EXAMPLE 2 ANY LEP 1S ALSO IN NP

LET M BE A PoLYTIME 7M DELIDING L. THEN A
PoLyTimE VERIFIER  V(Xy) IGMRES Y
AND ALCEPTS )f AND ONLY if M AKEPTS X,

EWAMPLE 3
RAMCATH = 1 (6,5 ¢) | € 1s A DIRECTED GRAPH WITH A

HAMILTON|AN PATH TROM s To ¢

A PATH PASCING THROVG M
EAcM VERTEX €xAcTLy ON(E

/ (6,1,2) € HAMPATY
3¢ . (6,1,5) § HAMPATH
N o

5

VERIEIER: ON x:(65t), Y
VIEW N As A LisT OF nooes,vsunces BEGINNING

WTW S, ENDING WITH L.

Ir N IS A LT OF LEN6TH n, EACH VEBRTEYX
USTED EXALTLY ONCE, AND FOR ALL
ADIACENT NUMBERS L i1 ON UST
Civ) 18 AN EDGE N 6' AND S, t AR,E
FIRST /LAST LT ELEMENTS THEN MCEIT %Y



K
DEEN eExpTWmE * UV Tme(? )
[

THEOREM NP S ExrTimE

PROOF SKETCH

 LET LeNP. THNEN THERE g5 A TOLNTIME VERIFIER
V_ FOR L. ASSUME RUNTIME V(xy) IS AT MOST
o PR ALL X, x{*n.

' K
GWEN X, SIWATE V(xy) for Aw Y , II€ix|
ACCEPT % \f AND ONLy If V AKEPTS (X Y)
FOR AT LEAST ONE OF THE \'s.

(onnmﬁ 3 (m)\ﬁif‘:‘ Y, 3 ) 7.'3 ] lo(,,l')
€1y

 CLASSIE ICATION
Of LANGVAGES:

(tr PANP)

REQMS\VE




DoES P =NP ’f
® ONE Of THE MOST )MPORTANT MATHEMATHAL PROS(EMS
TODAY 1S TO DETERMINE IF P=NP.
° CLAY INSTITVTE OFFERING 1 MILLION VS FOR SOLYTION
P = LANGUAGES WHERE MEMBERSH)? CAN BE (OMPUTED
‘EFFm\ENTL‘\/

NP X LANGUAGES WHEBRE MEMBERSHY (AN BE VERIFIED
LFFICIENVTLY.

= IT \s EASN TO SEE THAT PSNP. .
BUT 1S THERE A LANGUAGE LENP SUcH THAT L%P ¢

* MOST PEOPLE (ONJGCTURE PANP, SHOWN BELOW.

EXPTWNE = "
\J‘Tmﬁ(‘i‘ )




NP COMPLETENESS

Cook AND LEVIN PROVED TWAT THERE ARE CERTAWN

LANGVAGES W NP, TME NP (OMPLETE LANGUAGES , SUCH THAT
IE L 15 NP-COMLETE , AND LeP , TREN P-NP.

‘ DEFN $: €% K A PONTME (COMPUTABLE) FUNCTION IF
| SOME POLNTIME TM M (OMPUTES §. |

DEFN A LANGUAGE A OVER € IS POLYTIME (MANY-ONE)
REDUCIBLE TO LANGUAGE B, AE. B (F THERE I1s A
POLYTIME FUNCTION §:€° €% gyucu TWAT

WEeA i AND ONY IF €(W)eB

TREOKEM A€, 8 AND BeP = Ae?

JRoOF LET M BE A POLYTIME DECIDER fOK 5. CONSTRWT
A POL TIME DECDER , N, FOR A AS folLlows:

N oN ¥: COMPUTE £(x)
RON M oN £(x). ACCEPT IFF M ACEPTS,

Y TWESE DEFINITIONS AND THEOREM ARE LIKE TM
REpVUBILTY BUT SCALED DOWN TO folyTimE (OMIVTATION.




DEEN p LANGUAGE B 1S NP-COMPLETE IF

. BENP
2. FOR AL AeNr, A&, B,

TAGWREM IF B IS NP-GOMPLETE AND B¢f, THEN PsNP,

PROOF ASSUME B IS NP-OMPLETE AND B¢P SHow FOR ANY
AEN?, Acl. BY THE PREVIOUS THEOREM AND ABOVE, Act

(gaT)

INPUT: A BOOLEAN FORAIULA, WiTh N NPYTS

¢:

% x %
| Xy
ACCEPT |F TRERE 15 A O-1 ASSI(NMENT To VARIABLES
SUCH TWAT @ EVALUATES 10 4 ON THIS ASSIENMENT.

ENOING & AS A STRING OVER fo}, |<é>]

~ WALL BE AT MOST M, ms= NUMBER Of LOGICAL
CONNECTIWVES N &, |

THEOREM (cook,LEvIN)
SKT IS NP-(OMPLETE




AS WE SAW WHEN STUDYING UNDECIDABILITY, ONCE WE
POUND ONE UNDECIDABLE LANGUAGE, W6 CAN PROVE
TWAT OTHERS ARE ALSO UNDGCIDABLE VIA REDUCTIONS
SIMILARLY ONCE WE NAVE ONE NP-COMPLETE (ANGUAGE
(SAT), WE CAN PROVE OTHERS ARE NP- (OMPLETE VIA REDUCToN

THEOREM IF B is NP-COMPLETE AND B€,C | For
CENP, THEN C B NP-COMPLETE.

PROOE wE XNOW CENP, TO SHOW TWAT C IS NP-COMPLETE
WE WANT TO show THAT RR ANY AedN? A€, C
WE KNOM: () A€, B8 By NP (OMPLE FENESS OF B

Gii) 3< C BY ASUMPTION

TWUS  AS,C BECAUSE POLYTIME REDUCTIONS (OMPOSE .
LET § se A PRNTIME REDVCTION FROM A TO B.
LET f, BEA POUYTIME REDTION FROM 8 10 C.

TREN S0 [fef (s (6] 15 A PoyTImE
REDUCTION FROM A TO C,




BSAT] Inewr §:¢€ACa- A C,
EACH (IS A CLAVSE (ONSISTING OF A DISTUNCTION

OF AT MOST 3 LI\TERALS.
EXAMPLE § = (1‘\;3(1\;%3 A (*,V‘i.,vﬁr) A (\(‘v Xb A (\(\VX'LLVXD

ACCEPT | TWERE (S A O-f Assumur d TO
ONDERLYING VARIABLES SUCH THAT f ()2 |

“TREOREM 3SAT IS NP-(OMPLGTE.

PARE,
@ SATENr. VERIFIER V(f4) CMECKS WWETHER §(d)-)

@ SAT €, 3SAT:

LET  BE A FORMILA WITH VARIABLES X,...X,
ASSUME NEGATIONS ONLY AT LEAVES OF 4.

Equations &Rkning \'s:

NV v,
N AWV Yy
\13@7 \Iu h xq
\{"H \‘1A—i.
Ne® YavYy

Yo

(T, v *v %) 5 (D, () >
(Fov X 4y), (FavY), (Hgv ),
5 ¢ Gormliy AOSY R,
(‘!3" Vo) ,(\Tq" %D, (v %,V D,
(\\{l g’ \,3" Y\b )(.Y—sv 153 ), (\f"lv YS) )
¢




CLAM  ge SAT  (fF fye 3sar

4.1
™ : LET GESAT | AND LET « 8€ A SATISFYNé

ASSIGNMENT T0 §X.x,3. EKTEMD o To - v.3
BY THE DEFINING EQUATIONS FoOR

THE €XTENDED ASSISNMENT .smsrces $.

& (ET §,€ 35AT AND LET & 36 A SATISFYING
Assunmem TAEN THE DEFINING EQUATIONS
FOR \'s ARE ALL SATISFIABLE, S0 VALVE
OF G(L)=VAWE of Yy 21 , AND THUS
o' SATISFIES § AS WELL.




OTREK NP- (OMPLETE LANGVAGES

[cique]

INPVT: A GRAPH 6:(v,E) Ao A NUMBER K
MEEPT F AND ONLY IF 6 CONTAINS A CLIQUE OF SIRE K.

EXAMPLE 3 v
| \‘ﬁ3 <G, k=) € CLIQUE
\l\( Vv V‘

TRERREM CLIQUE 1S NP-(OMPLETE.
d._ 4
® CLIQUE eNP. WE ALREADN SWOWED THIS.

® 3T é, CLIQVE

QWEN & PRODUCE A GRAPM AND K

(64 . k)
AS FOLLOWS ’ ¢, "
C, c, <,
o= (xyv Y-,_V’-S) A (sz)('\ﬁ(.,) A NeE T Y;)
GQ = C\/,EN) (V\=3K , K’=K
Ac,
GQ:

AL EDGES EwmcrT .\no C€0GES
BCTWGEN WITHIN A CLOVD
L%



CORRECTNESS OF REDUCTION

). REDVCTION 15 IN P
2. Show & sATisnABLE  IFF Gy k) € CLUQUE

D. ASUME  De3saT, LET )=,
TAGN FOR EXN LAUSE 6 SOME LITERAL
LecC, 15 MADE TRUE BY .
THE ASSKIATED SET OF NODES
(£ i ), (7 & Bg,),., (A5 8¢)
FORMS A K-CLUQUE W Gy,

€. ASSUME Gy WAS A KCUQUE. THEN 2ECMSE THERE
ARE NO E€DGES WITHIN A CLOUD, AND EXACTLY
K CLOUDS THE CLIQVE MUST (ONTAIN ONE NORE
FROM EACH CLOUD,
ALSO (LAGUE NODES CANNOT (ONTAIN ONE

LASELLED X AND ANOTHER LARGLLED X SWKE THERE
¥s NO EDEE BETWEEN % Anp X.

ASSIGN ol ALORDWGE TO THE LASBELLING OF
NODES IN CQLIQUE. o SATISFIES ©.




