Algorithmic Approaches to Lower Bounds Roei Tell, Fall 2025

1 Pseudodeterministic algorithms for TT()

Recall that we were thinking of proving circuit lower bounds as solving the search
problem “find a truth-table with circuit complexity at least s(-)”, denoted TT(). De-
randomization considerations led us to believe that we should be able to solve this
search problem in F PNP, yielding exponential circuit lower bounds in EV7.

Extending the previous result? Last time we saw a
pseudodeterministic polytime algorithm hitting dense sets recognizable in P .

This doesn’t seem to be enough to find a hard truth-table, since the set of hard truth-
tables is in coANP but doesn’t seem to be in P.!

A naive hope is that the result will “relativize” in the following sense: if we give
both sides an NP oracle (i.e., the search algorithm and the algorithm recognizing the
dense set), the statement will remain true. Since we can recognize hard truth-tables in
PNP such a relativized result would suffice to yield circuit lower bounds in BPENT.
Unfortunately such a result isn’t currently known.

Open Problem 1. For any dense set S € PN, construct a pseudodeterministic polytime
algorithm with an N'P oracle that solves the search problem of S.

A relaxation that would sulffice is hitting sets recognizable in coN'P (since the set
of hard truth-tables is in coNP). We don’t know how to do this either in pseudode-
terministic polytime with an AP oracle. So we will solve a more specific problem.

A reminder about pseudodeterminism and single-valuedness. The search problems
we'll consider are trivial if we don’t insist that the algorithm always outputs the same
solution (whp): sample a random string and verify that it belongs to the set of valid
solution. And indeed, our deduction of circuit lower bounds does require that the
algorithm will have a “canonical” output. To see this, recall that for a given algorithm
A(1V) running in time poly(N) and producing an N-bit truth-table, we define

xeL, < AQN), =1,

and without a canonical output the expression “A(1V)” isn’t even well-defined.

Last time the notion of a canonical output was formalized as “pseudodeterminis-
tic”. This time we’ll also consider search algorithms in FX,, and for such algorithms
we formalize the notion as being “single-valued”: for every x there is a canonical
output v, such that on every existential guess, the algorithm either prints v, or rejects.

1That is, MCSP isn’t known to be in P. Under OWTFs it isn’t in P, and it’s plausible that the problem
is N"P-complete (or at least close to being so in some sense).
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2 Range Avoidance

Instead of solving all explicit construction problems that can be recognized in coN'P,
we will solve the following specific search problem:

Definition 1 (Avoid). The input is D: {0,1}" — {0,1}*", and the valid solutions are
{0,1}2"\ Range(D) = {y : Ax, D(x) = y}.
Note that Avoid € coN'P; hence, for any P-uniform family {D,} of Avoid in-

stances, the set of solutions that it defines S = {y ¢ Range(D),, /2)} is dense and in

coN'P. Thus, hitting P-uniform families of Avoid instances is indeed a special case of
hitting co/NP-verifiable dense sets.

As shown by Korten, Avoid is already rich enough to capture the problem of find-
ing a hard truth-table. That is, TT) reduces to Avoid, even for a near-maximal s.

Theorem 2 ([Kor21]). There is a polynomial-time reduction of TT©"/") to Avoid.

Proof. Given 1V=%", consider a circuit D that gets as input a description of a circuit
C: {0,1}" — {0,1}, where the description of C is of size N/2, and D outputs the
N-bit truth-table of C. Note that Range(D) is the set of all N-bit truth-tables of circuits
of size N/2, and hence any string outside Range(D) is a truth-table that doesn’t have
circuits of description size N /2, hence also no circuits with ©(2"/n) gates. W

Note that the reduction above is uniform, and hence solving P-uniform range
avoidance instances is already at least as hard as TT(), for a near-maximal s.

3 The algorithm of CHLR

Chen, Hirahara, Li, and Ren showed that range avoidance can be solved in 7 Z ppN P
in fact in a smaller class that lies between FPV? and FZPPVP.

Theorem 3 ([CHR23; Li23]). There is a single-valued F S, algorithm solving Avoid. Conse-
quently, ;€ ¢ STZE[O(2" /n)].

We will define the class S; later on. For now we should just remember that this
class is contained in FZPPVNT, and so it will give us a ppt algorithm with an N'P
oracle, and near-maximal circuit lower bounds in ZPENT. We will first design an
F3, algorithm and then optimize it to FS, C F zppN7P,

Note that this result solves Avoid regardless of the uniformity of the instance. This
overkill has a price: under cryptographic assumptions, the general problem of Avoid
isn’t solvable in FP, and even in FN P [ILW23; CL24; RWZ25; Ila25]. For P-uniform
families, there is evidence for an algorithm in P [KS25].
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3.1 The first version: An FX, algorithm

We are given D: {0,1}" — {0,1}?". For context, recall the naive ¥, algorithm: The
prover sends a string y, and the verifier checks (using a universal quantifier) that for
all x we have D(x) # y. This algorithm isn’t single-valued.

High-level intuition. Think of trying to use D to construct a pseudorandom func-
tion, using the construction of [GGM86]. Specifically, as a mental experiment, consider
a labeled binary tree Tp ;s whose root is labeled by an initial seed § € {0,1}". Each
node labeled with s € {0,1}" yields a value D(s) € {0,1}?", which is parsed as labels
for the two children (sq,s2) € {0,1}" x {0,1}", and we recurse this for d times, which
determines the depth of Tp. As in [GGMS86], the PRF fps takes as input a path in the
tree (by,...,by) € {0,1}¥ and outputs the n-bit string at the bottom layer reached by
following the path. Hence, the bottom layer of n-bit strings is the truth-table of fp .

The proof shows a single-valued X, algorithm Rec that, when given input D and
oracle access to a candidate f, satisfies the following: If f # fps for all 5, then Rec
solves Avoid for D.2 The key observation is that if f # fps for all 5, then for some
pair of sibling nodes in the tree labeled by (si,s2), there is no label s for the parent
such that D(s) = (s1,s2), and hence, (s1,s2) ¢ Range(D). Using the tree structure, the
algorithm Rec will find the topologically-first nodes where this happens, in .

The Avoid algorithm invokes Rec with a trivial f of exponential size 2°("), such
that f # fp; for all 5 and query access to f can be simulated easily.

The GGM tree. As a mental experiment, consider the concatenation of all 2n-bit
strings, which is itself a string of length 21 - 22", Partition this string into consecutive
substrings of length 7, and build a perfect binary tree T whose leaves are labeled by
the corresponding n-bit strings (so there are 22! leaves).

The following labeling procedure represents an attempt to present this tree as a
GGM tree Tps for D, with some 5 (that is implicitly constructed throughout the la-
beling procedure). The procedure goes from bottom to top. For each pair of nodes
labeled by y = (y1,12), if y € Range(D) we label the parent by the lex-first pre-image;
and if y ¢ Range(D), label the parent by L. Keep doing this, moving up the tree, and
whenever one of the siblings is labeled by _L, label the parent by a L. Observe that:

1. If u is labeled by L and its two children are labeled by non-l, then the two
children are a solution. Also, since the pairs of leaves represent all 2n-bit strings,
some u must be labeled by L.3

2Thus, this security reduction for the PRF considers stronger adversaries than in [GGMS86]; there, the
PRF was supposed to be secure against a random f and for polytime adversaries, whereas here we ask
if there exists f (given as an oracle) such that a ¥ algorithm can distinguish f from fp;. (As usual in
security reductions, the algorithm Rec will try to reconstruct § such that f = fp ¢ in a specific way, and if
that way doesn’t work, then Rec solves Avoid for D.)

3There are many such u’s, and at least one in the next-to-bottom level, but we won’t use these facts.
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2. We can define a notion of “a canonical solution” in the tree, e.g. the topologically-
first | -labeled vertex according to some ordering.*

3. Given a purported labeled tree T that is, supposedly, the labeled tree defined
above, we can “locally verify” that T = T using D and a universal quantifier.
That is, given the labels (s, s1,s2) of (1,0, w) in T, we can verify that the labeling
of u is correct assuming that the labels of v, w are correct: If s #_L we check that
D(s) = (s1,s2) and that for all s’ < s we have D(s') # (s1,s2); and if s =1, we
check that for all s’ it holds that D(s") # (s1, s2).

A first failed attempt. The prover sends a labeled tree T and the name of the vertex
u*, and the verifier Rec uses “forall” quantifiers to check that:

1. The labels of all leaves are the correct ones (using a “forall” quantifier).

1

2. For every vertex u in T, use a “forall s’ quantifier to check that the labeling of u
in T is correct assuming that the labels of v, w in T are correct.

3. The label of u* is L, and for every u < u*, the label of u in T is not L.

If the tests pass, the verifier outputs the labels of the children of u*.

This algorithm is single-valued and outputs y ¢ Range(D). To see this, note that
only the correct labeled tree T passes the first two tests, in which case the third test
ensures that u* is the topologically first vertex labeled by L. So Rec always outputs
the labels of the children of the topologically first solution in T.

The real issue is that the prover sends a huge tree to the verifier, of size O(n - 22”),
and hence Rec runs in exponential time. The bright side, however, is that the tests
performed on T (after the quantified choices are fixed) run in time poly(n).

Compressing the tree. We redefine the canonical T to have a slightly different la-
beling, according to the following algorithm. Traverse the binary tree via DFS, label
exactly as before, but after you encounter the first 1, label all subsequent nodes by L.

The key observation, demonstrated in the following proof, is that (1) We erased a
lot of information we don’t need (i.e., labels of vertices after u*); (2) The information
that remains is compressible — subtrees can be represented by their root.

Fact 4. Fixing D, there is a description of this T of size O(n?), and moreover, given D and
this description, we can compute the label of any vertex v in time poly(n).

Proof. Consider the unique path P from root to u*, the first L-labeled vertex. Let S be
the set of left children of vertices along P, along with the right child of u*. Note that

*Of course, we can do that without the tree — say, the lex-first solution in {0,1}?" — but the tree
structure will be handy later.
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S-vertices along with all their descendants are labeled by non-_, and all other vertices
in the tree (including ones on P) are labeled by L.

Observe that given the label of a vertex v € S, we can reconstruct the labels of the
entire subtree rooted at v (by running D repeatedly). In other words, the names and
labels of vertices in S uniquely determine the labels of all vertices in T. Moreover, given
the label of a vertex in S and the name of a vertex v in the subtree, we can reconstruct
the label of v in time poly(n) (by traversing the path, running D at each step). O

Here’s the modified algorithm. The prover sends a concise description of T, in the
form of vertices in S and their labels, as well as an index u*, and the verifier Rec uses
“forall” quantifiers to check that:

1. The pair (S, u*) uniquely defines a labeled tree T = TS,u*- That is, following the
path to u*, all left children are in S and labeled, and the only other vertex in S is
the right child of u*.

2. The labels of all leaves in T are the correct ones, and the label of every vertex is
consistent with the labels of its children. (This is done as before.)

The first test ensures that (S, u*) define a unique labeled tree T, and the second test
ensures that T = T, using the same analysis as before.® Both quantifiers only guess
poly(n) bits, and the final verification runs in time poly(n).

Recap. The tree T represents an attempt to find 3 such that f = fp, and it is guaran-
teed to fail (because f contains all 2n-bit strings). The verifier Rec uses quantifiers to,
essentially, compute T efficiently and find the topologically-first place where it fails.

3.2 An optimization: An 7S, algorithm

The definition of S, C X, N 11, is non-obvious. The optimization of Rec to work S,
instead of ¥, is interesting not only because it’s formally a better result, but also due
to the following theorem:

Theorem 5 ([Cai07]). S, C ZPppNP.

Recall that derandomization considerations led us to believe we should get expo-
nential circuit lower bounds in EVP. The tightening to FS; gives near-maximal circuit
lower bounds in single-valued 7 Z PPNP; in other words, we're getting a pseudode-

terministic algorithm with an NP oracle, extending [CLO+23].

5Any vertex in P is an ancestor of u*, hence comes after #* in DFS-order, and thus it is labeled by L.
Also, if v ¢ P is a right child of a vertex in P, or a descendant of such a vertex, then v must be labeled
by L (if v = u* this is immediate, and otherwise v is a right-child of an ancestor of u* (or a descendant
of a right child), hence comes after u* in DFS-order). Thus, the only vertices labeled by non-_L are left
children of vertices in P, the right child of u*, and their descendants.

6A slight difference in the analysis is that, in contrast to before, the verifier now does not check that
u* is topologically first. But this is always true for a tree defined by a pair (S, u*).
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Defining S;. For motivation, consider L € NP N coN'P. We can combine the N'P
verifiers for L and for L into a single verifier such that for every x,

Jw : V(x,w) = L(x)
Vw : V(x,w) € {L(x), L}

We want to extend this notion to ¥, NI, but now it’s not clear how to combine the
verifiers for L and for L into a single verifier. To see this, observe that given a witness w
for membership and a witness w’ for non-membership, the residual decision is either
Vz, V(x,w,z) =1orVzZ, V(x,w,z') =0, and it’s not clear how to combine these two
into a single “Vz, V(x,w,z) = b” for some b (with V that is polytime).

The class S C X, N1, supports a definition with a single verifier. Intuitively,
instead of having one verifier for the “yes” case and another verifier for the “no” case,
we now have a single verifier with two provers, each tasked with the exact same job.

Definition 6. We say that L € S;TIME([T] if there is a T-time verifier V such that for every
x €{0,1}":

1. There is 11y such that for every 11, we have V(x, 111, 712) = L(x).
2. There is 1ty such that for every 11y we have V (x, 711, 712) = L(x).
As usual Sy = U.S;TIME([n®]. The definition extends to search problems in the obvious way.

We think of 711 and 7, as competing: to convince the verifier, 711 needs to win
against the best 7r,. This by itself looks similar to X, and indeed it’s immediate that
S, has completeness in the X, sense. The difference is that the soundness requirement
is now stricter. Specifically, symmetry mandates that 71, does the same job as 7y;
thus, the same string 71, that serves as refutation of 711 also serves as an assertion
that L(x) = b. That is, there is a refutation that is sent before seeing 11;. Indeed, it’s
instructive to think of the two proofs as being sent in parallel, rather than one after the
other. This is the stricter requirement that S, poses, compared to X, N IT,.

Theorem 7. S, C ¥, NI,

Proof. To see S; C X, we use the same verifier V. If x € L, then (by the first item)
ImVm,, V(x,m,m) = 1. If x ¢ L then (by the second item) there is 775 such that
vV, V(x,m, ) = 0; in particular, it does not hold that 3711V, V(x, 11, M) = 1.

To show that S, C I'l; we show that =L € %5, and since the definition is symmetric
(wrt “yes” instances and “no” instances) we can use the same argument. [l

An alternative view of the definition is that V with an input x specifies a matrix
with rows indexed by 711’s and columns indexed by 7;’s, and each entry indexed by
V(x, 11, m2). For every x there is an all-L(x) row and an all-L(x) column. Note that
the cases of x € L and x ¢ L are mutually exclusive.”

"You might encounter a slightly different definition in the literature, in which the first item refers to
x € L and the second refers to x ¢ L; the two definitions are equivalent, see e.g. [Can96; RS98; Cai07].
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Extending the result. Intuitively, an honest prover will send a concise description
(S,u*) of a tree T, and the verifier wants to verify T as before. The challenge is that
the verifier can’t use a “forall” quantifier that comes after seeing T: it needs to verify
T using a competing proof from the second prover, which does not depend on the proof
of the first prover. So each prover b € {1,2} is going to send a concise description of a
tree T,, and we will cross-check them to decide which T is the correct one.

Specifically, recall that to satisfy the S, requirements, we may assume wlog that
at least one of the trees is the correct one; so catching one of the trees in a lie will
suffice. Also note that if the trees disagree, they necessarily disagree on some vertex v
in the concise description. We find such v and check whether the two claimed labels
04 # {5 of v are preimages of the same value, i.e. D({1) = D(¥,); if they are, then the
lexicographically-later /; is the wrong label. Otherwise, the two trees disagree on the
labels ¢} # ¢} of at least one child v’ of v; we recurse the check with ¢/,% until we reach
a vertex whose children are leaves (we can check the labels of leaves directly).

4 Additional facts about Avoid and £V lower bounds

Average-case lower bounds. We saw that algorithms for CAPP imply worst-case
circuit lower bounds, and I told you that they also imply average-case circuit lower
bounds; we will see a proof of this in the final presentations by Heda & Jason. An
analogous statement is true for Avoid, and it is easier to prove (see [CHL+23]):

Theorem 8. An algorithm for Avoid implies strong average-case lower bounds, i.e. every
circuit of size 2°(") succeeds only on at most 1/2 + 2= of the inputs.

Proof. As a warm-up let’s start with 6 = .01. Let (Enc, Dec) be a §-uniquely-decodable
code, where Enc: {0,1}N — {0,1}¥N and N = O(N). Let tt: {0,1}N/2 — {0,1}" be
the circuit that takes as input a description of C: {0,1}" — {0,1} and outputs the
N-bit truth-table of C. Define D: {0,1}N/%2 — {0,1}N as

D(C) = Dec(tt(C)) .

For any solution z ¢ Range(D), its encoding Enc(z) € {0,1}" is a truth-table J-
hard for circuits of size N/2 = Q(N). Otherwise, a circuit C of size N/2 computes a
J-approximation of Enc(z), in which case Dec(tt(C)) = z, in particular z € Range(D).

To get 6 = (1/2+¢€) for a small € > 0, we use a (J, poly(1/¢€))-list-decodable code
(Enc, Dec) with list size poly(1/€), and define D(C,adv) = Dec(tt(C), adv), where
adv € [poly(1/¢)] is the advice for list-decoding (i.e., an index of a word in the out-
put list of Dec). Let z ¢ Range(D). If there’s a circuit C of size N/2 computing
Enc(z) € {0,1}N with success 1/2 + ¢, then for some adv € {0,1}°008(1/€)) it holds
that Dec(tt(C), adv) = z, in particular z € Range(D).

Setting € = 1/N®1), we can use a code with N = N - poly(1/¢) = N and
list-size poly(1/€) < N (e.g. [STVO01]), in which case the Avoid instance maps N/2 +

81f they disagree on the labels of both children, we pick one arbitrarily and recurse on it.
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O(log N) bits to N bits, and hardness is for 7i-bit circuits of size N/2 = N1~@(1) = 20(7)
with average-case succeess bounded by 1/2+€ =1/2+2"%", 1

Improving on brute-force to deduce lower bounds. So far we had to solve Avoid in
polynomial time (perhaps with an NP oracle). This seems like a stricter requirement
compared to Williams” algorithmic method, which only requires us to show some tiny
improvement over a brute-force algorithm (for, say, CAPP).

There is an analogous result for Avoid, in which a tiny improvement over a brute-
force algorithm (for a somewhat natural computation problem of a circuit-analysis
flavor) implies an F pNP algorithm for Avoid. Moreover, there is a similar framework
for proving ENP lower bounds, wherein designing such an algorithm (i.e., that slightly
improves on brute-force) is sufficient and necessary for the lower bound. We will hear
about it in the final presentations, from Rishabh & Jacob.
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