Definition 1

A function or a mapping from A to B, denoted by f : A — B is a
relation from A to B in which every element from A appears exactly
once as the first component of an ordered pair in the relation.
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Definition 1

A function or a mapping from A to B, denoted by f : A — B is a
relation from A to B in which every element from A appears exactly
once as the first component of an ordered pair in the relation.

Let A={1,2,3,4} and B = {2,4,5}.

a) Ri ={(1,2),(2,4),(3,4),(4,5)} A function from A to B
b) R, ={(1,2),(2,4),(2,5),(4,5)} Not a function
c) Rs=1{(1,2),(2,4),(4,5)} A function from {1,2,4} to B
d Ryk=AxB Not a function

Notation

We write f(a) = b when (a, b) € f where f is a function.
We say that b is the image of a under f, and a is a preimage of b.
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Notation

Let f : A — B be a function from A to B. The set A is called the
domain of f, and the set B is called the codomain of f. The set
f(A) = {f(x) | x € A} is called the range of f.
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Notation

Let f : A — B be a function from A to B. The set A is called the
domain of f, and the set B is called the codomain of f. The set
f(A) = {f(x) | x € A} is called the range of f.

Let A={1,2,3,4} and B={v,w, x,y, z}.
Let £ A— B be f = {(1w),(2,7), (3.y), (4 2)}.

a) The domain of f is {1,2,3,4}. ov
b) The codomain of f is {v,w,x,y, z}. 1O\>~ow
c) The range of f is 20 ox
F(A) = £({1,2,3,4}) 3°§oy
={f(1),1(2),7(3). f(4)} 40— o,

={w,y,y,z} ={w,y, z}
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Let P = {Justin, Britney, Joey, Christina, Jessica, Kevin, Kelly, Nick,
Sarah} and let S = {man, woman}.
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Let Gender : P — S be

Justin
Britney

Joey\,man
Christina
Jessic
Kevin
Kelly woman
Nick

Sarah
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For any sets A and B, the number of functions from A to B is |B|I
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Theorem 2

For any sets A and B, the number of functions from A to B is |B|/A!

Proof. Let A= {a;,a,,...,a,} and B={by,by,...,bn}. A

function f assigns each element a; of A an element b; = f(a;) of B;

there are m possibilities for each element of A, hence by the rule of

product, we have m-m-...-m= m" = |B|"l possible functions. [
—_——

n
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a) There are ? relations from A to B.
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Theorem 2

For any sets A and B, the number of functions from A to B is |B|I

Proof. Let A= {a;,a,,...,a,} and B={by,by,...,bn}. A
function f assigns each element a; of A an element b; = f(a;) of B;
there are m possibilities for each element of A, hence by the rule of
product, we have m-m-...-m= m" = |B|"l possible functions. [
Let A={1,2,3,4} and B={v,w, x,y,z}.

a) There are 2/AlIBI = 220 — 1 048, 576 relations from A to B.

b) There are |B|Al = 5* = 625 functions from A to B.
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Definition 3

A function f : A — B is one-to-one or injective if each element of B
appears at most once as the image of an element of A.

A function f : A — B is onto or surjective if f(A) = B, that is, each
element of B appears at least once as the image of an element of A.
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Definition 3

A function f : A — B is one-to-one or injective if each element of B
appears at most once as the image of an element of A.

A function f : A — B is onto or surjective if f(A) = B, that is, each
element of B appears at least once as the image of an element of A.

Let f : Z — Z be a function defined as f(x) = 3x + 7.
f={..,(-3-2),(-21),(-1,4),(0,7),(1,10), (2,13),.. .}
a) f is injective

Suppose otherwise, i.e., f(x) = f(y) for x # y

fix)=fly) = 3x+7=3y+7=3x=3y =x=y 0O
b) f is not surjective

For b = 2 there is no a such that f(a) = b, thatis, 2=3a+7
holds for a = —g which is not in Z.
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For any finite sets A and B, the number of one-to-one functions from
Ato B is = P(|B|,|A])

(IBI \AI)'
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Theorem 4

For any finite sets A and B, the number of one-to-one functions from

A to B is rgioham = P(IBI, |A])

Proof. Let A={aj,a,...,a,} and B={by, by,...,by}. A
one-to-one function f assigns each element a; of A a distinct element
b; = f(a;) of B; for a; there are m choices, for a, there are m — 1
choices,. . ., for a, there are (m — (n — 1)) choices.

Hence by the rule of product, we have

m! |B|!
m(m—1)...(m—(n—1)) = = P(1BI, |A])
‘ ~ 2" (m—n)l — (BI-[A)
injective functions from A to B. O
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Formal notation (optional - good for proofs)

A relation f from A to B is a function if
Vxe Adye B[ (x,y) € f]
Vx e AVy,ze B[ (x,y)ef N (x,2) ef = y=12z]

A function f : A — B is injective if
x,y € Alf(x) =f(y) = x=y]

A function f : A — B is surjective if
VyeBaxeA[f(x)=y]
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