
" (f) 12
☒Recall observation : let R.be a B-mono rectangle of Mf

-

Q " " ⑤ mono " " "

then either coesck)
,
colsCQ) are disjoint ☒☒

or rows(R )
,
rows(Q ) " "

Pj. ☒ ✗

☒☒ } R
,
Q row - intersect

] RQ column - intersect
☒☒

Let P be a partition of Mf into mono rectangles .
it ↳g) either 1-Rep such that ✗c-R and R row- intersects ± half the i P
-

rectangles in P
01 7 REP such that yo R and R column

- intersects s half

the rectangles in P
Players find such an R , which prunes IP / by half thecurse .


