REDUCIBIL\TIES

WE whiLL WBE WEDUCTIONS FRomM ONE LANGU AGE
-To ANOTHER TO suow THAT OTHER LANGUAGES
ARE NOT RECRSWVE OR NOT R.E.

%
DEFITION HET L L, BE LANGUAGES ONER £

L, %€n L, IF THERE IS A COMPUTABLE

FONCTION  §: % > 5* <Ogn THAT FoR ALL we&"
Xel, = {(:IC)G.L,_

TWHEOREM SUPPOSE L € L,. THEN
n)L =w L, WHERE T, = §{w | wes® AND W NOT
MEEgD Ty i

2) IF L, 15 RECURSWE , THEN L IS RECURSWE
(L vol RECURSWE d> L, NOT RECU&S\VE)

3) 1F L, RE THEN L, s RE.
(L, NST RE 2 L. NOT RE)

b




MORE EXAMPLES OF REDUCTIONS ($:1uR UNLE LS

NOTED OTHEKW . =

HB =3<M> | M BALTS ON THE BLANK INPUT wsi

HALT =<MW | M Rhuts oN w3

TREQREM BoTH HB AND HALT ARE RE. BUT
ARE NOT RECURSWE.

PROOF
I HB &y HALT | $(cm)) -)(<M,g)>

THEREFORE, HALT 1S NOT RECURSWE TF 4B
IS NOT RECURS\VE.

2. TO SEE THAT WB |5 NOT RECURSWE K WE WiILL
SHOW THAT <. HB
ATM M~
CMwd WHERE M My wuere M WAUS oN BLANK
ACEPTS W

¥og X

-2
ASSUME y ¢s® oF THE FORM (M w), Otennie £0)=Px

LET  £00) =<M') WHWERE M WORKS AS FOLLowsS ON
THE ALL-BLANK INPUT :

‘ M writes w on thetepe and simulates M on w
MWoen It and whea M halts and accepts, M' halts
‘«?-i,ue {_ ond acctpbs

Tl:tn It and when M halts and rejects, M’ qoes into
Cigat L & infinite loop

J={MW>
J foLLows BECAVSE
s EPTS W \F AND

\ oN
QN,L SLANK NV

Show @) ¢ 5 wmputable
| ®) e A, © £ eHB




3) To sEE TANT HB AND WALT ARE BoH
RE, WE NEED TO show THET RALT IS RE.
SINCE  WB€, NALT, IT FOLLOWS THAT B s ALSd RE

\ on
SIMULATE M ON W

WALT AND AcCEPY IF M ENTERS A WALT
STATE DURING SIMULATON OF M ON w.

M'  ACEPTS HALT | ThUs BALT IS R.E.




U8 = i<m> | M RALTS ON BLANK TAPE§

He = iw[wk\\-\si =§w] W is NOT of FORM <M}  oR
. w 15 OF FORM My AND M Does NOT HALT
ON ALL-BLANK JAfE ¢

NEG-WR * im) [ M DOES NOT HALT ON BLANK TM’E}
THEQREM 1HB AND NEG-HB ARE NOT RE.

Proaf 8y WMEWORK PROBLEM 5 IF HB IS RE

AND HB 1s RE, THEN HB s RECURSWE. SINCE WE HAVE
ALKEADY SHOWN WB 1S RE BUT NOT RECURS\WVE (T FOLLOWS
THRAT WE 1S NOT RECURSWELY ENMERARLE

To SEE TRA NEG-WB (S ALSO NOT RE, WE WILL
SuoW T8 €, NEG-HRB. DEFINE ¢ oN w AS FOLLOWS.

fon W
e« CHECKR IF W & AVALID TM ENCODING.
IF NoT #(wW)=<M) WHERE M s A TARTWULAR
TM TWAT ¢oes wTO AN INENITE Ldof DN ALL INPUTS
e OTRERWISE (W ts A VALD TM ENOOING) W=<M) FOR
SOME M. TAEN &(w)~w.

K//\e—-\smwc»s TRAT ARE VALID ™™
\ ENCODINES
/{ gsﬂluﬁ W= <MY WHERE
]TB ; M WOES NoT WALT oV BLANK
\ , ' ¢-HB

STRINGS TAKT ARE NOT

/VAL'D TM ENCOD‘"GS

Claam: %eWB 1F AND ONUY 1F f(x)€NEG-HB, AND F IS
(OMPUTARLE. THUS NEG-W8 Is NoT (E.




NOTE THERE IS A SOMEWHAT SIMPLER PROOF THAT
NEG-HB 1S NOT RE  USING A MORE GENERAL FORM
OF A REDUCTIgN WHERE THE TM FoOR NEGC-WB

IS USED AS A SUBROUTINE.

ALTERNATWE PROOF THAT NEG-HB NOT RE !

ASSUME ¢OR SAKE OF (ONTRADICTION THAT
NEG-HWB 1S RE. LET M AKEPT NEG-HB.
(NOTE TAAT M MIEAT NOT ALWAYs HALT.)

WE (ONSTRUCT A TM M' FOR WB AS FoLLows.

M oN INPUT W
« TF w=<M") FOR SOME M" (1T 15, W 1S A

VALID TM ENCODINGY  SIMULATE M oN
WeUT WMD)  AND MSERT W IF M OAKERTS W
« OTHERWISE (IF W NOT A VALID TM ENQOMNG) ) ACEIT W,

CLAvm M AKGPTS WB . BUT TWS (ONTRADLCTS
TFAMX TWAT WR s NOT RE. THUS NEG-RB s NOT RE.




MORE EWAMPLES

| RECURSWE _RE
|Arm NO NES
Ly NO NO
L, NO NES
o/ 3
ES
W8, HALY ND N
NO \ES
NE
'NEG WE,
L»’J_E, We, No ND
NEG-HB
VAL, ND NO
ALL ALL l
INF, INF NO NO
| Neg-INE y

. ‘ M
(-——-W\\d wa OQ ms“ )
= LM X wihtrt M dats wot astept
NE i(ﬂ\) ‘ Q} Iy Wﬁ langusye .

RE = iw| WRNEJ: NEG-NE:§< | Ly -6
ALL = §<mY| L) = 23

ALL = tw| wy ALLTY NEFALS

INF = {(("\7\ M acepts an INFinke \omﬁuwat}
IWE = {w| W INE] 5 NEG-INE KWLM s finwe}

NoTE  TuE ’NES-NE‘S‘ONS NE%—NE) NEG- aLL NE&’INF
ARE ALSO MNOT RE BY PREVINS AZQUMENT
gol  NEG-HB.




LEMMA NE = ] LIMYX QY 1S RE, BUT NOT RECURSIVE.

7o siow THAT NE is RE, wE wiLL DEscRIBE A TM M,

such TAAT NE= LLM.)
Mg on nput M= W
e IF w NoT A VALID TM ENODING, REJECT.

o DTHEAWISE W =<M),
(G MULATE M ON ALL INPUTS OF LgNeTH
£) fOR 41 STEP

{ SIMULATE M ON ALL INPUTS OFf LENGTH
=22 €OR 2 sSTEfS

SWMVULATE M ON ALL |NPUTS OF LENGTH

/\ €{ FOR { STEYS

IF M EVER AKENTS AN WPT IN ABOVE
'SVWAULATIONS | M WALTS AND ACEPTS.

TRE ABOVE TECANIGNE 1S CALLED DOVE-TAILING.

#IF LM) X THEN TUERE Is soME STRNG W  AND
SOME  NUMBER L such THAT M WALTS AND ACEPTS
W AFTER T STEPS.
THEN M, WuwL HALT AND AKEPT WHEN T
SIMULATES M oN W FOR  MAx(iwl t) MANY STEPS.

* OTHERWISE IF LMY=¢ THEN EVER{ SIMULATION
By M, OF M ON SOME STRING wiLL NoT ALEPT
SO M, NEVER AUEPTS w =<M). |

TS NE=L(M,3 s0 NE 15 RE.




® To snow TWAT NE 15 NOT RECURSWE K WE WILL Shew

W8 <, u,E\
| | ud &b
ALy m:‘u.:x whiT3 we l

£ on input w:
W CHECK IF W IS A UALID TM ENCOOING, 1F NOT, F(w):w

(b) OTHERWISE W=<M).

CoNSTRUCT <M') = §(KMY) such THAT <MYe W8
IF AND ONLY IF <M €NE.

\
M on (- ERASE INPUT «, AND RUN M
nput. ol | ON BLANK TAPE

o TF M HALTS ON BLANK TAPE, M
| HALTS AND ACCEPTS A

1,
b

% NOTE : M) DEPENDS ON <M),

CMM M willL EITHER ACCEPT ALL STRINGS
AND THIS HAPPENS IF M HALTS ON BLANK TAPE
OR M WILL ACCEPT ND STRINGS | AND TMIS
NAPPENS WHEN M DOES NOT HALT oN BLANK TAYE.

TWS  WeHB &> §(w) €NE T

LLAIM  § 15 coMPUTABLE. STEP (a) IS CLEARLY
WOMPUTABLE. STEP (b) 1S WMPUTABLE BECAUSE WE
CAN  COMPUTE <{M') FROM <My,

- NE 1S NOT RECORSWE SINCE HB 1S NOT RECURSWE.



LEMMA  INT, W, NGe-INF ARE ot RE
INF2Lem | umy s wrwnte 3
Pasf

© To swow WP woT RE, WE wiL syow - HB &, 1nr
TREN HB G INF  TuPnEs TR €, InF » AND Teyg
IT foLlows TWAT IWF wor RE, 8kCAVSE T3 woT e

- TO SMOW NB €4 INF Wi ONSTROCT § sven TuAr
XeH® @& f&)¢ 1ue

fon x
a) If x wer 5 waL
b) Otherwise x «¢

M.t FW) M) waere
\$ AS foLLows.

D TM ENODING | ()=

\

Mon) *M SIMULATES M oN BLANK TAE
ol

IF M WALTS oM BLANK TAPE, M AgpTs o

Clawm
§ s computasLE AND
XARAB @ $6) ¢ INT,

TS WF e pe.

| 5 X Avaup M ¢
AD M) waLys

NI ¢ (M)c,
s M oN BAm T, ‘ g
oN ALL 4

WALTS  AdiD Accupgs.

RS M) et s ) « InF
XEND. L) .
NS WEANS GiTHER () X NOT A YALID ENwowg or
(60) 32¢4) AuD M DOES Mor acce ey SLANK. TF ), TheN {(x)ex
N KON IR IF () THEeN O acckeTs o6 STRWg s
%o Wb, M THS  P(00)e cu) g Ve



(@) To sHow IMF WOT RE, WE WiLL SKOW KB <, iFF
THIS IMPLIES 6 4 INF.

{on%

Q) IF % NOT A VALID TM ENLDING §O): <M*)
where M® is soME TM ACEPTING ‘ALL INPUTS

b) oTHERWISE %= <MD, LET C(<M>)=<H'),waﬁk€
M 15 As FOLLOWS.

- M SIMULATES M ON BIANK TAPE ForR ||
STEPS
- If M WALTS W 1«) STEPS, M’ RETECTS
OTHERWISE M n«errs 4.

CLAIM § 15 COMPUTABLE AND x¢HB & 6(x) € InF

©If X 15 NOT A VALIDO ENWDING, XEHB
and () § TNE

oIt x 5 A VALID ENCODING X :{M) :

O THEN X HALTS ON BLANK ‘AT TemE t
IMPLIES THAT M AKEPTS EXACTLY THOSE
STRNGS OF LENGTH <t THVS UM') 1S FINTE

b) £F x DOES NOT WALT ON BLANK TAPE (EVER)
TMEN M AKGITS ALL STRINGS.
THUS  LUM') 15 INFINITE.




