Algorithmic Approaches to Lower Bounds Roei Tell, Fall 2025

We will now prove a stronger result, which follows a similar blueprint but whose
assumption is considerably weaker. This is the basic form of the original “algorithmic
method” of Williams.

Theorem 1 ([Will0]). Assume that CAPP1 1/, on n-bit circuits of size poly(n) can be solved
in non-deterministic time 2" /n“). Then NEXP ¢ P /poly.

To parse the assumption, note that the brute-force algorithm takes time 2" - poly(n).
Thus, we only need to shave a large enough polylogarithmic factor from the runtime
in order to deduce the lower bound! Recall that if prBPP = prP then CAPP;,, for
such circuits can be solved in time poly(n) , let alone in time 2" /n(1).

Going further, a polynomial improvement in the runtime (rather than only poly-
logarithmic) would lead to stronger conclusions, for example:

Theorem 2 ([MW?20]). Assume that for some € > 0, CAPP; 1,5 on n-bit circuits of size 2¢"
can be solved in time non-deterministic 20=€)", Then for every k, NP ¢ STZE[n].

Here the problem being solved is actually in P, because the given circuit is of size
2¢" and the brute-force algorithm runs in time 2(!70(€)", Thus, saving a polynomial
runtime factor (i.e., of 2°(¢™)) implies NP ¢ STZE[n¥].

The approach, in general, scales down to weak circuit classes: CAPP algorithms for
C (or for very mild extensions of C) imply lower bounds for C. This was not trivial to
prove, and was established in a sequence of follow-up works (see e.g. [BV14; CW19]).

The hallmark success of this approach was proving [Willl] a lower bound in
NEXP, then later even in NQP, for a weak circuit class denoted by ACC (which
we will study in later classes). Doing so was an open problem for several decades.

1 Witness lower bounds

Recall that previous proofs used a case analysis, depending on whether or not there
are small circuits computing the prover strategy in a proof system for a hard prob-
lem. We'll use a similar notion now, thinking of witnesses in an N'TZMZE system as
strings/truth-tables, and asking whether or not there are small circuits whose truth-
table is the witness. Intuitively, we expect the same phenomenon: if witnesses have
small circuits, we can guess a circuit for a witness, instead of guessing the entire wit-
ness (and hopefully that can lead to some speed-up).

Definition 3. Let V be a non-deterministic T-time machine. We say that V has witnesses
of size s if for every x € L there is w € {0,1}7 such that w is the truth table of a function
w: {0,11°8(T) — {0,1} that has a circuit of size s(log(T)).

Note the order of quantifiers: for every x there is an easy w. The reason for this is
our target win-win application:

1. If every x has at least one easy witness, then we can guess this easy witness (and
hopefully get some speed-up).
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2. If there are infinitely many x such that every convincing witness has high circuit
complexity, this gives us a way to obtain a hard function! Assuming that we have
x, we guess w, check that it is accepted by V, and then we know for certain that
w is a truth-table of a hard function.

Probabilistically checkable proofs. Recall that the KL-style approach is to start with
a hard problem L, and given input x we guess a small “prover-circuit” and try to
speed-up the computation of L(x) using this circuit. We now apply this approach to
L € NTIME|T] and witnesses for L, i.e. we guess a small circuit whose truth-table
is (hopefully) a convincing witness w.

The bottleneck, however, is that the N'TZME[T] verifier still needs to read all
of w (i.e., the entire truth-table of the guessed circuit), so we did not save much in
total runtime. To overcome the bottleneck we’ll use an alternative proof system for
NTIMEIT], in which the verifier doesn’t need to read the entire witness w, but uses
randomness instead to choose a small number of bits of w to read.

Definition 4. A PCP verifier for L is an algorithm V that, for every input x:
e Ifx € L there is 7t such that Pr, [V (x,r) = 1] = 1.
e Ifx & L, for every 7 we have Pr,[V™(x,r) =1] < 1/2.

We care about the running time of V, its randomness complexity, and the number of queries it
makes to Tt.

Theorem 5 ([BGH+05]). For every L € N'TZME[T| there is a PCP verifier with runtime
poly(n,1og(T)) (this is also a bound on the number of queries) that uses at most log(T) +
O(loglogT) random coins (hence O(T) is a bound on proof length).!

Here is the main lemma on the way to proving Theorems 1 and 2, asserting that
non-trivial CAPP algorithms imply witness lower bounds.

Theorem 6. Assume that CAPPy 1/, on n-bit circuits of size poly(n) can be solved in non-
deterministic time 2" /n®“(1). Then there is a unary L € N'TZME[2°0] with a verifier that
does not have polynomial-sized witnesses.

Proof. Let L € NTIME[2"|\ NTZME[0o(2")] be unary [Zak83]. Let V be a PCP
for L verifier with runtime poly(n) and randomness n’ = n + O(logn). We'll prove
that PCP witnesses for V can’t be of polysize. From this we can obtain a standard
NTIME[2°M] verifier V' for L that doesn’t have polysize circuits (i.e., V' simply
enumerates over the random coins of V, so V' accepts (x, w) iff V accepts (x, w)).

Assume tac that PCP witnesses for V are of size n¥, for some k. We will speed up
the computation of L, using the following algorithm:

1Given recent results about locally testable codes, there is hope to see an improvement of an O(T)
bound on the proof length, resolving a long-standing open problem. However, this is immaterial for the
current application.
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e Given x, guess a circuit C,: {0,1}" — {0,1} of size n*.

e Construct a circuit C,c,: {0,1}" — {0,1} such that C ¢, (r) = VCe(x,7).
* Run the CAPP algorithm on C, ¢,.

The algorithm above runs in time
2" /' + poly(n) < 2" /n®M . poly(n) = 0(2") .

If x € L then there is w with a circuit C,, of size n* such that Pr[V¥(x,r) = 1] = 1, and
when the algorithm guesses C;, it accepts x. Otherwise, for every w — in particular,
for every truth-table of a circuit C;, — we have Pr[V¥(x,w) = 1] < 1/2, hence the
algorithm rejects x. |l

The result scales by a simple change of parameters, for example:

Theorem 7. Assume that CAPPy;,, on n-bit circuits of size 2™ can be solved in non-
deterministic time 201-€)", for some € > 0. Then there is a unary L € NTIME[20M)]
with a verifier that does not have witnesses of size 2°™, for some 6 = 5(e) > 0.

2 From witness lower bounds to circuit lower bounds

We show how to get from witness lower bounds (i.e., witnesses have high circuit com-
plexity) to circuit lower bounds (i.e., there is a language with high circuit complexity).
Note that this is not trivial: witness lower bounds for a unary language imply that,
given 1", we can guess-and-verify a hard w; however, different guesses may yield dif-
ferent truth-tables. To see why this is a problem, consider trying to define a single hard
truth-table L,,. For any x € {0,1}" it may be the case that some convincing witness w
has wy = 1 and another convincing witness has w, = 0.

Instead of the brute-force approach, we will use witness lower bounds to design a
non-deterministic PRG, a notion whose definition is implicit in the proof below. Using
such a PRG, we will derandomize M A (and even M.A/1) into NP, in which case the
lower bound M.A/1 ¢ STZE[n"] becomes NP ¢ STZEn"]. Details follow.

Definition 8. A distribution D on {0,1}" e-fools a circuit C if

Pr [C(r) =1]— Pr[C(r) =1]| <e.
P [C0)=1] = PriC() =1 <e
Theorem 9 ([NW94; IW97;, UmaO03]). There is an algorithm G satisfying the following.
Assume that f € {0,1}N has circuit complexity more than s, where ¢ > 1 is a universal

constant. Then G(f,1%) runs in time poly(N) and outputs a list of s-bit strings such that for
every circuit C: {0,1}° — {0,1} of linear size, the distribution G(f,1%) (1/s)-fools C.
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Theorem 10. Assume that there is a verifier for some unary L € NTIME[2°M)] that
does not have witnesses of size 2°", for some § > 0. Then MA C i.0.N'P, and moreover

MA/1 CioNP/L

Proof. Given x and a witness w of size 1, create a circuit Cyw of size at most n% =g,

With a verifier V; for L on input 1/=0:+(1°8")  ouiess and verify a truth-table of length
N = 2009 with hardness s¢ = n?¢ = 2. The PRG runs in time poly(N) = poly(n),
and it fools Cyy on any n such that V on input length ¢ has no witnesses of circuit
complexity 22, (On other input lengths we obtain a non-deterministic machine that
decides some language, but perhaps not L.) The “moreover” part following using the
same argument. W

Proving Theorems 1 and 2. Assuming a CAPP;i,, algorithm as in the hypothe-
sis of Theorem 2, by Theorem 7 there is a verifier for a unary L € N'TZME[2°)]
that doesn’t have witnesses of size 2°", and thus by Theorem 10 we have M.A/1 C
i.0.N'P /1. We will apply this to the lower bound from [San09] to deduce that N'P/1 ¢
STZE[n*] for all k € N, and finally eliminate the advice bit by an elementary argu-
ment, to deduce that N'P ¢ STZE[n*].2

There is, however, a major gap in the argument above, which is that the derandom-
ization only worked infinitely often; that is, we deduced M.A/1 C i.o.N'P/1 rather
than M.A/1 = NP /1. The trouble is that the lower bound in [San09] also holds only
infinitely often. What happens if the infinite set of input lengths on which L € M.A/1
is hard is disjoint from the infinite set of input lengths on which we can simulate L
in NP /1? This could be serious trouble, but fortunately, Chen [Che19] showed how
to overcome this. Loosely speaking, he showed that the lower bound holds on a suffi-
ciently dense set S C IN of input lengths, and observed that a non-deterministic PRG
that yields derandomization on input length # also yields efficient derandomization
on input lengths close to n. In particular, the densities are such that S intersects the
set of inputs on which the derandomization works, infinitely many times. W

3 Recap and comments

Starting with a CAPP;;,, algorithm for n-bit circuits of size 2" running in time
2(1=€)'nthe first two steps (witness lower bounds + NPRGs) imply that prBPP C
i.o.prN'P. Note a “lifting” phenomenon: we start with a slightly non-trivial CAPP
algorithm, but end up with a polytime CAPP algorithm.> How could this be?

The lifting phenomenon exists, but it’s not as extreme as going from a tiny im-
provement over exponential-time to a fully polytime algorithm. This is because the
hypothesis is already a polynomial-time CAPP algorithm, i.e. getting a circuit of size

2Indeed, if NP has small circuits then NP /1 has small circuits. Convince yourself of this fact, and
also note why your argument breaks when working with M instead of N'P.

SNote that the derandomization at the end is non-deterministic, but the derandomization we start
from may also be non-deterministic, so that is not a loss.

4
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2¢" and running in time 2(1=€)"", The lifting part is that we deduce a polytime CAPP
algorithm for all circuits from a polytime CAPP algorithm that only works for circuits
with logarithmically many input bits (i.e., n-bit circuits of size 2¢"); indeed, to do so we
need a fine-grained runtime bound on the latter algorithm.

3.1 Historical development

The original proof of the algorithmic method in [Will0] is structured differently than
the one above, originally using a notion of an “easy witness lemma” (introduced
in [IKWO02] and improved in [MW20]). The “derandomization-centric” perspective
presented above is due to Chen [Chel9; Che23], following ideas from [Wil16].

Also, scaling down the proof to weak circuit classes is non-trivial. Early versions
(including [Will11l; SW13]) used ad-hoc arguments, and a more general argument was
given by Ben-Sasson and Viola [BV14], who showed a PCP with a verifier that can be
implemented extremely efficiently as a circuit (so the size and depth overhead added
in the proof is minimal). An extreme optimization of circuitry overheads, using PCPPs,
was shown by Chen and Williams [CW19].

Remark 11. A direct precursor to the algorithmic method is [IKWO02], who showed that if
MA # NEXP (think of this assumption as “weak derandomization”) then NEXP ¢
P /poly. In fact, the argument in [IKW02] is similar to the proofs of Theorems 1 and 2, since
both of them use essentially the same algorithm (i.e., applying the hypothsized CAPP algorithm
to an M A verifier that Quesses a small circuit and uses it to compute a PCP witness) to speed-
up computation of any N EXP language, and contradict an N'T ZME-hierarchy. However,
this “sped-up” algorithm and its use are opaque in the text of [IKWO02], which organizes the
proof differently,* and the parameters obtained in the final statement are not nearly as tight.

3.2 Extensions

The algorithmic method was extended to imply average-case circuit lower bounds.
Showing this is highly non-trivial, especially for weak circuit classes (that cannot
compute error-correcting codes), and these results were developed in a sequence of
works [COS18; Chel9; CL21; CLL+21; Che22]. We'll see this in the final presentations.

Another strengthening of the conclusion deduces lower bounds in which every
circuit family fails on all input lengths (except, at most, finitely many), rather than
only infinitely often. We will see this result in two lectures.

“Inspecting the proof of the relevant direction in [[KW02, Theorem 32], it works as follows. They first
show that NEXP C P/poly implies that NEXP = EXP (see [IKW02, Theorem 24]). Now, assuming
a CAPP algorithm and hence derandomization of M.A, they use the assumption NEXP C P/poly to
speed up the computation of any N'EX'P language, and obtain a contradiction to an N'T ZME-hierarchy.
Specifically, in [IKW02, Theorems 32] they apply the CAPP algorithm to an M.A verifier that is essentially
identical to the one in the proofs of Theorems 1 and 2, except that it uses the PCP of [BFL91] (this M.A
verifier is the one used to deduce that NEXP = MA in [IKW02, Theorem 23], which is indeed just the
M A verifier from [BFL91, Corollaries 6.9 & 6.10]), and deduce a contradiction to a specific NTZME-
hierarchy that holds under the assumption (in [IKWO02, Corollary 9]). This organization of their proof is
not transparent in the original text, but rather a retrospective view in light of [Wil10].
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A strengthening of the conclusion that we don’t know refers to circuits of larger size.
In Theorem 2 we can deduce that NTZME[t] ¢ STZE]s| for t = poly(s(poly(s))) ~
s o s, because the lower bound of [San09] is of this form; this gives non-trivial lower
bounds for circuits of “half-exponential” size (see, e.g., [Tel19; Che23]). An outstand-
ing open question is whether we can deduce non-trivial lower bounds for circuits of
exponential size 2¢", which would bring us very close to an equivalence between the
algorithmic assumption and the lower bound conclusion.

A different direction is relaxing the hypothesis. We know that for any B(n) < 2"/3,
a CAPP algorithm distinguishing between n-bit circuits that accept all their inputs and
circuits that reject all but at most B of their inputs in time B - (log B)*(!) implies circuit
lower bounds (this setting is called “quantified derandomization”, see [GW13; Tel22]).
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