r

ARG S=ANES S e e
/

EQUWALENCE wm\ OTHER Moosl.s

o fAR WE HWAVE PRESENTED SOME VARMNTS OF
nE BASIC TM MODEL AND WAVE SWOUN THEM TO BE

GOVIVALENT N POWER.

RPOSE COMPUTATIONAL MODBLS ALL SHARE

GENERAL PV
gSsENTIAL fG/U RES OF TMS: UNLIMITED Mep\om,

WAT ALL MODELS WITH THAT

4t TRNS OUf T
KATORE ARE EQUWALENT N POWER, ASSUMING A

few REASON ABLG REGUIREMENTS,

qus LEADS US TO THE FAMOUS CMURCH-TVRING THESIS

inuwt Nonod OF ALGORITHMs = fM,Acgocmms\

BECAUSE “INTUIMVE NOTION of AL’cmm" 5 VY mcuoucy
De $NED, 3T 1S A THESIS NOT A TIEOREM,
gut rr 1 TRUE FoR. ALL CURRENT MODELS OF

OMNTATION.

From Now ON WE AKEPT THE ABOVE TNES)s
ALPRVIAM = TM ALORITHM.



ENCODING TURING MACHINES 8y BiNARY SIRINGS

WE WANT TO ASSOCIATE A BINARY NVMBER wIiTH BACH
TURING MACHING AKEPTING A LANGUAGE OVER Z°%o,13.
WERE 15 oNE WAY TO DO THIS,

;, a(
M = (G l%uz‘.‘, ,GM’S Z’-!oﬁ Maixx,.. ¥§

S, i"%"%’)

wamr dxeer REIECT

MSUME AN ORDERING OF THE UNDERLYING STATES
AND TAPE SymeoLs. LET *C° B6 0, , °R' BE D,.

WE REPAESENT 3(15 )xJ)_. <QK )x*’b'n) 'Y.
d10'1010'10"

TRE BINARY CODE FOR M Is:
Mcode, I code, il code ... 1 code N1

WHSRE C(ODE;, 1S THE CODE FoR ONE OF THE TRANSITIONS,

sumne Me{0r1q,q,q,, 210,13, P C AR ,fz..,*l;)
KRN

SCq,, 1) >(g,,0,0) 0,4010°2010, =cie,
$(q, 0) (4,1, k) 0,101010°10° ride,
(g, 1) (1,0, R) 010°10°10 10" :+coile,
CodE fOR M: :

<M) = Mlcode, 11 code, 11... 111



A UNWERSAL TURING MACHINE

A ONWERSAL T)\mmb MACAINE (L TAkBS AS iNPuT A
STRING <M W |

Allcede L. .3lc0de, 114w
WWERE <M W) ENCODES A TVRING MACHINE M OVER
2101}, FOLLOWED 8Y A STRNG wé %0.1T* .

U AccErTs <M, w)> IF AND ONLY IF M oN W ACEPTS.

™ NOTE THAT IF M DOES NOT ACCEPT W, TWEN U MAY NoOT
HALT onN <M, w)

'i( w) M S A TURING MACNINE AND
A A | M ACCEPTS W 3

TREOREM A, 15 RECURSIVEL ENUMERABLE.

PRooF skexh  WE WILL CREATE A 3 TAPE TM , U,

oN INPUT <M. W), L WILL SIMULATE M ON W,

eIF M NALTS AWD RETECTS W THEN U HALTS Au& KEJ;CTS
w
eIF M WALTS AND ACEPTS W THEN U AKEPTS M w)

. 3¢ M DOES NOT WALT 6N W TNEN U DOES NGT HALT ON <M,w)

Wi6H LEVEL DESCRIPTION OF W oN <M w)

0) INRIALLY <M w> ON TAPE 1

i code, || code  il.. liwduuw..: “TAPE
L'qu K TAE 2
l%ﬂ"" : - TAPE 3




© oMck IF <MwWd 6 A VALD ENCODWE. IF NOT, RETECT
. VALID CODES BEGIN WiTh *111” AND EM wan *111
FOLLOWED &Y w
* BETWEEN "111" TT WA THE TORM K iix 1.4
WMERE % 100ks LKE O 10°1¢ 10820, meter 2

o TRANSITION FONCTION SPECIMED BN Y '¢ 15 COMPLETE

@ INTIALIRE TAPE 2 1o conTAN fiw
@ INITIALIRE TAPE 3 To cONTAN fo (q, 1N mivARY)

@ WINALITE TAPE 1 7o HoLo <A), with & AFTER ot

[t1theode, $1¢ode, T T w.. 4/

18w _—u~ .

W’

- ® vwereat:
~IF TME 3 WoL08 Y000  WALT AND REJIECT
=If TAPE 3 WoLDS RO , WALT AN® AKEST
- =LET SE SYMBOL SKANNED Py HEAD 2, AND LET
BE (OMENTS of TAPE 3
TSCAN TAPE 1 FROM ¢ To ‘' L00KING FOR STRWG
BEQONWE WiTW  10't. say 1 ooks LkE 610 1d 0N

“PuT " oN TAME 3, waire ¥, on TAPE cew

SCANNED BY HEAD 2, AND MOVE WEAD 2 AccoROWG
T0 msler o (L oR pR),




UNDECIDABILITY

Now WE ARE READY TO swow THAT THERE Is A
LANGUAGE L OVER 10170 THAT 1S NOT RE. (RECWRSIVELY
ENUMERABLE)

WE RAVE ALREADY SEEN TWAT EACH TM CAN RE
REPRESENTED BY A UNIQE BINARY NUMBER. ‘
TWEREFORE T IS POSIBLE TO ORPER ALL TM S
oveR L *}o\% :

T T, Ty = o

WHERE T, <T, IF THE CODE FoR T, (Mi)
IS LESS THAN THE CODE FOR ‘1;5 (My).

‘WE CAN ALSO ORDER ALL BWARY INPUTS
W, W, Wy
€ 0 | 00 Ol 10 1\

DEFINE LD=SLNL | w, s THE ™ BINARY  PUT

AND T [ THE ™ TuRING MACHINE
DOES NOT ACCEPT w; 3

THEDREM L, 1s woT REcuns‘vst\{ ENUMERABLE




PROOF SKETCH

CONSTRUCT THE TABLE RELoW. HORIZONTAL AXIS IS

LABELLED WITH ALL BINARY WPUT STRINGS (N ORPER)

VERTICAL AX)S 1S LABBLLED WITH AL TM: (N ORDER).

ENTRY (i) HAS VALUE 1 \F Ty MRETTS W,
AND \-\AS VALUE O OTHERWISE

* Lo WiLL NOT BE AKEPTED BY ANY OF THE
‘\)RlNG- MACRINES (N THE TABLE BECAUSE

FOR EVERY (| T GIVES THE WRONG ANSWER
(DifFers FROM L) ON W, .

A
Vl "l w& !’[ \ﬁls? I —_
T.] O | o | |
‘Tn’_ ' o O O ¢ o
Twa| O
Tugl O \
“THE ONE'S
OF THS ROW
CORRESPOND TO
TRE LANGUAGE
|

AEPTED BY T

e

ENTRY (4,2)
s 0, S0 My DOES
NOT AKEPT 0




P/AGONALIZATION

THE PREVIOUS PROOF 1S AN EXAMPLE OF CANTOR's
BIAGONALIZATION METHOD, OR\GINALLY VSED To PROVE
TRAT THERE 1S NO | ONTO FUNCTION FROM IN

To . W 183 1%

Defn A seT s 1S COUNTABLE IF § 5 FINITE R THEAE
IS A *l ONTO FUNCTION FROM WN TO S.

THEQREM R_(THE REAL NUMBER) ARE NOT (QUNTABLE

ASSUME FOR SARE OF CONTRADICTION THAT R IS
CooNTABLE. LET £ BE A 1-] ONTO FUNCTION FROM N TO R..
EACR xeR_ S UNIQUELY REPRESENTED BY A DECIMAL

€. X =0.428200-, T =3.1152%~ ARE BoTH N K
CONSTRUCT THE FOLLOWING TABLE PASED oN € -

n | f{n) truncoted to digits after deamal
t{.14159 £G)= 344189
21 .56565 f(D)= 5.5 -
3112 34 $(3) = 555.123 4
41 . 50\00 ekc.

5 . LIS' ¢ e en"""d “’)bz

Value of ™ dwgit otter deamal w r(t)

let X,=0X,%, ¥, ¥~ BE A REAL NUMBER WNERE

xF =1 F evtTry ({1)AZ
L 13 1F enTRY )=

X, 1s A REAL NUMBER AND Vi, $() % ¥y
Twis 1S BECAUSE FoR EACW | #) DIFFERS
FROM ¥, ON THE D\GIT ¥,. CONTRADKTION.

~TWS R IS NOT (OLUNTABLE (SNCE R ALSO NOT FINTE)
| »




oot U *fuwlw; u me & earty strive WD
T MERS W

1S NOT RECURSVE (3uT » RE)

PROOF
SOPPOSE T, 1S RECURSIVE FOR SAKE OF (ONTRADICTION.

TAEN SOME TM M AKEPTS [, AND ALWANS HALTS,
CONSTAUCT M' FROM M: M ACCEPB AND HALTS ON X
\F AND ONLy IF M HAUS AND REJECTS %

M' ALWAYS WALTS AND AGENTS Ly
BUT THIS ONTRADWTS THE FACT TRAT LD IS NOT RE.
s. L, s NOT RECRSWE.

GONBLAL LEMMA L NOT RE =P L NOT RECVRSIVE.

IaseEM A cTMW) | THE ™M EncpED BY M
ASEITS Wi

1S N6 REWASWE BV S RE.

PRoOF WE WL stow THAT A, s NOT REWRSWVE

- 8y REDUVCLWG Ly To A,.

WE \vm.i. DEFINE A (ODMPUTABLE FUNCTION §
From € 10 & SuCh THAT xeT) WFF f(0e A3

QVEN W =x , COMPUTE <(T,), THE
ENCODWE OF THE ™ TM.

) 2 (T, W)

Now SUPPOSE TRAT Am 1S RECURS\VE fBR SAKE OF (oNTRADKIG

LET M ALWAYS WALT AND AKEM Ay ONSTRUA M FROM M
M’ RKEPFS AND WALIS ON R 1TF M AQEPTS £0c). OTHERNISE M
WAL AND REIJECTS x. NOW M ALWAYS RALTS AND AURITS T -- CONTRADICTION, |




