
Week 8

HW3 Due Today !

HWY ( Last one ! ) out



-

hteekitsummary Czweeks ago ! )

i
.

We saw D= { x 11×3,1×7 does not accept }
is Not me

. by diagonal italian

z
.
Using reductions we proved

K
,

Halt are Not recursive
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High Level :
-

① Say we know 4 Not recursive

To show Lz Not recurs ice
,
design a TM M

,

always halts a LCM , ) =L , , assuming a

TM Me that always halts a LCM a) = Lz

② suppose L
,
Not r

.
e

.

To show Lz Not r
.
e.

,
construct M ,

St LCM ,
)=L

,

assuming a TM Mz St LCMZ ) Lz



Theltaltingproblemisnottecursivek
D= { x / TM Ex } halts on input x }

HALT & { Lx , y ) / TM Ex } halts on input y }

theon . HALT
,
K are both r . e

.

- J

Neither are recursive

>



Theltaltingproblemisnottecursivek& f x / TM Ex } halts on input x }

theorem K is Not recursive

If k recurs 've then D also recurs cie

theorem Halt Not recursive

If Halt recursive then K recursive



Tips

( 1.) Try obvious algorithms to see if you think

Language is recurs lie
,

re
,

or Neither

( 2.) To show L Not me
,
sometimes it helps

to work with T

( ie .

- if I re .

,
or I Not recurs lie then

L Not r . e
. )

I get reduction in correct direction .

Many times constructed TM M
,
will ignore its own

input



L = { x I 2×3 accepts at least one input }



L = { x / Ex } accepts at least one input }
• L is re

.

( Dovetailing )

• L -

is Not recursive

L
,

= K = { y l Ey Ky ) halts }

Assume Lz =L is recurs lie - Let Me be TM Lah ) =L

and Mz always halts

M ,
on input y :

construct encoding 2- of TM { 2-3 where

{ZI on input x : Ignores x t runs Ey } my
and arc gets x if EyeKy) halts

Run Mz on 2- and accept y ift MHz ) accepts

claim LCM
, ) = K and M

, always halts

ye k ⇒ Ey } Cy ) halts ⇒ Ez 's accepts all inputs ⇒ Mzcz ) , ⇒ M , g) = ,

y * is ⇒ Ey341 doesnt ⇒ 52-3 accepts No input ⇒ Mz A) * I ⇒ M , Cy) $1
halt



Completeness

A set A E CN is ne
.

- complete if

41 A is r
- e .

(2) V. BE IN
,
if B is me

.
then

B§m
A

{off " IT fecursue then B recursive

"



Completeness

A set A E CN is ne
.

- complete if

41 A is r
- e .

(2) V. BE IN
,
if B is re

.
then B Em A

F computable function f : IN ⇒ IN such that

Vx f Cx) E A ⇒ X EB

w
• f @



Hilbertslothproben ( 1900 )

A diophantine equation
- is of the form PCI ) so

where p
-

is a polynomial over variables X , , . . . , xn
with integer coefficients

⇐ 38
, X? tcyt D8 - x : so

LDIOPH
= { ( P? / p has a solution over IN }

theorem
L

Diop ,

'

' s re
.

- complete



AnEquivalentcharactenzatimofR.ES#

Let f : IN -71N

Then R
,

E IN XIN

is the set of all pairs Cx
, y) such that fcx ) -

- y

* theorem f computable
- it and only

'

if Rf
-

is me
.



AnEquwalentchardcterctat.sn#RESets

Let f : IN -71N

Then R
,

E IN XIN

is the set of all pairs Cx
, y) such that fcx ) -

- y

* theorem f computable
- it and only

'

if Rf
-

is ne
.

Prod ⇒ : suppose f computable .

TM for R
,

on in
-

put Cx
, y) :

Run TM computing f on X
.

If it halts and outputs y then accept Cx
, y)

otherwise reject Cx
, y)



AnEquwalentcharactenz-ationofR.ES#

Let f : IN -71N

Then R
,

E IN XIN

is the set of all pairs Cx
, y) such that fix ) -

- y

* theorem f computable
- it and only

'

if Rf is ne
.

I

Proot ⇐ : Let R
,
be re

.
with TM M

on X : Enumerate all IN : Y , , Yz , . .
. .

-

For it
,
2
, .

-
.

For all j Ei : simulate M on ( X
,
Y; ) for i steps

If simulation accepts Cx
, y; ) ,

halt in output y
,



ASecondcharacterczatiinofR.ES#*The-rem
A relation A E IN

"
is r -

e
.

if and only if there -

is a recursive relation

RE INK
" such that

I c- A ⇒ By RCE , y ) the INN

Note we defined A to be re
. iff there

-

is a TM M

such that txt IN
" ( Max > ) accepts ⇒ Ie A )

-



ASecondcharactenzationofR.ES#*Theore-m
A relation A E IN

"
is r -

e
.

if and only if there -

is a recursive relation

RE INK
" such that

I c- A ⇒ ay RCI
, y ) VI e IN

"

Prootsketck
⇒ .

.

Let A be r -
e

. ,
LCM ) = A

RCI
,y ) : view y as encoding of an mxm tableaux

for some me IN

, y ) ER ⇒ Matt halts in m steps and accepts

and y is the mxm tableaux

of MCE )



AKcondcharacterhoatiohofRE.se#*Theore-m
A relation A E IN

"
is me

.

if and only if there -

is a recursive relation

RE INK
" such that

I c- A ⇒ By RCE , y ) the INN

Prootsketch
⇐ Let REIN

" '
be recursive relation such that

TEA ⇒ ay RCR , y ) ,
a Let LCM ) = R

on input I :

For is 1,2 , - ee
.

For j =L to L

Run M on CI
, y ;)

half - accept if Mix
, y;) accepts



Reviewoftdefinltions

LA = { o
,
s
,
t
,

. ; =3 language of arithmetic

Elo = all La - sentences

TA = { AE Ito / IN ⇐ A } True Arithmetic

A theory E is a set of sentences Cover La ) closed

under logical consequence

we can specify a theory by a subset of sentences
→

that logically implies all sentences in E

E is consistent iff took E ( iff VA c- too
,
either A or TA

Not in E )

Z is complete iff E -

is consistent and HA either

A or 7A is in S



E is sound Iff E E TA

Let Me be a model ( structure over L
,

Them ) = { A c- Elo 1 ME A }

Them ) -

is complete ( for all structures my

Note TA = Thc IN) is complete ,
consistent

,
a sound

VALID = { A EOIO I f- A } ← smallest theory



Let E be a theory

E is axiomatic if there exists a set Ms q

such that ① r is recursive

② E = { A c- Eo 1 ME A }

theorem E -

is axiomatic able ' Iff E is me
.

( p . 76 of Notes)



Let 2 be a theory

E is axiomatic if there exists a set Ms q

such that ① r is recursive

② E = { A c- Eo / MFA }ma,m,g,a,ma,,aµ.,µg,,€

Froot ⇒ . Suppose E -

is axiomatic able
,

r recursive

Define Rex
, y) = true

' Iff y encodes a M - LK proof
of ( the formula encoded by ) x

R is recursive
,

so by previous * Theorem
,
E

-

is re
.



Let 2 be a theory

E is axiomatic if there exists a set Ms q

such that ① r is recursive

③ E = { A c- Eo / MFA }m,m,g,a,ma,,aµ.,µg,,€

Froot ⇒ . Suppose E -

is axiomatic able
,

r recursive

Define Rex
, y) = true

' Iff y encodes a M - LK proof
of ( the formula encoded by ) x

R is recursive
,

so by previous * Theorem ,
E

-

is re
.

⇐ By * Theorem ,
E = range of total computable function f

i
.

E = { f co ) , f
Cl )

,
FCD

,
. . . . ]



Incompleteness.IN#ductm
① TA '

is Not r
. e .

( so by previous theorem
,
Not axiomatic able )

First Incompleteness Theorem
-

Every sound

axiomatic able theory is incomplete



iii.¥:

> A
•

Aoe

E sound and axiomatic able ⇒ 7 A
,

' A & E



Incompleteness.IN#ducfm
① TA '

is Not r
. e .

( so by previous theorem
,
Not axiomatic able )

First Incompleteness Theorem
-

Every sound

axiomatic able theory is incomplete

⑦ Define PA - Peano arithmetic

Sound
,
axiomdfizcible

So by Tarski 's thin
,
PA is incomplete

③ giidel 's second Incompleteness Thm :

A specific sentence asserting
" PA -

is consistent
"

is Not a theorem of PA



FIRST INCOMPLETENESS THEOREM
- -

we define a predicate Truth E IN

Truth = { m I m encodes a sentence cm > c- OI
,

that -

is in TA }

We will show that Truth is Not me
.



FRSTINCOMPLETENESSTHEOREMWedefin.ee
a predicate Truths E IN

Truth = { m I m encodes a sentence cm > c- OI
,

that -

is in TA }

&

we will show that Truth is Not me
. .

before A predicate
- is arithmetical if it can be represented

we 'll show ;
by a formula over La

TO Every re
. predicate language

-

is arithmetical

③ Truth
-

is Not arithmetical

i. Truth is Not re
.



Since Truth is not re
,

there is No ne
.
TM that accepts exactly the

sentences in TA

i . TA is Not axiomatic able

i. Any
sound

,

axiomatic able theory E is incomplete

( there is a sentence A c- OI
,

such

that Neither A or - A are in E.)



FIRSTINCOMPLETENESSTHEOREMWE
define a predicate Truth E IN

Truth = { m I m encodes a sentence cm > c- OI
,

that -

is in TA }

&

we will show that Truth is Not me
. .

before A predicate
- is arithmetical if it can be represented

shy
by a formula over La

① Every re
. predicate language

-

is arithmetical

③ Truth
-

is not arithmeticaltExistggDeggtaqTheorem@TTarski.r
.

. Truth is not ke . £g374empp7



Every R.e. predicate is arithmetical-

Definition Let 8=0 ,
S
,

= so
,

52=50
,

etc
.

Let Rcx
, .

. Xn) be an n-ary relation Rs Wn

Let AH
, .

.
- in ) be an La formula

,

with free variables x
, .

. . ,Xn

Aix ) represents R
'

Iff ta EIN
" Rta ) IN f- Alsa

,
saz . . San)

Example REIN R={ a c- IN / a is even }

A : ay ( yty=x )

3$ R and IN # Also ) = ay Cytyssso )
4 c- R ? and INKACSSSO ) = By Cytyssssso ) y=sso



Every R.e. predicate is arithmetical-

Definition Let 8=0 ,
S
,

= so
,

52=50
,

etc
.

Let Rex
, .

. Xn) be an n-ary relation Rs Wn

Let AH
, .

.
- in ) be an La formula

,

with free variables x
, .

. . ,Xn

A CI ) represents R
'

Iff ta E IN
" Rta ) IN f- Alsa

,
saz . . San)

R is arithmetical Iff there
-

is a formula

A- c- Ls that represents R

fxists-Delta-theoreyeveryr.ee relation

is arithmetical .
In fact every

re
.

relation

is represented by a Todo La - formula .



T-doformulas-L.EE
,

stands for 3- 2- ( t ,tZ=tz )

FXEE A stands for 3- x ( x et n A) Bounded

Hy et A stands for Vx ( x et z A ) } Quantifiers
Definition A formula

-

IS a do - formula if it has

the form tix
,
et

,
3- xietztxsetz . . . 34ft AH

,
. . KY )

-
Bounded Quantifiers No

quantifiers

Definition A relation Rtx ) is a do - relation iff
-

some do - formula represents it



tdoforrnuas

Example Prime = { x c- IN / x
-

is prime } is a

do - relation , represented by the following

do - formula :

so ex n Tze x Hy Ex ( x = Z - y
- ft =/ v Z =D)



J-doformulas-L.EE
,

stands for 7W ( t.tw =tz )

3- ⇐ E A stands for 37 ( Zet n A) Bounded

lfzst A stands for the feet a A) } Quantifiers
Definition A formula

-

IS a do - formula if it has

the form th
,
et

,
7 tztttzetz . . .

77 . Stk Aff . . # ,
I )

→

Defm A 3- do formula has the form FY Bungo formula

Definition A relation Rei ) is a do - relation iff

some do - formula represents it

Definition RCI ) -

is a g- do - relation
-

iff some 3- do - formulas
-

represents
'

it



tdolormulas

Lemme Every do relation is recursive

Lemmy Every 3- do relation is re
.

7- do ( Exists - Delta ) Theorem
- every re .

relation is represented by a 3- do formula



tdotheorem

Maina Let f : IN
"

→ IN be a total

computable functions .

Let R
,

= { ix. y ) c- IN
" '

I fix ) -

- y } ←faYfed

Then Rf is a 3- do - relation
.

graph Cf )



Maintenon Let f : AM → IN be total , computable
Then Re -

- { CI , y) I fix ) - y } is a 3- do relation
→

Proof of 7- do Theorem from Main
.

Lemma

Let Rtafb
Then RCI ) = Fy SCI

, y ) where S is recursive

since S -

is recursive
, § :( I

, y) = { I
it ( Rides

0 otherwise

is total computable

By main lemma Rf
,

is represented by a 7. do relation

so RCI ) = 3- y Ft B is represented by a Ido relation
-

R
Fs



Proof of Main Lemma
-

( see pp to -71 )

Maida : is a way of representing sequences of

numbers by numbers using 3- do formulas

Note : Prime power decomposition Not useful here

since we only had S
,
t
,

-

tie
. represent Ca

, .az ,
as ,ay ) by

29.39 ' -593.794)
Definition p - function

B Cc , d , i ) = rn ( c
,
dciti ) ti )

where nm ( x
, y ) -

- X Mody



Proof of Main Lemma
-

( see pp to -71 )

Definition p - function

Bcc ,
d
,
i ) = rn ( c

,
dciti ) ti ) where rmcx

, y)
-

- xmody

lemma-O.tn , ro ,
r
, ,

.
.

, rn Fc
,
d such that

Bcc
,
d
,
i ) = re. Hi

,

o sie n

Tso the pair Ce
,
d) represents the sequence

nor , . . .
rn using B



Proof of Main Lemma
-

( see pp to -71 )

Definition p - function

Bcc ,
d
,
i ) = rn ( c

,
dciti ) ti ) where rmcx

, y)
-

- xmody

Lemma-E.tn , ro ,
r
, ,

.
.

, rn Fc
,
d such that

Bcc
,
d
,
i ) = re. Hi

,

o sie n

ERTCChine.se/2emainderTheore#

Let ro ,
. - , rn , Mo ,

. . .

, Mn be such that

O Erie mi Vi
,

osier and gcdcmi , Mj )
-

- I Vij

then ar such that rmcr
, Mi ) -

- ri fi
,

Osian



Proof of Main Lemma
-

( see pp to -71 )
-

Q th
, ro ,r , , .

.

> rn Fc
,
d such that Bcc ,

d
,
i ) s rm ( c

,
dciti ) ti )€iV where

rmcx.yt.xmodyhin.eeRemainder Theoremc-

Let ro ,
. - > rn ,

Mo ,
. .

.

,
Mn be such that

O Erie mi and gcdcmi ,
Mj ) =L .

Then Fr rnncr
,
Mi )=r .

. Vi

proof of Lemmao
.

-

Let D= ( n trot . . trntl ) !

Let Mi
-

- dlitt ) + I

claim ti ,j gcdcmim , -7=1 fs.ee Notes )

By CRT Fr -
- c so that plc , d , i ) - rmcc , Mi )

-
- ri Vie Ln ]



Proof of Main Lemma
-

( see pp to -71 )

Lemma-e.vn , ro ,
r
, ,

.
.

, rn Fc
,
d such that

Ice
,
d
,
i ) = re. Hi

,

o sie n

Lemmata Rp is a do relation

Pf : y =p ( c , d , i ) ⇐ ) (
3- qec ( c

- qld Citi ) ti ) ty ) n ya d Citi )t1]

¥2 If RCE
, y) is a 3- do relation

, Rp is a 3- do relation

then SCE ) = ay CRBCI , y) n RCI
, y ) ) is

'

a 3-do relation



Proof of Main Lemma
-

( see pp to -71 )

Let t : IN → IN be unary ,
total computable function

,
t let Mf

be TM computing f

RCI , y) will be a 3- do relation saying :

FM
,
c
,
d such that

c) c
,
d describe the tableaux given by r

,
- - - - rm . . .

- rmz

given by f
function

(2) r
, .

. nm encode start config of Mf on ×

⇐ ) last m numbers run ,> m -
- rmz encode last config

, containing

y in first cells then B
,
and state is qz

(4) For all other con figs , state
-

is not qz

( s ) all 2×3 local cells are consistent with transition function of My

htt



Recap : we wanted to prove
-

3- do ( Exists - Delta ) Theorem
- every re .

relation is represented by a 3- do formula

which followed by Main Lemma
-

:

f total
,
computable ⇒ R

,
is a 3- do relation



FIRSTINCOMPLETENESSTHEOR.ee#

We define a predicate Truths E IN

Truth = { m I m encodes a sentence cm > c- OI
,

that -

is in TA }

&

we will show that Truth is Not me
. .

before A predicate
- is arithmetical if it can be represented

by a formula over La

① Every re
. predicate language

-

is arithmetical
DONI !

③ Truth
-

is not arithmeticaltExistggDeggtaqTheorem@TTarski.a
. Truth is not f - e

. Fheorempp.73.tl



Tarskitheorem

Define the predicate Truth E IN

Truth = { m I m encodes a sentence cm ) ETA }

Then Truth is Not arithmetical



Tarskitheorem

Define the predicate Truth E IN

Truth = { m I m encodes a sentence cm > ETA }

Then Truth is Not arithmetical

High Level idea :

Formulate a sentence
" I am false

"

which - is self - contradictory



pfoftarskiisthml.lt
sub cm

,
n) = { 0 if m is Not a legal encoding of a formula

otherwise say m encodes the formula

xx ) with free variable X .

Then sub cm
,
n ) = m

' where m
'

encodes A Csn )

Let d Cn ) = sub ( n
,
n )

din ) = O
'

if n Not a legal encoding .

{ omweimann.nnodw.net
"
'm encodes Ksn)

clearly sub
,
d are both computable



Proofoftarskilsthmsupposethat Truth is arithmetical
.

Then define Rcx ) = r ruth ( d Cx ))

since d
,
Truth both arithmetical

,
so is R

-

Let RTx) represent Rix )
,
and let e be the encoding of Rex)

to

Let d (e) = e
'

so e
' encodes R ( se ) encodes

# I am false "

Then

¥ ) ETA n Truth ( d Ce ) ) since I represents R

-
' R Lse) ETA by defn of truth

G- Rts ) * TA TA contains exactly one of AMA

*
this is a contradiction

. . : Truth is not arithmetical



FIRSTINCOMPLETENESSTHEOREMFCNALLY
WE HAVE PROVEN :

① Every re
. predicate language

-

is arithmetical

③ Truth
-

is not arithmetical tExistsfDCqfherem
←
Tarskii. Truth is not Ke - theorem

Truth Not re . ⇒ TA Not axiomatic able

i. Any SOUND
,
axiomatizable theory is incomplete



"÷::
:

> A
•

Aoe

r sound and axiomatic able ⇒ 7 A
,

' A K r



2Nd INCOMPLETENESS THEOREM
-

• We will define PA ( Peano Arithmetic )
,

an

axiomatic able sound theory .

• Most of number theory provable in PA

• We will see that PA cannot prove its own

consistency ( 2nd Incompleteness Thm )




