
CSC 438/2404 Lecture 5 ( plus tutorial )

• Hwz DUE Oct is
$tfIEh9NmEF£ptED!J

• Midterm in class OCT 21 3 - 5

• Extra office hours Wed OCT 16 and

ERI OCT 18

• study Problems - see course website



today .

• Corollaries of completeness

• Dealing with Equality

• Theories of Arithmetic



CorollariesofCom_peteness@Lowenheiin-Skolemtheorey.L
et L be countable

,

of a set of sentences over L
.

if satisfiable ⇒ It is satisfiable in a countable universe
.

Prod Follows from completeness proof .

Let I be satisfiable

Let A : → ( empty sequent is unsatisfiable )

then OI 1¥ A
,

so proof of completeness constructs

a countable model where Ot is satisfiable
. •



corollariesofc.com#eteness

③ First order compactness Theorem
y

'

OI isAn infinite set of first order sentences

unsatisfiable - it and only if some finite subset of OI

is unsatisfiable

Proof Let A be the empty sequent ( or any unsatisfiable formula)
IO unsatisfiable means OI FA

.

Thus (by completeness ) there is a OI - LK proof of A

proof .
Thus there - is a finite subset OI

' of It

such that there is a § ' - LK proof of A

:
.
OI

'
-

is unsatisfiable .

( other direction -

is easy)



Dealingwithcquality
So far we have treated equality predicate as

true equality .
We want to show that a finite

number of equality axioms essentially characterizes

true equality



Dealingwithcquality
So far we have treated equality predicate as

true equality .
We want to show that a finite

number of equality axioms essentially characterizes

true equality

Definition A weak L - structure is an L - structure

where = can be any binary predicate

Question : can we define a finite set of sentences E

that defines equality ? ( that
-

is
,

a proper structure

satisfies E and any weak structure

satisfying E must hate = be true equality ? )



Dealingwithcquality
Question : can we define a finite set of sentences E

that defines equality ? ( that
-

is
,

a proper structure

satisfies E and any weak structure

satisfying E must hate = be true equality ? )
No ! Let M

'
= M ✓ { m # New element

Fix some me M
,
and let m

Ft mi
and otherwise Ml on m

' behaves like Mon m



Dealingwithc-quah.LI

Question : can we define a finite set of sentences E

that defines equality ? ( that
-

is
,

a proper structure

satisfies E and any weak structure

satisfying E must hate = be true equality ? )

But this is the only counterexample .

There is a natural
,
finite set of axioms that

characterises true equality Cup to isomorphism )
- -

"
"



Dealing with Equality

fquality-xioms.TO
C- 1

.

Tx Cx -

- x )
Eng! { Ez . htxity Cx -

- y s y
-
- x )

rein C- 3
. xtytz (( xsy a y=Z ) 3 x )

C-4
.

VX
,

- - then Vy ,
. -Wyn ( x ; y , r . - rxiyn ) off .

- Xu = fyi - - yn

for all n-ary function symbols
,
and for all ng

offs
.
Vx

. . - tenth . - - Kinki "
my

equivalence relation

preserved by functions and

predicates



Equalitytheorem
theorem Let ⑤ be a set of L - sentences

OI -

is satisfiable iff OI U EL is satisfied

by some weak L - structure
.

Proof straightforward ( see Lecture Notes )



Lkwithcquacity
Add these axioms for all terms u ,t , u

,
. - it , . . .

4 →
t=t

oh E. u → u
-

- t

<3 Esu
,

u=r -7 Esv

24 -4=4 , . . ,tn=Un → ft
,

. .tn -

- fu
.

.
- un

Ls toy , . ,
tri- Un

,
Pt

.
. .tn -7 Pu

, .
- un

-

Now an LK - OI proof of → A means an

LK proof of A from OJ and from above axioms



Recall La = { o
,
s
,
t
,

- ; = } Language of arithmetic

the standard model for Lse. At

Ms IN
,

O
,
S
,

t
,

• have usual meanings

the CA ) or TA : the set of all sentences of La
-

that are true in IN



Recall La = { o
,
s
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t
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- ; = } Language of arithmetic

the standard model for Lse. At

Ms IN
,

O
,
S
,

t
,

• have usual meanings

the CA ) or TA : the set of all sentences of La
-

that are true in IN

A nonstandard model of LA
#

: any model of La

that is not isomorphic to the standard model IV



Recall La = { o
,
s
,
t
,

- ; = } Language of arithmetic

the standard model for Lse. At

Ms IN
,

O
,
S
,

t
,

• have usual meanings

the CA ) or TA e

.

the set of all sentences of La
-

that are true in IN

Deth A set § of sentences
'

is decidable if there

is an algorithm ( that always halts ) that given

a sentence B
,
outputs 1 if B is in § and otherwise

outputs 0



We will soon see that TA is Not decidable
.

on the other hand
,
restricted systems of TA

are decidable ( Ls
,
Lt )
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Note : IN Lecture Notes this is not defined until p .

7,5
-

but it is important enough that we introduce it Now
.



Theories
Note : IN Lecture Notes this is not defined until p .

7,5
-

but it is important enough that we introduce it Now
.

Definition A theory cover L ) is a set E of sentences

closed under logical consequence .

( EEA then A E E )
we can specify a theory by a finite or countable

set of sentences µ - - the theory corresponding
to f - is { A 1 HE A }

Notation E a theory ETA means A C- E

Definition For a Language L
,

oh -

is the set of

ad sentences over L



Theories
-

Definition E is consistent - if and only if E ¥ Oto

(
If E = §

,
then E contains A a n A

TEEN 'IIfn÷tgn§
.

A. ramen )



Theories
-

Definition E is consistent - if and only if E ¥ Oto

E is complete Iff E is consistent and

for all sentences A
,
either ETA or EMA



Theories
-

Definition E is consistent - if and only if E ¥ Oto

E is complete Iff E is consistent and

for all sentences A
,
either ETA or EMA

Example L
,

= { o
,
s
,
t
.

. ; =3

TA = all sentences over LA that are true in IV

is * consistent and complete



Theories
-

Definition E is consistent - if and only if E ¥ Oto

E is complete iff E is consistent and

for all sentences A
,
either ETA or EMA

Definition A theory E over La is sound if f

{ ETA



Subsystem
• Theory of successor ( O ,

s ; =)

• Pres burger Arithmetic ( O
,
s
,
t ; s )

Dej L
,

= { QS ; = } Language of successor

standard model for Ls
,
Ms :

The -

M = IN
,

o and s have usual meaning ( sext . xx )

Let Thes ) ( theory of successor ) be the set of all

sentences of L
,

that are true in Nf



Tht ) : there is a simple ( infinite but countable )
complete set of axioms for thx ) , Ys

Ys : ( si ) Tx Csx # o )
⇐ 2) Vx -VyCsx=sy - x=y )
Css ) tax = or ay ( x

-
- Sy )

⇐ Y ) Hy ( Sx * x )
( S5 ) x x ( Ssx xx )

Css) tix ( Sss xxx )
Cs ? )
:

i



Modeler : A model for 4
,

-

is a

model / structure over Ls that satisfies all formulas

in Ys
←
isomorphic

① q→o→
. → co - - - -

. to IN

SO Sso

up to naming

① ;→o→→→ .

so Sso ← IN plus
plus a copy of

integers
- . -3 a → • → a → • -

- - ←

* In class I said that IV was the only model for Ys
this is incorrect



③ generalizing ②
,
models contain

one copy of CN
,
plus any

number of

copies isomorphic to) the integers



Note without all axioms 54,55, S6 , . -

we could had additional models with loops

8-373%-3 . - -

~
. any numberplus p → of cycles

o
d

← d



theorem Us is complete and consistent

¢ proof omitted )

Therefore although Us has both the .

standard model III as well as Nonstandard models
,

all models ell of Xs have the scene set of

true sentences .



theorem Us is complete and consistent

¢ proof omitted )

Therefore although Us has both the .

standard model III as well as Nonstandard models
,

all models ell of Xs have the scene set of

true sentences .

We'll see later that when a set of sentences (such as Thes) )
has a Nice ( enumerable ) axiomatization

,
then

this ) -

is decidable
.



Defy L
,

= { o
,
S
,
t ; = } Language of Pres burger

arithmetic

the standard model for L
, , 11¥ :

M = IN
,

o
,
s
,
t have usual meaning

tht ) : ( theory of Pres burger arithmetic
,

or standard

model for Lt ) e
.

all sentences of L
,
that are

true in INI
Pres burger a -928 ) showed that Thet ) - is also

characterised by a countable set of axioms

like the theory of successor )
so it is also consistent and complete



BACKTOTACTRUEARITHME.tl#

the standard model for La
,
A1 :

Ms IN
,

O
, S ,

•

,
• have usual meaning

ThlA)orTA_ ee
. (Theory of True Arithmetic ) : set of

all LA sentences that are true in standard

model NL

theorem TA has a nonstandard model



theorem TA has a nonstandard model

Proof Let a be a constant symbol ( not in La )
y = { c * o

,
C f so

,
Cf s so

, CF s s so
,

. . -
- }

• every
finite subset of Y is satisfiable

ee so by compactness ,
TA v y has a model H

o. M is Not - isomorphic to III ( standard model ) since

c cannot be any
element of IN



MIDTERMR-t.VE N

Material covered :
mm

① Propositional calculus ( ppl - ht of Notes

and Notes on Resolution )

② Predicate calculus Cpp 18-30 of Notes )

③ Completeness ( pp .

31 -38 of Notes )

④ Equality Axioms ( pp .

43-47 )

corollaries of completeness ( 48 - 53 )



MIDTER.it#EVEN

Study Tips
-

- Read Lecture Notes and course Notes

carefully first
- Then do review solutions to homework questions

and tutorial problems
- Then do practice questions

( see handout
" Midterm study Problems " )

-

Offliehou wed Oct 16 3-4

Fri Oct 18 2-3



MIDTER.it#EVEN

Study Tips
-

• given a propositional or first order formula /
sequent , produce a ( RES

,
PK

,
LK) proof

• Run completeness Algorithm Cs)

• Compactness : what is it ? how to use it ?

Why is it true ?

• give a model for E ; does OI ⇐ A ?

is OI valid ? satisfiable ? invalid laws at . ?


