Algorithmic Approaches to Lower Bounds Roei Tell, Fall 2025

1 Zooming out to try other algorithmic approaches

As we mentioned in the beginning of the course, the problem of proving lower bounds
is inherently an algorithmic problem, since we want to prove that explicit functions are
hard. That is, recall that we already know that a random function is hard; the main
challenge is in finding an upper bound, i.e. designing an algorithm.

Definition 1. Foraset S C {0,1}*, the search problem of S is the problem in which the input
is 1N and the output may be any s € Sy = SN {0,1}N, or L if Sy = @. We will mostly be
concerned with S'’s that are dense, e.g. |Sy| > 1/2-2N forall N € N.

Indeed, this definition focuses on explicit construction problems, in which the input
is 1N. A more general definition allows for input-output pairs, a-la (x,s) where s € S
is a solution for x, but we will not need this more general form in this class.

Definition 2. Fors: IN — IN and any N = 2", we define TTI(\?) as the set of N-bit truth-tables
with circuit complexity at least s(n). (On other N's the problem is defined trivially.)

How is the search problem of TT* related to proving lower bounds?

Theorem 3. The problem TT) can be solved in deterministic polynomial time if and only if
E ¢ i.0.8LZZE]s] for some € > 0.

Proof. If TT(®) € FP, via some polynomial-time algorithm A, define
x€Ll, <= A(1N),=1.

Since A runs in time poly(N) = 20(n) we have L € £. Also, the truth-table of L, is
A(1N), so the circuit complexity of L, is at least s(n).

For the other direction, given 1N where N = 2", run the time-20(") algorithm A
for L on all n-bit inputs to produce the truth-table of L,, which has circuit complexity
s(n). This runs in poly(N) time, since 2" - 20(") = poly(N). N

So far we proved lower bounds via algorithms using indirect ways, e.g. an algo-
rithm for CAPP implies circuit lower bounds using a complicated argument. From
now on we will be more direct, and try to directly solve the search problem TT).

2 A derandomization problem

We can think of TT®) as a derandomization problem, for the following reason:

Observation 4. For any s(n) < 2"/n, the problem TT) can be solved in probabilistic
polynomial time.
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The reason is that most strings are hard, so choosing a random string solves the
problem. This should not be enough to convince you that the problem is also solvable
deterministically. For example, the same argument applies to finding a string with
high Kolmogorov complexity, but this task can’t be solved deterministically (in any
runtime). More generally, to have a meaningful notion of search problems that are
solvable probabilistically and apply derandomization approaches to this notion, we
must consider the complexity of deciding the set S (see [Tel24; Gol25])

When this happens, we can rely on an efficient deterministic search-to-decision
reduction for search problems solvable in probabilistic polytime. In particular, when
we can deterministically estimate the density of S in certain nice sets (e.g., subcubes),
we can deterministically solve the search problem of S.

Definition 5. Let Densityr(17,x1, ..., x;) be the problem of estimating Pry,,, . x,[x1, ..., Xp €
T,] up to an additive error of 1/ p*.

Theorem 6 (search-to-decision). Any search problem S solvable by a ppt algorithm A
can be solved in deterministic polynomial time with oracle access to (a decision problem in)
prBP PP where T(r) = S(A(1%,7)).

Proof. The idea is to construct random coins for A that cause it to output s € S, and
we do so bit-by-bit. In each iteration, we approximately preserve the density of coins
that cause A to output a string in S.

In more detail, denote the runtime of A by p = p(n). We construct r € T bit-
by-bit. In each iteration i € [p] we start with a prefix o; 1 € {0,1}'~! such that
Pr,co1yr-61 [0i-1z € T] > 1/2— (i —1)/p. (Note that this is true at i = 1, since T
is dense.) By this assumption, there is b € {0,1} such that Pr,co1},-i[oi-1bz € T] >
1/2—-(i—1)/p.

We will find b that meets the more relaxed requirement Pr, g1} [i_1bz € T] >
1/2 —i/p. Specifically, we use the oracle to estimate v = Pr, (0,11 [07.i-10z2 € T| up
to accuracy 1/p?, and if our estimate for v is more than 1/2 — (i —1)/p — 1/2p, we
extend the prefix by zero; otherwise we extend it by one. Assuming that the oracle
returns an estimate that is correct up to 1/p?, we will extend the prefix such that the
new probability is at least 1/2 — (i —1)/p—1/2p —1/p*>* > 1/2—i/p. N

What does this tell us about TT)? We can decide TT®) in coN'P - PN P and
under derandomization assumptions estimating the density of S can also be done in
PNP, Hence, under these assumptions, we can solve Densityr for this problem in
PNP and TT®) is solvable in FPVP. This gives circuit lower bounds in ENP,

(Indeed, we hope to solve TT®) in polynomial time and get lower bounds in &£, but
the above gives theoretical support for, at least, EV7.)
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3 DPseudodeterministic explicit constructions

We will solve TT®) in a slightly larger class, which we will define now, and deduce
lower bounds not in EV? but in ZPENP - BPENT.

Let us first see an algorithm for a class of explicit construction problems that does
not include TT®), but it will guide us next for working with TT®). The algorithm is
not deterministic, and will not yield an F pNP upper-bound. Instead, it satisfied a
relaxed notion, defined by Gat and Goldwasser.

Definition 7 ([GG11]). A probabilistic algorithm A is pseudodeterministic if for every x there
is v such that Pr,[A(x,r) = v] >2/3.

Note that the probability bound is arbitrary, since we can reduce the error. The
point of the definition is that for an external user or set of users, this algorithm is as
good as a deterministic algorithm, since with all but tiny probability, the output is al-
ways the same. The internal mechanisms used to produce this output are randomized,
but from outside, the output looks deterministic.

As proved by Chen, Lu, Oliveira, Ren, and Santhanam, any explicit construction
problem S € P can be solved (i.0.) in pseudodeterministic polynomial time.

Theorem 8 ([CLO+23]). For any dense S C {0, 1}* such that S € P, there is a probabilistic
polynomial-time algorithm that, infinitely often, is pseudodeterministic and solves the search
problem of S.

The hallmark example of S to which Theorem 8 applies is the set of prime numbers,
and indeed this is arguably the best algorithm that we know for finding a prime
(other algorithms either run in exponential time, or do not have a pseudodeterministic
guarantee).! The result does not apply to TT() because it needs S € P.

3.1 Tools from hardness vs randomness

We will need several tools from hardness-vs-randomness. These are often thought of
as translating hardness to randomness (i.e., building PRGs from hard functions), but
we will think of them in a different way, which will be explained below.

Theorem 9 ([CT21; CLO+23]). There is a pair of algorithms G, R such that for every function
f:{0,1}* — {0,1}* computable by logspace-uniform circuits of size T and depth d, and every
nice m(n) < n, and every fixed x € {0,1}":

* Generator: G = Gy(x) outputs poly(T) strings of length m.

IThe set of primes has density 1/n rather than 1/2. The result of [CLO+23] holds also with this
density, and also more generally, we can error-reduce in this setting (i.e., by repeating a search algorithm
with success € for O(1/¢€) times and checking each outcome, to obtain an algorithm with success 1/2;
and then defining the search problem as the problem of finding good coins for the latter algorithm).
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* Reconstruction: R = Ry gets input x € {0,1}" and oracle access to D: {0,1}" —
10,1}, and runs in time poly(n,m,logT). If Pr,c(gq1yn[D(r) = 1] > 1/2 but D
rejects all strings in G(x), then Pr,[RP (x,7) = f(x)] > 2/3.

In hardness-vs-randomness, the generator is often thought of as the “real” algo-
rithm, and the reduction is part of the analysis (i.e., a security reduction). But it’s also
useful to think of them as two “real” algorithms of equal status, where for every x at
least one of them works; that is, for every x, either f(x) is easy to compute, or Gf(x)
is pseudorandom (or both).

In the current lecture, we’ll only think of the special case x = 1", and of D that is
an efficient deterministic algorithm, in fact D = S (the search problem). In this case
the reconstruction R is a pseudodeterministic algorithm, i.e. R(x) = f(x) whp.

Proof Sketch for Theorem 9. We'll need the Nisan-Wigderson generator.
Definition 10 (distinguisher). An e-distinguisher for a distribution w on {0,1}" is a func-
tion D: {0,1}" — {0,1} such that ‘Prre{o,l}n [D(r) = 1] — Pryow[D(w) = 1]‘ > €.

Theorem 11 ([INW94; STVO01]). There is a pair of algorithms Gnw, Rnw such that for any
nice m(n) < nand any f € {0,1}" and any good enough locally list-decodable code ECC:

e Generator: Gyw(f) runs in time poly(n) and outputs a list of m-bit strings.

* Reconstruction: Ry gets input 11°5" and oracle access to D: {0,1}" — {0,1} and

to ECC(f) and runs in time poly(logn, m). If D is a (1/m)-distinguisher for Gnw (f),

then wp at least 2/3, Rﬁ\’f,cc(f)(llog”) outputs a circuit C: {0,1}1°8" — {0,1} such

that the truth-table of CP is f.

As observed in [IW98], the reconstruction is similar to an algorithm that learns f
from membership queries (whenever it has access to a distinguisher), where the main
difference is that queries are to ECC(f) rather than to f.

For simplicity, let’s first ignore the difference between querying ECC(f) and query-
ing f, and let’s also assume that the circuit satisfies a strong uniformity condition
(given the index of a gate, we can quickly compute the indices of its children). Con-
sider the computational history of f(x) as a circuit of depth d, and use feed each of d
layers fi, ..., f € {0,1}" into the NW generator; define G(x) = UjeqGnw (fi)- If D is
a distinguisher for G(x), then the reconstruction R acts as follows: Fori = 1,...,4d, it
starts with a circuit C;_; of size poly(n, m,log T) whose truth-table is f;_; (the base case
is trivial, because R can construct such a circuit from x), and it uses Ryw to construct
a circuit C; of size poly(n,m,log T') whose truth-table is f;. The circuit requires queries
to f;, but we can provide them using the fact that f; reduces to f;_; (i.e., each gate in
layer i depends on two gates in layer i — 1, whose indices are easily computable) and
our circuit C;_1.> At the end we have C; whose truth-table is the output layer, so we
can compute f(x). Our total runtime is proportional to d - poly(n,m,log T) < T.

2Note that the circuit C; does not contain C;_; as a sub-component (i.e., C;_; is only used to answer
the queries of Ryyw when constructing C;), and hence there is no blow-up in circuit size across iteration.

4
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The main complication is that Ryw requires queries to ECC( f) rather than to f. If
we just naively encode each layer via some good code, we lose the “easy downward
self-reducibility” structure.> Getting around this can be done by encoding the circuit’s
gate values in a careful way, following ideas from [GKR15]. W

3.2 Proof of Theorem 8

The main idea is the following. Fix f such that f(1") outputs a prime number. Con-
sider the distinguisher D “is this a prime number?”, which is in a polynomial-time
algorithm. So either G ¥ fools D, i.e. hits the set of prime numbers, or the reconstruc-
tion R¢(1") outputs a prime number. In both cases, we get a prime number! Either we
find it deterministically (if the generator works) or we find it pseudodeterministically
(if the reconstruction works). The point is that both Gy and f work towards the same
goal - finding a prime number — and at least one of them is guaranteed to work.

Details. The parameters are subtle, though. Let’s work out a parameter setting that
gives something non-trivial, and continue from there.

Iteration 0. Consider f(1") that brute-forces over all n-bit numbers to find a prime,
in time 2" - poly(n). Note that we can compute f by circuits of depth poly(n), since
we check all possibilities in parallel. For simplicity, we assume the circuits are of size
exactly 2" and depth exactly n.*

Instantiate Theorem 9 with f and output length m = n® for a big constant C > 1.

e If G(1") outputs a list that contains a prime number, then we found a prime of
length 7€ in time poly(2"). This is an improvement over the brute-force algo-
rithm that takes time O(Z”C). For simplicity again, let’s assume that the runtime
is exactly 2" (i.e., let’s ignore the poly time overhead of the PRG).

¢ Otherwise, D has high acceptance probability but rejects all strings in Gf(ln).
Hence, R finds an n-bit prime in pseudodeterministic time poly(m) = poly(n).

The second case is clearly an immediate win. The first case is partial progress, but
still far from polynomial-time. How shall we exploit this?

Iteration 1. Denote the previous input length by 1y = n, and let us now consider input
length n; = m = n§. Define f on input length n; such that:

Given 1", compute G(1™), and output the first prime number in the list
that G prints.

3Recall that in any code with constant relative distance, most output coordinates depend on at least
Q(1) coordinates of the message.

“We also ignore the “logspace-uniform” requirement throughout the presentation, and pretend that
any uniform circuit will do.

5All the overheads that we ignore are taken care of by choosing C to be large enough in each iteration.
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With some work, f(1") can be computed by circuits of size poly(2™) and depth
poly(np). (This is because the PRG in Theorem 9 is depth-efficient.) For simplicity,
we will again pretend that the size is 2" and the depth is ny.

We instantiate Theorem 9 on input 1" with f and output length n§.

e If G(1™) outputs a list that contains a prime number, then we found a prime of

2 ~
length 1, = n§ in time 2™ = om'C = om’", improving on the brute-force O(22)
by a bigger factor than in the first iteration.

¢ Otherwise, D is a distinguisher, and we found an 7-bit prime in pseudodeter-
ministic time poly(n;).

Iteration i. Let n; = ngi. Either we find a prime of length 1,1 = ngM in deterministic

: 1/cit : o e
time 2" = 2"+, or we find an n;-bit prime in pseudodeterministic time poly(;).

Fori=t 3% O(log(ng)/loglog(n)), we have n; 1 = ngi < 2™, so either we find an

1; 1 1-bit prime in time poly(N),® or we find an n;-bit prime in time poly(1;).

Finalizing the argument. We define infinitely many disjoint intervals of the form

2 t ] eqeqe
no, ng, ng ) e ng . There are two possibilities:

¢ For infinitely many intervals, the deterministic algorithm at the last input length
n; outputs an n-bit prime.

¢ For infinitely many intervals there is some intermediate 7n; such that the recon-
struction algorithm pseudodeterministically outputs an n;-bit prime.

In both cases we have a ppt algorithm that, infinitely often, is pseudodeterministic
(or even deterministic) and outputs a prime in polynomial time.

Remark 12. The description above sweeps some things under the rug:

1. There are polynomial overheads all around (by the PRG, by the f that search among the
previous PRG’s outputs, by the AKS primality testing [AKS04]); all of these are taken
care of by choosing C to be big enough.

2. We need to ensure that f is still computable by logspace-uniform circuits after t ~ log(n)
compositions (e.g., at the last iteration). This requires cumbersome low-level technical
work, see [CLO+23] for details.

®The hidden poly(#;,1) factor, which we suppressed for simplicity when 2" seemed exponential in
comparison to it, now comes into play.
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3.3 Possible extensions

Extending Theorem 8 by designing an algorithm that works on all input lengths and
with S € BPP rather than S € P would imply a BPP time hierarchy, i.e. BPTZME[t°V] ¢
BPTIME]t] for every polynomial t. In fact, even extending this to an algorithm that
works on all input lengths with S € P would imply BPTZME[tPV] ¢ RTIMEt]
for every polynomial t. Such a hierarchy-type result is also not currently known.

In fact, even extending Theorem 8 to an algorithm that is always pseudodetermin-
istic and still only finds a solution infinitely often (i.e., on other input lengths it pseu-
dodeterministically outputs junk) yields the same conclusion, as long as we can easily
recognize intervals of input lengths on which the algorithm works (as in [CLO+23]).

Thus, the main current bottleneck for extension seems to be getting an algorithm
that is pseudodeterministic on all input lengths. See [Tel24; Gol25] for details.
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