
Weekio

→ HW 4 Due this Friday Nov 29

→ Extra office hours posted (today ws-egazs.gs
real ; also )

→ Next Monday : wrap - up
Review for test II

EB TEST It : Thursday Dec 5 3 - 5pm



Reviewoftdefinltions

LA = { o
,
s
,
t
,

. ; =3 language of arithmetic

Elo = all La - sentences

TA = { AE Ito / IN ⇐ A } True Arithmetic

A theory E is a set of sentences Cover La ) closed

under logical consequence

we can specify a theory by a subset of sentences
→

that logically implies all sentences in E

E is consistent iff took E ( iff VA c- too
,
either A or TA

Not in E )

Z is complete iff E -

is consistent and HA either

A or 7A is in S



E is sound Iff E E TA

Let Me be a model ( structure over L
,

Them ) = { A c- Elo 1 ME A }

Them ) -

is complete ( for all structures my

Note TA = Thc IN) is complete ,
consistent

,
a sound

VALID = { A EOIO I f- A } ← smallest theory



Let E be a theory

E is axiomatic if there exists a set Ms q

such that ① r is recursive

② E = { A c- Eo 1 ME A }

theorem E -

is axiomatic able ' Iff E is me
.

( p . 76 of Notes)



Recap : First Incompleteness Theorem
-

① TA '

is Not r
. e .

( so by previous theorem
,
Not axiomatic able )

First Incompleteness Theorem
-

Every sound

axiomatic able theory is incomplete



FIRST INCOMPLETENESS THEOREM
- -

we define a predicate Truth E IN

Truth = { m I m encodes a sentence cm > c- OI
,

that -

is in TA }

We will show that Truth is Not me
.



FIRSTINCOMPLETENESSTHEOREMS
How :
-

① Every re
. predicate language

-

is arithmetical

③ Truth
-

is not arithmetical tExistsfDCqfherem
←
Tarskii. Truth is not Ke - theorem

Truth Not re . ⇒ TA Not axiomatic able

i. Any SOUND
,
axiomatizable theory is incomplete



Every R.e. predicate is arithmetical-

Definition Let 8=0 ,
S
,

= so
,

52=50
,

etc
.

Let Rex
, .

. Xn) be an n-ary relation Rs Wn

Let AH
, .

.
- in ) be an La formula

,

with free variables x
, .

. . ,Xn

A CI ) represents R
'

Iff ta E IN
" Rta ) IN f- Alsa

,
saz . . San)

R is arithmetical Iff there
-

is a formula

A- c- Ls that represents R

fxists-Delta-theoreyeveryr.ee relation

is arithmetical .
In fact every

re
.

relation

is represented by a Todo La - formula .



ZOTruth-isnottrithmeticaldefin.ee
the predicate Truths E IN

Truth = { m I m encodes a sentence cm > ETA }

Then Truth is Not arithmetical

High Level idea :

Formulate a sentence
" I am false

"

which - is self - contradictory



pfoftarskiisthml.lt
sub cm

,
n) = { 0 if m is Not a legal encoding of a formula

otherwise say m encodes the formula

xx ) with free variable X .

Then sub cm
,
n ) = m

' where m
'

encodes A Csn )

Let d Cn ) = sub ( n
,
n )

din ) = O
'

if n Not a legal encoding .

{ omweimann.nnodw.net
"
'm encodes Ksn)

clearly sub
,
d are both computable



Proofoftarskilsthmsupposethat Truth is arithmetical
.

Then define Rcx ) = r ruth ( d Cx ))

since d
,
Truth both arithmetical

,
so is R

-

Let RTx) represent Rix )
,
and let e be the encoding of Rex)

to

Let d (e) = e
'

so e
' encodes R ( se ) encodes

# I am false "

Then

¥ ) ETA n Truth ( d Ce ) ) since I represents R

-
' R Lse) ETA by defn of truth

G- Rts ) * TA TA contains exactly one of AMA

*
this is a contradiction

. . : Truth is not arithmetical



ii.÷::

> A
•

Aoe

r sound and axiomatic able ⇒ 7 A
,

' A * r *9Tm"%%3C]



Notes

• Tarski 's Theorem holds for any theory that

can define 0
,
S
,
t'

,
• on IN



Incompletenesstheorems

① TA '

is Not r
. e .

( so by previous theorem
,
Not axiomatizabte )

First Incompleteness Theorem
-

Every sound

axiomatic able theory is incomplete

③ Define PA - Peano arithmetic

Sound
,
axiomafizcible ( so incomplete by ① )

RA - Finitely axiomatic cible sub theory of PA

First Incompleteness Theorem
-

strengthened Every consistent ,

axiom affable extension of RA is incomplete
second Incompleteness Theorem③ -

:

"
PA

- is consistent
"
is Not aA specific sentence asserting

theorem of PA



Incompletenesstheorems

① TA '

is Not r
. e .

( so by previous theorem
,
Not axiomatizabte )

First Incompleteness Theorem
-

Every sound

axiomatic able theory is incomplete

③ Define PA - Peano arithmetic

Sound
,
axiomafizcible ( so incomplete by ① )

RA - Finitely axiomatic cible sub theory of PA

First Incompleteness Theorem
-

strengthened Every consistent ,

axiom affable extension of RA is incomplete
second Incompleteness Theorem③ -

:

"
PA

- is consistent
"
is Not aA specific sentence asserting

theorem of PA



Peanottrcthmetic

• We introduce a standard set of axioms for La
PA ( Peano Arithmetic ) is the theory
associated with these axioms

• PA is soured ,
so by ( corollary to ) Incompleteness

PA -

is incomplete

• PA still strong enough to prove all of

standard number theory and more



PEANO ARITHMETIC
-

Axioms

P1
.

VX Csx * o ) ) Defines
P2

.

Vx -VyCsx=sy - x
-

-

y)
P3

.

Tx ( x to -_ x ) Define t

P4
. Kitty ( xtsy ) -

- scxty )
'is : III ;%%y . " .y ,

Define .



PEANO ARITHMETIC
-

Axioms
P1

.

VX ( 5×40 ) ) Defines
P2

.

Vx -VyCsx=sy - x
-

-

y)
P3

.

Vx ( x to -_ x ) Define t

P4
. Kitty ( xtsy ) -

- scxty )
'is : T.ie#Tx?sy..a..y , Define .

Induction Let Atx ,Y . .
. . .

> Ya ) be a La formula
-

free variables

INDCACx-D.it/.V-yz..V-y.KAlo)nV-xCACxPACsxD)--VxAlxDPpa-LPl,..,P63u
@ NDCAIXD } PA ={ Aet

.

( pp
,
f- A}



PEANO ARITHMETIC
-

• PA is recursive
,
and axiomatic able

• PA is sound

• PA can prove all of elementary number

theory even though it is incomplete



PESNOAR.IT#ETIC

Exercise : Try proving some basic facts about t
,

o

, so

Exempted VXVYVZ ( x ty ) t z = x t Cytz )

Exampk3-V-xv-yv-tlx.tt y . -2) = E. City ))



RACRobin-sorisn-rcthmet.CI

• A weak sub theory of PA

• Axioms of RA : Pl
,
P2
,

. . . ,P7 ,
178

,
P9

Pt
.

Vx ( x so > x so )
P8 . tlxvycxasy - cxeyv x=sy ) )
Pg

. ltxvycxeyvy ex )

where t
, Eta stands for ⇒ 2- ( t

,
t z

-

- ta )



RACRobin-sorisn-rcthmet.CI
• Axioms of RA : Pl

,
P2
,

. . .

, 137,178 , P9

Pt
.

Vx ( x so > x so )
P8 . tlxvycxasy - cxeyv x=sy ) )
Pg

. ltxvycxeyvy ex )

where t
, Eta stands for ⇒ 2- ( t

,
t z

-

- ta )

Facts ① RA EPA ( show Ppa ⇐ Pt
, rpAfP8 , rpn.FM )

② RA
-

is finitely axiomatic able

⑦ over La
,
,

axioms of RA are f- sentences



RA Representation Theorem1-

thepiratebay.name/ationisrepresentableinRA



RA Representation Theorem1-

TYYyreeng%ry,mewardatwnisrepresentabkinRA

• Major result that extends the Exists - Delta Theorem

( every re
.

relation is represented by an 7. do formula )

RCI) -

is represented by an 3- do - formula Atx ) :

ta c- IN Rta ) ⇐ > IN F A ( Sa )
⇒ TA f Al Saa )

RCI )
-

is represented in RA by an 3- do formula Atx ) :
to c- IN Rta ) RA E AL se )



CorollariesofRARepresennTherem

Definition A theory
'

is decidable if

the associated set of sentences in the theory
is recursive

Definition E
'

is an extension of E if E. e q
'

-

( E '
,
I are theories )

Example VALID ERA EPA ETA



CorollariesofRARepresennTheorem

corollary Every sound extension of RA
-

is undecidable
( Not recursive )

pivot Let E be a sound extension of RA
,

and consider a language such as K that is

re
.

but Not recursive
.

Since K -

is re
,
it is represented

in E by some 3- do formula Acx ) .

If E were recursive then K would be recursive

ie
. .

a c- K ⇒ RA k Acsa )
E



corollariesofRARepresenntheoremcorollary-2cchurc.tn
's Theorem )

VALID too ) -

is Not recursive

Puff since RA -

es finitely axiomafizable

A ERA ⇐ 7 ( P1 a P2 r - - n Pg OA ) is valid

so membership in RA -

is reducible to

membership in VALID !



RARepresentationtheorem-proofn.in
'i¥?7a%7n%9edcadsent

Example of a bounded sentence of TA :

TX E 100 Fy E 2 . x ( x so v x ay
n Prime Cy)]

How to prove P in RA ?



RARepresentationtheorem-pwofn.in

'i¥:TI7nedehsent
Technical convenience : RA ,

is RA where E
-

is added
-

as a new symbol , and axioms of RA
,

are

those of RA ( P1 . . PE ) plus
Po Ux Hy ( x ← y ← > a # Cxtz =y) )

we will proa MAIN LEMMA for RAE



RARepresentationtheorem-proofn.in

:¥:÷÷s%¥:eacmsent
Proof by induction on the number of logical

operators ( other than t ) on A
.



RARepresentationtheorem-pwofn.mn

:¥:T÷s%¥:eacmsen
Ba A : t - u

,
ft -

- u )
,

tea
,

- Heu )

Lemma Al
- RAI - Smt Sn = Smm Fm

,
n c- IN

RAI - sm.sn = Sm
. n byiundmugfim

Lemmat If t -

is a closed term ( Nova 'm able int ) A1

and TAE t - Sn then RAI - t.sn
£

LemmaB-tm-tn-c.IN RAI Sn * Sm

Lemma G RAS 1- Vx ( x E Sn s Cx=orX=s ,
v - -

r X -
- Sn ) )

-



RARepresentationtheorem-pwofn.ms

'i¥:T÷s%no;:eacmsen
Induction step ( assume all t 's pushed inside )
(1) outermost connective of A

'

is A or v : apply induction hyp

e) A is hfxst B Cx ) .
Then t -

is closed so

- by lemma A RA l - t -

- Sn for some n

Say n = 23
.

- Show RA
e

t VX ⇐ 23 B Cx )
- B Lemma C

,
RAE 1- Xs 23 - ( x -

- O u x - l v - - v X = 23 )
-

Body induction
, RAI - BCC )

,
CE lo , I , . . .

,
233

hyp
- put all together to get RAS 1- Fx ⇐ 23 B Cx)



RARepresentationtheorem-pwofn.ms

'i¥:÷÷%nz:eaehsent
Induction step ( assume all t 's pushed inside )
(1) outermost connective of A

'

is A or v : apply induction hyp

e) A is vast B Cx ) .
V

③ A - is 2x et BCH

easier ( don't need Lemma c)



consequencegotMA-NLEMMA.C-ve.my
Ado sentence of TA

'

is provable

in RA

& Thee set of 7- do sentences of TA
'

vs re

but Not decidable

( the bounded sentences of TA are decidable )



RARepresentationtheorem-pwof.it
i::¥:÷÷:%nzn:eacmsen

I

Pref Let RCII be an re .
relation

• by Exists - Delta theorem
,
RCTI -

is represented in TA by

some 3- do formula 3 YAH , y) .

So ta c- IN
"

Rta ) ⇒ Lay A ( see , y) c- TA )
• By soundness of RA

,
and since every 3- do sentence of TA is provable

in RA

Rta ) ⇒ LRA, I
- ay Aisa , y) ]

• So ay Atx
, y) represents RCI ) in RA

,



Resultsforconsistentcbutpossib.ly#ound)theores

theorem Every consistent extension of RA is

undecidable ( not recursive )

Coroiary ( strengthening of Fist Incompleteness Theorem )

Every
consistent

,
axiomatltabk extension of RA is incomplete

9
strengthens previous corollary 3 of Tarski 's theorem

Now we don't hail to assume soundness
.

consistency
-

is syntactic Notion ( no proof of 0=1 from
- axioms )

soundness is semiotic



Resultsforconsistentcbutpossib.ly#ound)theores

theorem Every consistent extension of RA is

undecidable

Definition ( strongly represents )

ACI ) strongly represents RCT ) in E
'

if ta e Nh

Rta ) ⇒ A Csa ) EE

- Rta ) ⇒ 7A ( Sa ) c- E TT

(Buetow : real sesames ) ¥z}F¥gYgIg÷÷ms①



Resultsforconsistentcbutpossib.ly#ound)theores

theorem Every consistent extension of RA is

undecidable

Definition ( strongly represents )

ACI ) strongly represents RCT ) in E
'

if ta e Nh

Rta ) ⇒ A Csa ) EE

- Rta ) ⇒ TA ( Sav ) c- E

strong RA Representation Theorem
#

Every recursive

relation is strongly representable in RA by an 3- do formula



Resultsforconsistentcbutpossib.ly#ound)theores

theorem Every consistent extension of RA is

undecidable

Definition ( strongly represents )

ACI ) strongly represents RCT ) in E
'

if ta e Nh

Rta ) ⇒ A Csa ) EE

- Rta ) ⇒ 7A ( Sav ) c- E

strong RA Representation Theorem
#

Every recursive

relation is strongly representable in RA by an 3- do formula

undecidability theorem
-

If every recursive relation's
'

is

representable in E
,

then E is undecidable ( Not recursive )



Resultsforconsistentcbutpossib.ly#ound)theores

theorem Every consistent extension of RA is

undecidable

Definition ( strongly represents )

ACF ) strongly represents RCT ) in E
'

if ta e Nh

Rta ) ⇒ A Csa ) EE

- Rta ) ⇒ 7A ( Sa ) c- E

strongrsrepresentationtheorem-aeryreae-s.ve
£k¥pnf§gIIn

relation is strongly representable in RA by an 2- do formula

undecidability theorem
-

If every recursive relation's
'

is

representable in E
,

then E is undecidable ←pwof€fke }
Tarski 's theorem



-

theorem Every consistent extension of RA is

undecidable

strongrsrepresentationtheorem-aeryreae-s.ve

- £"§pn§IgAgYnqy

relation is strongly representable in RA by an 3-do formula

un.ge:9#iii:iIeoIm:it::::n:e:i::seie*Mae:.mC
Proof ( of theorem ) RCI ) recurs 've

-

⇒ RCI ) strongly rep in RA ( strong RA Rep th m )

⇒ thx ) strongly rep .
in every extension of RA

⇒ Rex ) rep .

in every consistent extension of RA

⇒ If E a consistent extension MRA
then E is undecidable Candee . .

Thon )




