INTRODUCTION TO COMPLEXITY THEORY
Gipser, Chapter 1)

50 FAR WE HAE DEFINED A GENVERAL MODEL OF CoMPUTATION
(TURING MACHINES) AND ARGUEP THAT TM's AE POWERFUL ENOUGH
70 CRITURE  ANY COMAUTATION. (cHukch's TAEs!s.)

THRE AEASON PR GOING TO ALL OF THIS TROUBIE 1K SO THAT

WE (AN RIGOKOUSLY UNOERSTAND WHAT IS/ISN'T C(OMPUTABLE.

(A LANGUAGE [ FUNCTION IS COMPUTABLE IF SOME TM
COMITES () WE CWARACTERIZED ALL LANSUAGES QUER {013
As ETHER ()RewsVE (i) RE BUT NOT RECURSIVE, OR

i) NoT RE.

FIRST WE SHOWED LSIN¢ DIAGONALITATION, THAT L, IS NOT RE.
THIS ARGUMENT FORMAURES THE FAG THRT MANY LANGUAGES
CANNCT RE RC BECAUSE THE SET of TMs (over fo)l) 'S CQUNTAKE
WHEREAS THE SET of ALL LANGUAGES (OVer 10,13) 8 UNCOUNTABLE.

TAEN USWG REDUCTIONS WE SWOWED MANY ExAMPLES  OF
OTHER LANGUAGES TWAT LE N (i) ok (L), MANY IMPORTANT
PROBLEMS foR (OMPVTER SUENCE SUcH AS THE HALTING
PROBLEM (HALT) ARE UNFORNNATELY NGT REWRSWVE — ie
TUERE 15 NO oM{VTER PROYAAM FOR SoLVING THEM.

KNOW ING TWAT A FUNCION OR LANGUAGE 1§ RECURS\WVE
ISN'T gooD ENOUGH IF THE RUNTIME I1s Hu6E (>Q°).
THIS BRINGS LS To THE STUBY OF CoMPLEXATY THEORY
WRICK 1S THE STUDY OF THE INRERENT RESOURCES

(TiME | SPACE, RANBOMNESS) NEEDED 70 SoLvE PARTIULAR
CLOBLEMS.




T\mE CoMPLEXITY ANO 0" NOTATION

- BEEN .
LET M BE A TM (OVER E') WHERE M HALTS OV ALL
INQUTs. THE TIME (oMfLEIY OF M s A FUNCTION

£, :N=N  WierE
fm(f\\t Max i t,a\()d l Xc{) le=h§
NUMBER OF STEFS UNTIL M HALTS ON X,

SWCE BXACT TIME COMPLEYATY Is USUALLY COMPLEX [T IS
CUSTOMARY To ESTIMATE T AS Foulows.

T
DEEY  LET {'?: N = R« REN NUMBEKS GUERTEA THAN' @
)

f)= 0 @un [READ: £() 1s Ble-0 OF q(n)]
1F ¢, N, Sval THAT Vn3n, Fin)2 c:gin).

Exameles: Si+an+30 = 0 (n®)
o tan t300 = 0(n4)
10 (g n + Q0 log,loq.n = O(IOgln)

petN LT fq:NaR. ) o(gen))
Dzem: {in) ?s LITTLE-O OF 3(@3 It lm f&*_ = 0.

EXMMNES. (n = o(n)
Y‘{'lb‘y\ = olnt)

BIGO:  F0n) IS AT MoST giw) IGNORING (ONSTANT FACTORS

LITILE-0 = €(n) 15 STRICTLY LESS THAN 3ln), TENORING
| - (ONSTANT  FALTORS.



THE CLASS P

DEFN LET L INSWN.

TE (B * SL | L Is A LANGVAGE OVER Toi’ TWAT s
DECIDED BY A O(t(n) T/mE TM 3

DEEN P s THE CLAS OF ALL LANGUMES (oveR fo ) THAT
ARE DECIDABLE IN POLYNOMIAL TimE.

P=V TnE (n*)
LANGVAGES RECOGNWRABLE (M POLY TVME

ExAM/LEL
PATR * $<4s,6,621 G 15 Abinscteco GRAPH THAT WAS A PATH FROM
Sttt

15 IV P, UNDER A REASONABLE ENCODING OF s t

OUR ENCODING: G As AN ADTAMENC MATRIX
L
g: °® 2 M

‘ﬁ' N 3
3.\. g'
‘f

REPRESENT '0' IN mATRIX RY 00, '1' BY 01,
ENCOOE &3,4,¢) BY:
| [ 00 |
ogouo:oollgouoom 1 ol(:oooouoooooooolooooon oIl

compuTE M¥ @ enTRy () 2| IFF THERE IS A PATH
| of LEN6TH Kk oM ( fo ).



EXAMPLE 2
TRME = 1% | X€L0,)¥ 15 A BINNRY ENCODING OF A PRIME NUMBERS

IT 15 NOT KNOWN WHETHER OR NWT PRIMEE P,

EX 3 "
ReLtRINE *$<x yM| %, 4e1O,R* ARE ReLATwELY PRAME] 15 IN P
BY EXTENDED EVCLIDEAV ALGORITIM.

BEEN FT=§8:2°>< | M coMPutES £ FOR SOME
POLYNOMIAL TIME TM §
FUNCTIONS SOLVABLE W POLYTWME

@: Is THC NOTION OF PoLynvamAL TImE RoBusT ¢7
NES, BUT NOT As ROBUST AS THE NOTiON OF COMAUTABLE.
DEPENDS ON ENLODING WWIUA SWILD BE EFRICIENT.

TAE OUOMING THESS EQUATES “CFRIMENTLY (OMPUTABLE"
Witk POLNTIME .

PoyTimE THESIS

IF A LANGUAGE/FUNCTION 1S RE(OGNIZED/COMPUTED By
SOME PO T\ME ALGORTHM /MACHINE  THEN THAT
LAN6OACE /FUNCTION (AN BE (OMPVTED BY A PouTmE TM.

)

TRUE FOR ALL cuRRENTLY REALIZABLE AL6OR(TWMS

POSOIBLE WUNTELEYAMILE: GUANTUM COMPUTING.
CAN  FACTOR N POLINDMIAL \QUANTUM) Tim5




THE CLASS NP

ber |
LET L BE A LANGUAGE OVER £
LeNP IF TAERE 15 A 2-PUME RSLATON Rer &
Such THAT Rlw,c) 15 COMPVIABLE BY A TN, vV, WHeRE \

1S POLTIME IN (Wl , AND SUCH TAAT
Xl &> eT SV AT Rixy)
V is CAUED A poryNdMIAL-TiME VERIFIER mR L.

EXAMLEL L=$3¢6,kn) | G 1s AN UNDIKECTED GRAPH
ON n VERTICES (ONTAINING ACLIQUE OF SREK §

) g CLIGUE OF SieE Y
so 6,410 ¢ L

VERIFIER  V(<6,Xn)¥): VIEW Y AS A STRING OF LeNeTH

N, WITh £ $5. N ENCOOBS A SUBSET OF K
VERTLCES N & AKGIT (€G,km y) IFF
HAS A CL\QUE ON THE K VERTKCES
NWDED 3Y Y.

IN QUR EYAMALE (46}4,1),11:\0003 accepted b\, v
BT (4,50, %) REJecTED BY V fR AL Y.




