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p
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2. Randomized cc : Public vs Private coin model

class of cell
functions

BPP
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: two-sided error f. so,i5x1qy^→fqB
d- P' (f) =✗oynY"
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cc : one-sided error

zpp
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(Private coin model)

Bppcc IT computes f with error E if : Vicky) 1×1=14 / = n

Pr [ ltlyrniy , r, ) : ayy)] = I - e

ra ,rB

BPP:'(f) = min Max [ # bits sent on ix. y)]
IT for f (Yy)

RP
"

IT computes f with 1 -sided error E if Hayy)

fix
,
g) =D ⇒ Pr 11TH

, % ;Y,rp)=fCx,y☐= 1
rn ,%

fcx,y)=0B ⇒ Pr LITCX
,
rp ; y , Y,)=fGy) > ☒E

ra RB
zpp
"

error 2=0 .

zppcc (f) = min Max E [# bits sent on Cay)]
IT for f (Yy) rpr,
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fix
,
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,
rp ; y , Y,)=fGy) > ☒E

ra RB
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Bppcc IT computes f with error E if : Vicky) 1×1=14 / =n Default

Pr [ ITCHY
,

r ) : ayy)] = I - e

ra ,rB

BPP:'(f) = min Max [ # bits sent on lx,y)]
IT for f (Yy)

RP
"

IT computes f with 1 -sided error E if tcxy)

f- ix. g) =) ⇒ Pr [ ITCHY , r )=fCx,y☐= f
r

.

C-G.g) =D ⇒ Pr LITCX
, y, r )=f4,y) > ☒E

r

zpp
"

error 2=0 .

zppcc (f) = min Max E [# bits sent on Cay)]
E IT for f (Yy) r
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Recall C-☒ Cx,y) =L iff ✗ = y

Mea = ["①¥¥° 0 ] =
-2×5 Identity matrix2h Id

O '

1
,

,

zn
IT

For off
any deterministic protocol

IT for EQ
,

^^
• NO 2 S iipubs can end up at →

the same leaf of protocol tree .

I

A.
therefore # leaves > 2

"
o a

i. cost = sun)



so EQ is maximally hard for det . protocols
But easy

for randomized RP
"

protocols (public coin)

Irl -_ n

Alice Bob i@-•••^✗ y
l

view r as a subset of [n] .

Alice computes §g pixi mod 2 =ba send to bob
.

Bb "

É
,
riyi
MIZ ibis

Bob a- announces answer ↳ +02b$



Last class

1. 2- party basic model (deterministic)

• § → Joo
← ±* →

P
"

(f) = min Max # bits sent on input ix.g)
IT for f

Cx
,g)

1×1=1yl=n

2. Randomized cc : Public vs private coin model

BPP
"

: two-sided error

Rpcc : one-sided error

zpp
"

: zero sided error .

3. Nondet cc /cowoudet cc



Nondeterministic CC shared random string r

IT computes f on
"

g) , 1×1=14 f-N ,
Non deterministically if

fcx
,g)=\ ⇒ Fr I Cx,y,r) =/

flying :O ⇒ v-r.1.TCx.gr) :O

Comm complexity of IT : Max bits sent on Cay) t Irl]
☒y )

,
r

NP
" (f) = min max (# bits sent on Cx,y) t Irl ]
I nsndet

protocol .for f
(KY)

,
r

for

Important fxw easy for NP
"

,
hard per por Bpp

"

is DISJCX,y) = 1 Iff
Fi 4--4=1

View r us cured it in] In / = logn



Last class

1. 2- party basic model (deterministic)
EQ hard

• § → Joo
←

* → I

P
"

(f) = min Max # bits sent on input ix.g)
IT for f

Cx
,g)

1×1=1yl=n

2. Randomized cc : Public vs Private coin model EQ easy
BPP
"

: two-sided error
DISJ hard

Rpcc : one-sided error

zpp
"

: zero sided error .

3. Nondet cc /cowoudet cc DISJ easy rondel

µIP hand• IPLX
, g) =D Exiyi mod 2

. Clique/ coclique easy



ctiguelcodigiiefunctiinfixedgrphg.mn entices
Alice : given ☒ a- Cn] st

. g has a clique on ✗

Bob : giienys.cn] sit . g has Indy
set on

Y

ex ✗ = oooo in ,
4

y= I 1110100

output biff ✗my ②
*
"

Fyne



Last class cont 'd

f
,
Mf = cc matrix for f

p
"

protocol : AN
•

f o I

• •B
0
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A
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O
'
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°

,
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Last class cont 'd

a.
f

,
Mf = cc matrix for f

P
"

protocol : AN
•

f o I

• •B
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• • Ñ•W°N0 •

°
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TODI

✓ ① Protocols can be balanced

✓ ② Error E can be amplified with little cost

µ # Can assume Irl is oclugn) for randomised protocols Newman,] Thm
i. Public coin & private coin randomized Comm.

Nearly the same

# P
"

(f) a- NP
"

(f) . Corp
"
(f) anna kakis] postpone

⑤ Log Rank conjecture ( time permitting) µ



BALANCING PROTOCOLS

Ih€f If f has a deterministic protocol IT with l

leaves
,

then f has a det protocol of height /cost Okoye )

kmma Any binary tree T
with l> I leaves contains a

vertex ✓ St Tv has between % and ¥ leaves

•%&→%
A. Hµ•→%A.
A.
No , ÷÷)



BALANCING PROTOCOLS

Ih€f If f has a deterministic protocol IT with l

leaves
,

then f has a det protocol of height /cost Okoye )

Lonma Any binary tree T
with l> I leaves contains a

vertex ✓ St Tv has between % and ¥ leaves

given IT , with e leaves :

i. Players (No communication) find 43-43 vertex v

z. Alice
sends one bit - I iff ✗ c- Rv

Bob " " "
- I eff ye Rn

3. If alice + Bob both send 1 then recuse on Tv
ow deleteTv from T & recuse on T-Tu

at each round # leaks in current tree shrinks by at least % factor
so # bits ⇐ 2. logzgl = 0 Cloge)



Newman 's theorem 1- Application to Public /Private Randomness

Warmup : Public coin protocol for EQ

xof
"°" '

☐
☐ 7

*

Alice : computes a = Éxiri mod 2 & sends a to Bob
is ,

Bob : computes b : Eyre. mod2

Output 1 iff a :b mod 2

Claim ① If ✗ =y protocol always outputs correct answer

② If x-tyw.tn prob £ IT (x.y.ir) = 1 ( is incorrect

repeat c times : error on o - inputs is %
error on 1- inputs is 0



Lemma ( Newman)

Let it be a puked coin protocol for f with error E.
Us >o there -

is another protocol 1T
' such that :

① ← of , , no, ,
, ]② error of T

'
is 1 Et s

③ IT
'
uses Ollognt log § ) random bits

given the abae Lemond, we can convert a plastic coin

protocol#or f (error e) to a private coin protocol for -1
(error as) , with cost = c.CC/T)t0Cloyntlog& ) .

King
To simulate public coin putout by private coin me

Alice sends II to 1st * bits of % to Bob. then they
both use this as public random string



2h
Proof of Lemmon ( 1×1=141 - n) →

Idea : V-cx.org) only an E fraction of r's

?☒:\
ix.g)

r's are bad a-
so there exists a small numberof r's •E#s.t.UA

,g) IT makes < Ets mistakes
on these r 's

cm

let ZCX
, y, r) = µ If ITCHY,r) + fcx, y)

0 0W

thy § [ ZCX.gr)) ⇐ e since IT has error E

Let r
,

.
.
.
r
,
be random strings ,

-1=01%4 say 12=4 .
- rt ) of

11-1
%°d ris

Define IT
, . . q(× ,g) ; Allie * BB choose iect] at random

and run IT Cx
, y, ri)

: Bff /= Ngt
pick randomric-RCla.inIn

,
. .
- re St f- [2-(×, y, ri )] £4s ✓ ✗if ]

run ITKif
,
ri )

For this choice of r
.

. - if
,
In

, ..p+(☒,y) will be IIc-



Proof of lemma
,
cont'd

Chernoff Bound : × , , . . > XN iid rv's in {0,13
,

E-- E-[Xi ]
,

s > 0]Then Prltw Ex
,
> Ets] £ 2.e-25N
& i

Fix ix. up .
Pick 4. if at random

me
Pr [ E. [Easy , ri] > as ] = Pr [ ⇐ Zlxihri ) > Ets]

" ' " I f. - rt If

u

-28¥
• By Chernoff : Pr [ E- ÉZCX, Yyri ) > Ets] eye < 2-

2h

i 't
r
.
. - if Kfor t=o(%)

• By union Bd, 39 - -
-A St

- ltcxif the error of IT
, ,qCx,y) is sets



Proof of lemma
,
cont'd

Idea : Hex, g) an E- fraction of r's are bad

Fix r, -
→ if ,X,Y

i

• E. [ Zayn. )]=¥ÉZ(✗it, ri )
is ,

so Pr [ E. czy.rs] > a. £ equals the prob . that

¥ É
,

2- ix. g.ri ) > Etd

• By Chernoff : Pr [ E- ÉZCX, Y, ri )
- e >f) ← gets

't
< 2-

2h

is ,

r
.
. - if Kfor t=o(%)

• By union Bd, 39 - -
-I s-t - itchy the error of IT

, ,r,
Cx
, g) is sets

# bits, used by IT '
: 10Gt -10g ( %-) = oclogn + log 's )

08



Log Rank Lower Bounds Deterministic Cc

Recall from last time he said P
"

CEQ) = n
since MEQ =

[ '

i ° ]
rank is

O '

,

2h
So No 2 1 inputs can end up at same

leaf of protocol tree
i. # leaks > 5 so cc >_ Icn)



Logiank Lower Bounds Det . cc

If
rank is our Reals

Lenya pal (f) → logzrankfmf )

Pt Let L
,
be the leaks of IT that output 1 .

(L -- all leaves )
For each LEL , ,

we hail associated 1-mono sib rectangle Me
T

Mf = E Ile
del

, Mf ①since Rank is subadditive ☒☒☒0→☒n

1Rank (Me) = { Rank (Me) = 1L
,
/ £121

- leg in an ÷:÷÷.assoc
i. log rank (Mt) a- P

"

(f)
£4
,



Log RANK CONJECTURE

states that the converse holds

✓
LRC : Hf P

" (f) = log
""
rank (Mf)

-_

Best Kanne !

Paff ) s Fang log rkcf) lovely
-

If P
"

(f) B-* Koy%rk (f)


