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Abstract. Multiple-valued logics can be effectively used to reason about incom-
plete and/or inconsistent systems, e.g. during early software requirements or as
the systems evolve. We specify multiple-valued logics using finite lattices. In this
paper, we use lattice representation theory to cast the multiple-valued model-
checking problem in terms of symbolic operations on classical sets of states,
provided the lattices are distributive. This allows us to partially reuse existing
symbolic model-checking technology and improve efficiency over previous im-
plementations that were based on multiple-valued decision diagrams.

1 Introduction

Multiple-valued logics provide an interesting alternative to classical boolean logic for
modeling and reasoning about systems. By allowing additional truth values, they sup-
port the explicit modeling of uncertainty and disagreement. For these reasons, they
have been explored for a variety of applications in databases [19], knowledge represen-
tation [20], machine learning [24], and circuit design [22].

A number of specific multi-valued logics have been proposed and studied. For ex-
ample, Lukasiewicz [23] first introduced a three-valued logic to allow for propositions
whose truth values are ‘unknown’, while Belnap [1] proposed a four-valued logic that
also introduces the value ‘both’ (i.e. “true and false™), to handle inconsistent assertions
in database systems. Each of these logics can be generalized to allow for different lev-
els of uncertainty or disagreement. In practice, it is useful to be able to choose different
multi-valued logics for different modeling tasks.

The motivations that led to the development of these logics clearly apply to the
modeling of software behaviour, especially the exploratory modeling used in the early
stage of requirements engineering and architectural design.

— We need to allow for uncertainty — for example, we may not yet know whether
some behaviours should be possible;

— We need to allow for disagreement — for example, different stakeholders may dis-
agree about how the systems should behave;

— We need to represent relative importance — for example, in the case where some
behaviours are essential and others may or may not be implemented.

For reasoning about dynamic properties of systems, existing modal logics can be
extended to the multi-valued case. Fitting [17, 18] suggests two different approaches
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Fig.1. (a) 2, the classical logic lattice; (b) 3, a 3-valued logic lattice, representing uncertainty;
(c) 2x2, a 4-valued logic lattice, representing disagreement; (d) the 5-valued lattice, representing
disagreement with “unknowns”; (e) a lattice 3X 3.

for doing this: the first extends the interpretation of atomic formulae in each world to
be multi-valued; the second also allows multi-valued accessibility relations between
worlds. The latter approach is more general, and our work on logic in this paper is
somewhat similar to his. Three-valued logic has received most interest. It has been
shown to be useful for analyzing programs using abstract interpretation [9, 25], and
for analyzing partial models [3, 4]. Bruns and Godefroid also proved that automata-
theoretic model-checking on 3-valued predicates reduces to classical model-checking.
In our recent work [8], we showed that this result extends to many-valued logics, where
the values form a total order (e.g., “True”, “Likely”, “Undecided”, “Unlikely”, “False”).
Work has also been done on deciding a more general class of multi-valued logics. In
particular, the work of Hahnle and others [21, 27] has led to the development of several
theorem-provers for first-order multi-valued logics.

This paper deals with symbolic model-checking for multi-valued logics. In our ear-
lier work [10, 7], we identified a useful family of multiple-valued logics, known as the
quasi-boolean logics [2] (or de Morgan logics [15]). A quasi-boolean logic has truth
values that form a finite lattice, with a negation operator chosen such that the nega-
tion of each value is its image under horizontal symmetry. Conjunction and disjunction
are defined as meet and join in the lattice, respectively. A few quasi-boolean logics are
represented in Figure 1. Classical logic, referred to as 2, is given in Figure 1(a). The
lattice in Figure 1(c) represents possible disagreement between two views: TT and FF
represent unanimous agreement on true or false; TF and FT, two possible types of dis-
agreement. The lattice in Figure 1(d) represents disagreement when some information
is not known by either view. This sometimes happens when merging two partial views,
represented by state machines. Suppose that a state s is present in one state machine,
but a variable v is not. Suppose further that the variable v is present in the other state
machine, but the state s is not. Then neither state machine can give the value for vari-
able v in state s. Such situation requires introduction of a new logic value, “unknown”,
represented in Figure 1(d) by value UU [16].

We are interested in building a model-checker that takes as its input a particular
quasi-boolean logic, represented as a lattice of truth values (£,E), a state machine
model, represented as a multiple-valued Kripke structure, and a temporal logic prop-
erty expressed in CTL enriched with multiple-valued semantics, and returns the truth
value that the property has in the initial state(s) and a counter-example, if applicable.
Success of symbolic model-checking in a given domain (probabilistic, multiple-valued,
timed, etc.) depends on being able to create efficient algorithms for manipulating the
sets of states in which a property holds. We need to calculate union, intersection, com-
plement, and backwards reachability (for computing predecessors). For model checking




in a given multiple-valued logic, we can treat these as operations over multiple-valued
sets: sets whose membership functions are multiple-valued.

We have explored a number of choices for efficient computation of these operations
over multiple-valued sets in our previous work:

— We can use MDDs, the multiple-valued extension of binary decision diagrams [5],
as a canonical representation of the multiple-valued membership function. A multiple-
valued model-checker based on MDDs is described in [7].

— We can represent the multiple-valued set as a collection of classical sets, one for
each value of the logic. This approach has been taken in [10], using a Multiple-
Valued Binary-Terminal Decision Diagram (MBTDD) [13] to represent each set.
Clearly, multi-valued logics with a finite number of values do not add expressive

power to the modeling. However, in many cases they produce a significantly smaller
state space then the alternative approach of introducing additional boolean predicates.
Still, the above approaches suffer from a fairly high running time (O(|£| 3" x h x |p|,
where h is the height of the lattice representing the logic, |£| is the number of logic
values, |p| is the size of the formula under analysis, and n is the number of atomic
propositions in the system), and we are interested in further optimizations of the model-
checker.

In this paper, we describe a third alternative. We represent the multiple-valued sets
as a collection of classical sets, but exploit a result of lattice theory to reduce the number
of such sets that we need to represent. In a distributive lattice, any element of the lattice
can be represented uniquely as the join of a subset of the join-irreducible elements
of the lattice. This provides us with a compact encoding of the multiple-valued set
membership function. This encoding supports efficient computation of the necessary
set operations, and hence significantly reduces the running time of our model-checker.

The paper is organized as follows: Section 2 introduces multiple-valued sets and
multiple-valued set operations, whereas Section 3 shows how to represent these using
join-irreducible elements of the lattice describing the logic. We review semantics of
multiple-valued CTL and multiple-valued Kripke structures, and present the model-
checking algorithm in Section 4. We compare the performance of this model-checker
with our previous multiple-valued model-checkers [7, 10] in Section 5 and conclude in
Section 6.

2 Multiple-Valued Sets

2.1 Quasi-Boolean Logics

Our approach to modeling makes use of an entire family of multi-valued logics. Rather
than giving a complete axiomatization for each logic, we simply give a semantics by
defining conjunction, disjunction and negation on the truth values of the logic, and
restrict ourselves to logics where these operations are well-defined, and satisfy commu-
tativity, associativity etc. Such properties can be easily guaranteed if we require that the
truth values of the logic form a lattice. The partial order operation a C b means “b is at
least as true as a”. Conjunction and disjunction of L are defined as M and LI (meet and
join) operations of (£, C), respectively. In defining negation, we decided that involu-
tion (——a = a) is essential, whereas the laws of non-contradiction (—~a A a = 1) and
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Fig. 2. A finite distributive non-quasi-boolean lattice.

excluded middle (—aVa = T) are not. The resulting family of multiple-valued logics is
known as quasi-boolean logics [2]. A quasi-boolean logic L has truth values that form
a finite quasi-boolean lattice (£, C).

Definition 1. Afinitelattice (£, C) is quasi-boolean [2] if there exists a unary opera-
tor — defined for it, with the following properties (a, b are elements of (£, C)):

=(aMb) ==-alU-b (DeMorgan) -—a =a (= involution)
—(alb) =—am-b aCb& —ad-b (- antimonotonic)

Thus, negation is defined as the = operator of (£, C).
In this paper, we additionally assume that (£, C) is distributive, i.e.,

al®ne)=(alb)M(alc) aN(bUc)=(anbd)U (aMec) (distributivity)
Many lattices that we encounter in practice are distributive. For example, lattices in
Figure 1(a),(b),(c),(e) are distributive. However, the lattice 5 in Figure 1(d) is not dis-
tributive®. Furthermore, not all finite distributive lattices are quasi-boolean. Consider an
example in Figure 2. This lattice also represents levels of disagreement: T, DK (“don’t
know™), DC (“don’t care”), UL (“unlikely”), VL (“very unlikely”) and F. However, val-
ues UL and VL do not have counter-parts satisfying our definition of quasi-complement.

2.2 Définition of Multiple-Valued Sets

We now define the concept of multiple-valued sets over quasi-boolean lattices and give
their operations. In classical set theory, a set is defined by a boolean predicate, also
called a membership function. Typically, it is written using set comprehension notation:
a predicate P defines the set S = {z | P(x)}. For instance, if P = Az € Z : 0 <
x < 10, then S is the set of all integers between 0 and 10 inclusive. If, instead of using
a boolean membership function, we allow the membership function to range over a
lattice, we obtain a multiple-valued set theory in which it is possible to make statements
like “element z is more in set S than element y”. We call the resulting sets mv-sets.

Given a lattice L = (£, C), we define a multiple-valued set theory relative to it. For
an mv-set S, and a candidate element z, we use S(z) to denote the membership degree
of = in S. In the classical case, this amounts to representing a set by its characteristic
function.

We can use the 4-valued lattice representing disagreement (Figure 1(c)) to represent
disagreement over membership of the set of years of the second millennium, as shown in

! We address handling of these lattices in Section 6.




{1001,...,1999}
{1000} {2000}

{..999,5001...}

Fig. 3. The 4-valued set of years in the second millennium.

Figure 3. In order to graphically depict an mv-set, we use the structure of its underlying
lattice, but replace each element with the set of elements which take on that value in the
mv-set. “Pedants” insist that a millennium begins on the year ending in 1, so to them
1000 is not in the set, but 2000 is. However, “partiers” wanted to celebrate the start of
the third millennium in 2000, and so claimed that 1000 is in the second millennium, and
2000 is not. Let (vy,v2) represent the tuple of answers that Pedants and Partiers give to
a question of membership of a given element in the second millennium. Then TT is the
value for all elements of {1001, 1002, ..., 1999}, TF is the value for 2000 (Pedants say
“yes”, whereas Partiers say “no”), FT is the value for 1000 (Pedants say “no”, whereas
Partiers say “yes”), and they agree that no other years belong to the second millennium.

We extend some standard set operations to the multiple-valued case by lifting the
lattice meet and join operations, as follows:

(SN, S')(z) £ (S(z) NS (z)) (Multiple-valued intersection)
(SU §")(z) 2 (S(z) U S'(x)) (Multiple-valued union)
S =8 2Vz:(S(x) =S"(z)) (Extensional equality)

It is easy to verify that if L is 2, the two-valued lattice representing classical logic (Fig-
ure 1(a)), then the membership function is a boolean predicate, and the set operations
are simply standard set membership, union, and intersection. If L is the interval [0, 1],
ordered by the usual < relation on real numbers, then we obtain fuzzy set theory [29].
The fuzzy-set lattice is infinite, but complete.

Hence forward, we will restrict ourselves to finite and distributive quasi-boolean
lattices. These are complete, so we can extend the notion of set complement to the
multiple-valued case, by defining it in terms of the quasi-complement of L, and denot-
ing it with a bar:

S(z) 2 =(S(z)) (Multiple-valued complement)
We then obtain the expected properties:

Su,S=5n.5 (De Morgan 1)

SN, S =5u, 5 (De Morgan 2)
SN, (TU, V)=(SN, T)U, (SN, V) (Distributivity 1)
SUL (TN, V)=(Su,T)n, (SuU, V) (Distributivity 2)

Since our sets, either classical or multiple-valued, are subsets of some U, we denote
the classical complement of a set S as U'\ S. For model-checking, U will be the set of
all states of a model.

We now define some additional concepts for mv-sets that are not needed in the
classical set theory:

Definition 2. Support, Core, ¢-cut, and ¢-clip of a multi-valued set, S:
(S) 2 {x | S(z) # L} (Support)
C(S) 2 {z|S(x)=T} (Core)
1.(S) 2 {x | £C S(x)} (L-cut)
be(S) 2 {z|S@) T (Eclip)

All of these operations create classical sets. Support, cut, and core are standard concepts
from fuzzy set theory [29]; clip is a new operation, which we shall need to prove some
later result. Following the conventions of fuzzy set theory, we identify an explicit uni-
verse of discourse U, rather than use an undefinable set of all possible entities. Mv-sets
can be thought of as functions from elements of U to the underlying lattice; therefore,
U =1.(S).

Consider the example 4-valued set of Figure 3. By inspection, we can see that
C(S) = {1001,...,1999} (all the years agreed on by both groups), ¢(.S) = {1000,...,
2000} (all the years considered by either group), and 1} +~(S) = {1001, ..., 2000}, the
second millennium according to the Pedants.

2.3 Multiple-Valued Relations

Now we extend the concept of degrees of membership in an mv-set to degrees of relat-
edness of two entities. This concept, formalized by multiple-valued relations, allows us
to define multiple-valued transitions in a state machine models.

Definition 3. A multiple-valued relation R on two sets .S and T is an mv-subset of
S x T'. The forward image of an mv-subset ) of S under R is

F(R,Q) £ xt. | |(Q(s) N R(s,1)

sES
and the backward image B(R, Q) of an mv-subset ) of T' is

B(R,Q) £ Xs. | |(Q(t) N R(s,1)

teT

Given an mv-subset of S, its forward image under the relation R is an mv-subset of 7",
likewise, an mv-subset of 7" has an mv-subset of S as a backward image.

3 Efficient Representations of Multiple-Valued Sets

Having defined mv-sets, we now address an efficient implementation of the mv-set
operations when the underlying lattice is finite and distributive. We represent each mv-
set compactly using the cuts of the join-irreducible elements in the lattice. In this section
we review the concept of join-irreducibility and show that the join-irreducible encoding
allows for efficient implementation of the mv-set operations and efficient recovery of
the full mv-set.




3.1 Join-Irreducibility

Definition 4. [12] An element j in £ isjoin-irreducible iff j # L and for any z and y
inL,j=xzUyimpliesj =z or j = y. Dually, an element m is meet-irreducible iff
m # T andforanyz andy, m =z Ny impliesm = z or m = y.

In other words, j cannot be further decomposed into the join of other elements in
the lattice, and m cannot be further decomposed into the meet of other elements in the
lattice, just as prime numbers cannot be further factored into the product of other natural
numbers. For example, the join-irreducible elements of the lattice 3x3 in Figure 1(e),
shown in bold, are {MF, TF, FM, FT}. We denote the sets of all join-irreducible and
meet-irreducible elements of a lattice L by 7 (L) and M(L), respectively.

We will use join-irreducibility to provide us with a kind of “prime factorization”
for mv-sets. Every lattice element of a finite lattice can be defined as a subset of join-
irreducible elements:

Theorem 1. [12] Let £ be any elementin alattice (£,C). Then¢(=| |[{j€ J(L) | jC
(}.

For example, in the lattice shown in Figure 1(e), TT = | |[{MF, TF,FM,FT}, TM =
L{MF, TF,FM},FF = | |§, and so on.

Lemma 1. [12] Let j, 2, and y be elementsof a distributivelattice (£, C), with j being
join-irreducible. Thenj Cz Uy iffjCzorj Cy.

Lemma 2. Let ¢ be any element of a quasi-boolean lattice (£, C). Then
{-z|zelLlCz}={z|zecliaT L}

The above two lemmas describe properties of join-irreducible elements that we ex-
ploit in our representation of mv-sets. Note that Lemma 1 only applies to distributive lat-
tices, and Lemma 2 uses the — operator that we defined for quasi-boolean lattices. From
here on we will assume all our lattices are distributive quasi-boolean lattices. All proofs
are omitted in this version of the paper due to space limitations. For proofs of Lemma 2
and other non-trivial results, please refer to the extended version of this paper available
athttp://www.cs.toronto.edu/ chechik/publications.html.

Definition 5. Let X bea subset of £. Then

UX if UX e X
undefined otherwise

nx if NXeX

. A
max(X) = { undefined otherwise

min(X) £ {
Definition 6. Up-sets and down-sets of |attice elements are defined as follows:

te2{z|zelL (Ta} (Up-setofl)
VA {x|zecL,aCt} (Down-setof£)

{1000} {2000} it it {l& /{2000}
@) {...999,2001...} (b) {1001, 1003, ... 1999} (c) {1001, 1003, ... 1999}

Fig.4. (a) The 4-valued set of years in the second millennium (same as Figure 3); (b) The even
numbers between 1000 and 2000, represented as a 4-valued set; (c) The mv-intersection of the
two sets.

3.2 Encoding mv-sets Using j-cuts

Given that we can represent any element of a lattice using the join-irreducibles below it,
we proceed to encode mv-sets using the collection of j-cuts for j € 7 (L). We will show
that the j-cuts of an mv-set contain sufficient information to rebuild the original mv-set,
and prove that all the necessary operations for symbolic model-checking — intersection,
union, complement, and backward image — can be easily carried out in this encoding,
provided the lattice is distributive.

Ouir first result, which follows trivially from Theorem 1, states that the membership
degree of an element in an mv-set is the join of all join-irreducibles whose cuts contain
the element.

Theorem 2. For any mv-set S with underlying lattice L,
S(x)=| [{ilieT(L),xe(S)}
We now define the operations over mv-sets in terms of operations over their j-cuts.

Theorem 3. The ¢-cut of a multiple-valued intersection is the intersection of the ¢-cuts
of the individual mv-sets. For j € (L), the j-cut of a multiple-valued union is the
union of the j-cuts.
Vee LA, (SN, T)=1.(S)N1.(T) (Cut-intersection)
Vie J(L) A, (SULT)=1,(S)UM,(T) (Cut-union)

As an example, consider the two mv-sets shown in Figure 4, parts (a) and (b). The
TF-cut of their mv-intersection should be the same as the (classical) intersection of the
TF-cuts. By inspection, the TF-cut of part (a) is {1000, . .., 1999}, and that of part (b) is
{1000, 1002, . ..,2000}, with the intersection {1000, 1002, ...,1998}. The TF-cut of
the mv-intersection of (a) and (b), shown in part (c), is {1000, 1002, . .., 1998}, which
is indeed the same as the intersection of the individual TF-cuts of these mv-sets. It is
easy to check that the same holds for other j-cuts. Theorem 3 is the fundamental result
that we will use throughout the remainder of this paper.

Formulation of complementation uses two observations. First is a trivial corollary of
Lemma 2, indicating that multiple-valued complement turns each j-cut into a —j-clip:

Lemma 3. Each j-cut of an mv-set, .S, isthe —j-clip of the complement of S:

ﬂj (S) = Uw‘ (?)




Second, every up-set of a join-irreducible, j, is the complement (in the lattice) of the
down-set of some meet-irreducible m:

Lemma4. Inall distributive lattices L = (£, C) there exists a bijection f : J(L) —
M(L) such that, for all join-irreduciblej, + j = £\ | f(j).

It follows that for an mv-subset S of some universe U, 1;(S) = U\ U, (S). We use
this to construct the j-cut of a multiple-valued complement of an mv-set:

Theorem 4. Let S be an mv-subset of some U, based on a lattice L = (£,C), and let
j € J(L). The j-cut of the multiple-valued complement of .S is the classical comple-
ment (inU) of the f =1 (—j) cut of S: 1, (S) = U \ t,-1., (S).

Finally, we demonstrate that the j-cuts of the backward image of an mv-set under a
multiple-valued relation are simply the backward images of the j-cuts of the relation:

Theorem 5. Let R be a multiple-valued relation on S and T', and ) be an mv-subset
of 7', with the same underlying lattice. Then

1, (B(R,Q)) = {s| Gt ef; (@) : (s,1) €ft; (R))}  (Cut-reachability)

These results allow us to represent each mv-set compactly as a family of its j-cuts.
Theorem 2 guarantees that this representation of mv-sets preserves all information; it
also tells us how to recover mv-set membership from the j-cuts.

The advantage of this representation is in the computation of multiple-valued inter-
sections and unions. If mv-sets were represented by families of pieces, i.e., indexed by
all lattice values, then intersection and union would both take as many as O(|£| ) clas-
sical set operations. In contrast, the cut-intersection and the cut-union theorems imply
that our representation requires just O(|.7 (L)|) classical set operations.

4 Multiple-Valued Model-Checking

In this section we review multiple-valued Kripke structures, which we call XKripke
structures, and multiple-valued CTL (XCTL). We then outline a model-checking algo-
rithm based on cuts of join-irreducible lattice values.

4.1 Semantics

A state machine M is a XKripke structure if A/ = (S, So, R, I, A, L), where:

— L is aquasi-boolean logic represented by a lattice (£, C). L provides the lattice for
all mv-sets in the model.

— A is a (finite) set of atomic propositions, otherwise referred to as variables. For
simplicity, we assume that all variables are of the same type, with values ranging
over the values of the logic L.

— S is a (finite) set? of states; each state is identified by a unique (within A7) label s.

— Sp C S is the non-empty mv-set of initial states.

2 S'is a classical set, but it can also be considered an mv-set where Vs : S(s) € {T,L}.

[a] £ (I(s))(a)
[ Al £ [e] N [¥]
[-¢] = [¥]

Lo vl £ [#] Uz [¥]

[EX¢] £ B(R, [¢])

[AX¢] 2 [EX~¢]
[EleU]] 2 [¢] Ur (Te] M. [EXE[pUy]])
[AleUI] £ [¥] Ur ([e] N [AXAlpUY]] Ni [EX AlpUy]]

Fig. 5. Semantics of XCTL operators.

— R is the multiple-valued transition relation. For each state s, there is at least one
(non-false) transition (s, t) € o(R), extending the classical notion of Kripke struc-
tures.

— I'is alabeling function that maps states in S to mv-subsets of A. Intuitively, for any
symbol a € A, (I(s))(a) = £ can be considered equivalent to the variable a having
value £ in state s.

This description of XKripke structures is that of our previous work [7], influenced by
notation used for fuzzy transition systems [26].

Now we review the semantics of XCTL operators on a XKripke structure A over
a quasi-boolean logic L. In extending the CTL operators, we want to ensure that the
expected CTL properties [11] are still preserved®. The semantics of XCTL operators is
given in Figure 5. We use the double-brace notation, adopted from denotational seman-
tics, and write ] to denote the mv-set of states representing a degree to which ¢ holds.
The semantics of the EX operator comes from our previous definition of backward im-
age (Definition 3). The definitions of AU, EU and AX are given using the properties
of CTL operators [11].

4.2 Multiple-Valued Model-Checking Algorithm

Our multiple-valued model-checking algorithm is shown in Figure 6. In this algorithm,
we encode state mv-sets and the transition relation for the model by their j-cuts. For
mv-sets, we use the following shorthand:

Lol = {1 ([eD) |7 € T(L)} (Al j-cuts)
Leli £ (LeD) (Single j-cut)

The structure of this algorithm is based on our earlier algorithm in [10]. The routine
Check(p) is the entry point, where p is the XCTL formula to be checked. It recurses
through p, associating each sub-formula ¢ with j-cuts (]¢]) of state mv-sets. The
handling of A and V follows from Theorem 3. The — operator is handled by the negation
function, based on Theorem 4. The next-state operators £X and AX are handled by
the pred function, based on Theorem 5; pred computes EX, and AX (¢) is obtained

% Note that the AU fixpoint is somewhat unusual because it includes an additional conjunct,
EX A[pU). This term preserves a “strong until” semantics for states that have no outgoing
T transitions in non-Kripke structures [6].




Check(p)

casep € A: return |[p|

case p = —p: return negation(|l¢])

casep=@A: Vje J(L): |result]j:= elin )i
return | result |

casep =@V Vje J(L): [result]j:= [eljVU [¥]j
return | result |

casep = AX . return negation(pred(negation(|L¢])))

casep = EX ¢: return pred(|Le])

case p = AfpUq]: return QUntil(A, [¢], L¥1)

case p = E[oU1]: return QUntil(E, ¢, [ 1)

negation(|L¢])

Vi€ J(L): [nlj =S\ (Lyl negls])
return [[n]

QUntil(Q, Lel, L¥])

LU = vl
repeat
LEXterm] := pred(|LQU|)
ifQ=A
LAXterm | := negation(pred(negation(| QU ])))
else Q=E
LAXterm] := S

Vi€ J(L): LQULj = Lyliu(Lelin LEXterm|j N [AXterm )
until | QU || converges
return | QU |

pred([Le])
Vje J(L): |result]j = {s|3t:t € |eljA(st) e |R]j}
return || result |

Fig. 6. The model-checking algorithm.

from =E X (—¢). Finally, EU and AU are fixpoints computed iteratively by the QUntil
function using the equations given in Figure 5.

In the negation function, a precomputed neg table is used for quick lookup of
f~1(=4), for any join-irreducible element j, as required by Theorem 4. It is precom-
puted from the constructive proof of Lemma 4 where f is specified: first find f using
f(j) = max(L\ 1), then fill in the neg table using neg[—f(j)] = j.

Theorem 6. Givena XKripkestructureand a XCTL formulap to model-check, Check(p)
inthealgorithmin Figure6 returns |[p|, i.e, {1, ([pl) | j € J(L)}.
4.3 Running Times

To determine the running time of this algorithm, we start by analyzing individual opera-
tions: union, intersection, complement and backward image. We use a Multiple-Valued
Binary Terminal Decision Diagram (MBTDD) [13] to represent each j-cut, denoting

| Operation | MBTDD-based | MDD-based

Uand N [7 (D) X MBT(n)? MDD(n)?
complement [T (L)| x MBT(n) MDD(n)
back. image||7 (L)| x (MBT(n) + MBT(n) x MBT(2n))|MDD(n) -+ MDD() x MDD(27)

Table 1. Running times for operations on mv-sets using MBTDDs with j-cut encoding vs.
MDDs.

the size of a MBTDD for n variables as MBT(n). The running time of each operation
on a Kripke structure is given in the middle column of Table 1, where n = |A|. For
example, Theorem 3 allows us to do a pairwise union of each of 7 (L) j-cuts, tak-
ing |7 (L)| x MBT(n)? operations. Computation of backward image for each of 7 (L)
MBTDDs consists of a disjunction (MBT(n) operations) of conjunctions (Definition 3)
between the formula (MBT(n)) and the transition relation (MBT(2n) operations).
Next, note that the computation of QUntil in the model-checking algorithm in Fig-
ure 6 dominates the running time, with each state changing its position in || QU || at most
h times, where h is the height of the lattice (£, C), so the maximum number of iterations
of the repeat-until loop is | S| x h. In each iteration, there are two pred operations, two
negation operations, and three unions and intersections. In the worst case, MBT(n) =

0(/£)'*171), so the running time of QUntil is O(|S| x h x |7 (L)| x |£*1*172).

Theorem 7. Given a XKripke structure (S, So, R, I, A, L) and a XCTL formula p, the
algorithmin Figure 6 terminatesin O(|p| x |S| x h x |7 (L) x |£|*4172) time, where
h isthe height of the lattice.

5 Evaluation

In this section, we compare the running time of the algorithm in this paper with those
of our earlier algorithms [7, 10]. Since the structure of the algorithms does not change,
the difference in performance is in the cost of the four operations on mv-sets: union,
intersection, complement and backward reachability.

In our first multiple-valued model-checker [10], we encoded each lattice value = as
a sequence of |£] bits, where bit z was on if z € L, and off otherwise. In this paper, we
encode a lattice value z using a bit for each j € J (L), whichis on only when j C z. It
is always better than the encoding in [10], and thus all operations are faster.

The righthand column of Table 1 lists the running times of the four operations for
the MDD-based representation of mv-sets that we used in [7]. We refer to the size of
an MDD on n variables as MDD(n). Running times for MDD operations are similar to
those for MBTDD operations; however, for a given mv-set, the MBTDDs representing
the j-cuts are usually smaller than an MDD representing the whole mv-set.

We can express the performance improvement of the model-checker in this paper
in terms of the ratio between the average size of an MDD and that of an MBTDD
for a given set of n variables, which we call 3. The performance improvements for the
operations in Table 1 are | 7 (L)|/3? for unions and intersections, and at most | .7 (L)|/ 3
for complements and backward images.




We can then assess the overall improvement by estimating g for different types
of problem. In the worst case, an MDD and an MBTDD can have the same number
of non-terminal nodes, making 3 roughly 1; then the algorithm of this paper actually
results in a slowdown. However, our experience indicates that as problems get larger,
(3 approaches | £|. This improvement is because there are typically more common sub-
expressions in boolean-terminal diagrams than in their multi-terminal counterparts, and
thus more possibility for sharing. Preliminary experimental results support this analysis.
Results in Table 2 were produced by randomly generating a pool of sample functions
of a given number of variables (3 to 6), and then creating the single MDD and the
collection of |7 (L)| MBTDDs representing the function, and taking the average sizes
of the individual decision diagrams over the sample. We give this issue a fuller treatment
elsewhere [13]. Thus, we believe that there is a significant speedup when using the
model-checking algorithm described in this paper. For unions and intersections this
speedup can range from | £| to as much as |£|2/ log,, | £|, depending on the shape of the
lattice.

[Number of variables[Mean MDD size] Mean MBTDD size[Ratio (3)|

3 99 66 15
4 828 218 3.8
5 7,389 949 7.8
6 66,434 7,510 8.8

Table 2. Empirical results, for randomly-generated functions, with L = 3x3.

6 Conclusion

The challenge for efficient model-checking over multiple-valued logics is to find a com-
pact encoding for mv-sets of states that supports fast computation of mv-set union,
intersection, complement and backwards reachability. In this paper we described an el-
egant solution based on the use of join-irreducible elements of a lattice to provide a
factorization of the mv-sets. \We demonstrated that this representation supports the nec-
essary operations, and showed that the result is a significantly faster model-checking
algorithm. The exact speedup depends on the size of the join-irreducible set. For ex-
ample, when we multiply lattices, as we often do when reasoning about multiple points
of view (with or without abstraction) [16], the size of the resulting join-irreducible set
grows as the sum of sizes of join-irreducible sets of the original lattices.

Furthermore, after casting the multiple-valued model-checking problem in terms of
efficient operations on MBTDDs, we can further improve the running times by reusing
existing symbolic model-checking technology. In particular, we can further optimize
the MBTDD negation operation (to |7 (L)|) by using complement arcs, as in Somenzi’s
CUDD library [28].

The use of join-irreducibility to optimize our algorithms introduces an important
restriction on the logics that we can use in the model-checker. We originally chose to
restrict ourselves to logics whose values form a quasi-boolean lattice, as these logics

behave similarly to classical logic, but do not enforce the law of excluded middle and
the law of non-contradiction [10]. The optimization described in this paper restricts
us further to logics whose lattices are distributive. Our motivation for developing a
multiple-valued model-checker was to verify properties of models that contain uncer-
tainty and/or disagreement [16]. For this we typically use the logics 3 and 2x2 (shown
in Figure 1), and their products, all of which are distributive. However, when the logic
is represented by a non-distributive lattice, e.g., 5, our model-checker automatically
switches to the MDD-based algorithm, described in [7]. Thus, in the case where the op-
timization is possible, it is applied, and in the other cases, the more general algorithm
is used.

Optimizing model-checking on multi-valued logics through the use of join-irreducible
elements is not restricted to branching-time logic or to symbolic model-checking. In
particular, in our recent work [8] we showed that when all elements of the lattice are
join-irreducible, then multi-valued model-checking reduces to several queries to a clas-
sical model-checker, and built a multi-valued LTL model-checker on top of SPIN.
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