[SUBSET sSUM

(NPUT: Sty N8t tg,. X €N
ACCEPT IFF THERE IS A SUBSET V.Y, €S swmmim o t.

EMAMPLES
< 1‘,‘.33,”>, (?.l,llsi) 5) € SUBSET suM
<1133 5, &n3,55 § SUBSET Sum
TUEOREM  SUBSET-SUM IS NP-(OMPLETE
J80of,

@ SUBSET-suMeNP: VeRipER V(Ls,65 §y,. YY)
CRECKS IF  1y,.N,1€S AND WM To t.

@ sww  3ISAT <, SUBSET-SuM

GNEN &= Ca.. AC,, WE DEFINE Sy t‘, AS FoLLOWS
S WILL WNSIST of Zn+2K NUMBERS , WHERE
N> NUMBER OF VARIABLES W ¢
K= NUMBER OF CLAVUSES IN ¢

EXKW 565, WILL 8E AN (N+K)-DIGIT NUMBER,
SSE TEN. FURTHER EACH DIGITOF S; wilL BE /om0,

t WL BE TWE FOLLOWING (N+K)- DIGIT NUMBER:

' I“ ! 333-“-'3,

8- is,‘,sg, S, Say s Ses S%5 Sea S sSyce S |

Sy The ¢ digit 15 1 the (MD% digit 1s 4 e
X € Cj. A\l other diﬁ'){.s are O.

Si’; .: The ™ dyit s 1 | tkcl,Mﬁm dia‘s’c is 1 W i.;écj
all other diqits are, O




: The (mi.)*h dua\{ ¥ 1. Al other d’ﬁ'f5 are O.

Sqi, Swi

= Al = (kv v Xy) MG VG vK)

Exampk

+ |




CLAWM & e3sAT IFF THERE 1S A SUBSET OF S SUMMING TO ¢,

Eaoof
Dt ASUME  C3SAT, AND LET o sATISFY ¢
CONSTRUCT  S,$Sy AS FoLLOWS

° 5. ¢ s" I «K)=|  OTHERWESE S ¢$;
TWs MARES % n piciTs oF So WM 1 41..1

® FOR EACH jsk

CHOOSE 1,2,0 of Sy, 5, ToBew S,
To MAKE (n+j)™ DieiTs of S¢ M To 3,

THIS 15 PoSSIBLE SINCE THE WNTRIBGVTION TO
(Y o167 By 56,50 1S ETHER 1,2 or 3.

&: ASSUME s',s Se SOMS TO t, (ONSTRUCT o AS FeLLOWS

ALL DIGITS N S, ARE O OR 4 AND EVERY
(OLUMN WAS € § 45 So THERE ARE NO CARRIE S,
THUS Sy CONTAINS EXACTLY ONE OF S , S
CFOR AL\,

1f S“‘S; "‘(‘s)z'
If Sg €Sy > «WK)=o

Ths MUST SATBFY ¢ BECAUSE EVERY COLLMNV
(At)) )21, SUMs T0 3 AND AT MosT

2 (OMES FroM sgi;sh; , yek.




3CoL si@' G 1S AN UNDIRECTED QRAPH AND THE
NODES OF § CAN BE CowoRED BGR

SUCH THAT NO 2 ADTACENT NODES HAVE SAME
(WOLOR

£KAM9LES l(om"'w

R

. ? @ 3 (OLORAB(E

THEQOREM 3coL 1S NP COMPLETE.

PROOF.
1. 3L0L ENP,

t. 3SA1‘S 30L .

GQIVEN A CNF FORMULA ¢, WE (ONSTRYCT
A GRAPH g* AS FOLLOWS:

¥
® N\ VARWABLE GADGET I Fok EACH VAR
. |

[

* A CLMSE GADGET :tb FOR €ACW CLAVSE
o ONE TRIANGLE 1>9

Ra)



: < L < C
f\-—&-’.:\ 2 ~ ‘3'
EXAMPLE ¢ =(Y~'vi.‘v¥3)A(Rth3v)(q X X, v x‘vYJ.l)

X CONNECT CACW
ﬁ;‘ X o Q.

L7

C, GADGET

® CAN ASSUME WITAOVT (0SS OF QENE&Mn\' TRAT NodE
R Is coloRED RED, B 15 BLUE G 15 GREEN WN ANy
(EGAL COLORING. ALSO OUTMODE OF ANY CLAUSE GADGET 1S R.

® TN ANY LEGAL COLORING, NODES X /¥ ARE
(OLORED 6&\THER R/ OR B/R.

® GQWEN ANY RED-BLUVE (OLORING To |NNODES OF
A CQLAVSE GADGET | The cLAuSE GADCET 1S
3-COLORABLE (wITH OUTNODE COLORED R) I AND
ONIY 1® AT LEAST ONE INNODE IS (QLORED R.

© BY ABOVE 3 poinTs, ¢ SATISFIABLE |FF QQ
WAS A LEGAL 3-(.OLORN§.

(40R) =1 => NodE X =R ;™ (K )20 3 NovE %=B)



VERTEX-COVER =5L(g,k)| G is an vndirected
graph with o K-NobE (wEl‘q

ExAMPLE

'f"sizi 2 VERTEY (WER

“THEDREM VERTEYX (ONER 1S NP-(OMPLETE

PRt |
I VERTEX CovER 15 IN NP oN (% (g,1) )

VERIFIER CHECKS WHETHER Y DESCRIBES
A R-NODE VERTEX (WER

2. WE WiLL swoW ISAT S, VC (VERTEX OVER)

GCwEN f A KNF formula wE
onstruct (6.,k0) AS FoLLOWS :

“EACH CLASE Q\WES RISE TO A TRIANGLE
0¢ VERTICES (CLAUSE GADGETS)

+ EACh UNDERLYING L\TERAL Q\WES RISE
10 A VERTEXR (VARIBLE GADGETS)

& ot verhees wm q’ s2n+ 30

r N
NVMBER OF NeFBER OF
VARIABLES ™ § AMNSES W ¢




ExameLE

q = (x‘v‘&) A(:ﬁ‘vi’) A(i‘vx.‘)

[
(R xtvl.b ~Y Vv i." i,) a( % vXtv‘L,_)
E % VA
Gy K% hooX c,m'i-:'fs

¥, CLASE
i GNMETS

) B

K.=n+2l
¢

Pe3sAT B (G kQEVC: LET & sATISFY §.

SELECT ONE NOOE from EACH ARIABLE GADCET
(TRE NODE LABELLED WITH LITERAL SET T0 1 8Y o) W covay

SELECT ONE NODGC FROM EACN CLAUSE GADGET
(TNG NODE (ABELLED WITH THE LITERAL i¥ THE CLAUSE
$CT TO 4 BY &) TUE OTHER 2 NoDES IN OVER
Tois FORMS A Size K¢ (ovER.

(69,54 )eVC > § ¢XAT:

ANY COVER HAS ONE NODE From tacw VAR GADGET
AND 2 NODES FROM BACM CLAUSE GADGET.

LET o (ORRSSPOND TO NODES IN VAR GADGET.

o 19 A SKTISFYING ASS\GNMENT.




NP AS NONDETERMINISTIC POLYTImE

TUERE 1S AN ALTERNATWE CHARACTERIRATION OF
NP :

DEFN

LET N BE A NONDETERMINISTIC TM TNAT ALWAYS HALTS.
TUE RONNING TIME OF N 1S A FUNCTION LW N
WRERE tn) 1S THE MAXIWM NVMBER OF STEPS TNAT N
TAKES ON A BRANCH OF TS COMPUTATION, OVER AWL X Iy/=n.

NTIME (£ )= $L | Lis A LANGUAGE OVER fo,f THAT IS
PECIDED BY A OWttn) TimE NONDETERMINISTIC
TM  (THAT AuAYs RALTs) §

THEOREM L stoal 15 w NP |F AND ONLY IF
Le v NTmE (n*).

PROOF DEA
ay: LET ASNP. Sww TWAT A s DECIOED BY A POLYT\ME
NTM. LET V BE THE VERIFIER FOR A, AsSUME V
RO N TIME  n". CONSTRUCT N AS FOLLOWS.
N owWw Iwl:n:
o NONDETERMINISTICALLY SELECT ¢, lc|e n®,

e RUN V ON (WO AKEPT W 1fF V AKEPTS (W),

@ MONME A 1S DECIDED BY NTM, N, CONSTRUCT V AS Foulew's

V ON (W) |
. smvT}tB N ON W, USN¢ C TO SELELT »o»nenkmman
CWOICE

o AKEPT IFF N AKEPIS ON THIS COMPMTATON PATH




