
Algorithmic Approaches to Lower Bounds Roei Tell, Fall 2025

We will survey two current frontiers in circuit lower bounds: proving lower bounds
for weak circuit classes that beat the lower bounds we know for general circuits, and
improving the lower bounds for general circuits. Then we will mention an open prob-
lem about algorithmic approaches, i.e. improving the connections between algorithms
(in particular, derandomization) and lower bounds.

1 Lower bounds for weak circuit classes

Recall that historically, the project of proving circuit lower bounds for weak circuit
classes proceeded as follows.

We define AC0 as the class of constant-depth circuit families with AND,OR gates
of unbounded fan-in (as well as ¬ gates). This generalizes DNFs/CNFs, for which
exponential lower bounds in P are easy to prove. Then:

Theorem 1 ([FSS84; Yao85; Hås87]). Parity cannot be computed by AC0
d circuits of size

2o(n1/(d−1)). The lower bound is tight (up to constants), and holds also on average.

Theorem 1 was proved by random restrictions, i.e. showing that any AC0
d circuit of

size s simplifies on most subcubes of dimension n/polylog(s).
A next step was to allow the circuits to compute parity, and ask about their power

then. Clearly, random restrictions cannot work as-is (because parity doesn’t meaning-
fully simplify in subcubes), but as we mentioned earlier in the course, circuits with ⊕
gates can be approximated by probabilistic low-degree polynomials over F2. In fact,
the same argument extends to circuits with mod p gates for a prime p, yielding:

Theorem 2 ([Raz87; Smo90; Vio20]). For any prime p, majority cannot be computed by
AC0

d[p] circuits of size 2o(n1/(d−1)/ log(n)2). The lower bound is tight (up to the polylogarithmic
factor), and holds also on average.

One side-quest has been modm gates for m that is composite, yielding the class
ACC, which we discussed extensively. The current lower bounds against ACC are not
in NP , so there is still much work to do.

1.1 Lower bounds for T C0

A more natural extension of AC0[⊕] is to allow MAJ gates, yielding the class T C0.
This became a focus of attention after Williams’ proof of ACC0 lower bounds, being
the obvious next challenge (see, e.g., the first open problem in [Aar16]).

The class is also motivated by being a simplistic model of shallow neural networks.
This argument was made already in the 1960s (i.e., many decades before deep learning
became effective), and it is particularly salient now, as T C0 is also specifically related
to multi-layer transformers (see [CPW24] and references therein).

Remark 3. If we don’t care about polynomial overheads, then T C0 can be defined in multiple
equivalent ways: Polysize circuits with majority gates and negation gates; polysize circuits
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with linear threshold gates (i.e., LTF circuits); polysize circuits with gates that can compute
any symmetric function (i.e., SYM circuits). The most popular form has been LTF circuits,
since (a) We know very little about SYM circuits; (b) Most known techniques (for lower bounds
and PRGs) extend from MAJ circuits to LTF circuits.

We don’t know any lower bound for T C0 that is better than the lower bounds we
know for general circuits (e.g., we haven’t been able to prove that EXPNP is hard for
T C0). What we do know relies on precise size bounds, and in fact is so sensitive that
we measure the size of LTF circuits in wires rather than in gates.

Theorem 4 ([IPS97; CSS16]). Parity cannot be computed by T C0
d circuits with n1+C−d

wires,
for some constant C > 1. The lower bound is tight up to the constant C, and holds also on
average.

The lower bound is proved by random restrictions. Since parity can be computed
by LTF circuits of size n1+c−d

for c ≪ C, random restrictions cannot work even for
the size bound n1+exp(−d) more generally. In fact, something even more surprising
happens when going to size n1+c−d

for c ≪ C:

Theorem 5 ([CT19]). For any d0, k ∈ N there is c > 1 such that following holds. If a certain
NC1-complete function cannot be computed by LTF circuits of depth d with n1+c−d

wires (for
all d), then this same function is hard for LTF circuits of depth d0 and size nk.

Theorem 6 ([CT19]). Let c = 1.61. If there is an algorithm solving CAPP
1,2n1−c−d−n for LTF

circuits of depth d with n1+c−d
wires, in time 2no(1)

, then NEXP ̸⊂ T C0.1

The reason this phenomenon happens is because LTF circuits of size n1+exp(−d)

are strong enough to compute objects such as error-correcting codes and randomness
extractors (which allows to carry through appropriate reductions with very few wires).

Another reason is that LTF circuits of size n1+exp(−d) are strong enough to simulate
SYM circuits of arbitrary linear size O(n), and – amazingly – we don’t know any lower
bounds for the latter. Here’s an open problem then:

Open Problem 1. Prove that there’s a problem in NP that is hard for SYM circuits of
constant depth and linear size O(n).

Remark 7. For AC0
d,AC0[p]d, T C0

d, there is actually a hard function that can be computed
in AC0

d+1 [Sip83; Yao85; Hås87; OW07; Vio14; HRS+17; LST19; LSS+21; HHT+23] (i.e., by
one more layer in depth, even if the shallower circuit has mod p or LTF gates). Also, for AC0

and T C0 we have PRG constructions that essentially match the known lower bound [AW85;
TX13; Kel21; Lyu22; ST17; HHT+22] (i.e., a better PRG would yield a better lower bound),
but for AC0[⊕] we do not – this is a long-standing open problem (see [CHL+19])!

1This version of CAPP is called “quantified derandomization” [GW13; Tel22], meaning that we quan-
tify the precise number of exceptional inputs. Indeed, for any number B of exceptional inputs, solving
quantified derandomization in a better-than-brute-force way (i.e., in time B/polylog(B)) implies circuit
lower bounds, see [Tel22, Theorem 7.1], and the point of the result is scaling this down to T C0.
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1.2 Lower bounds for LTF ◦ LTF
To an outsider it may look preposterous that we don’t know how to prove NEXP ̸⊂
T C0. Don’t tell them that we don’t know how to prove this even for depth-2 circuits!

Theorem 8 ([HMP+93; Nis93; FKL+01]). There is a problem in P that is hard for LTF◦MAJ
circuits of exponential size, and ditto re MAJ ◦ LTF circuits.

Theorem 9 ([KW16]). There is a problem in P that is hard for LTF ◦ LTF circuits with
Ω̃(n2.5) wires.

Open Problem 2. Prove that there is a problem in EXPNP that is hard for LTF ◦ LTF
circuits of polynomial size.

There is a promising way to make progress on this problem, using the algorithmic
method. This is non-trivial: the algorithmic method adds overheads, i.e. when we
want to prove lower bounds for a class C, we usually need to analyze some larger
class Ĉ.2 So it seems like applying the algorithmic method to LTF ◦ LTF circuits will
require us to analyze a larger class.

Amazingly, to prove lower bounds for LTF ◦ LTF circuits it suffices to analyze a
weaker class, for which exponential lower bounds are already known!

Theorem 10 ([CW19]). Assume that CAPP of n-bit MAJ ◦MAJ circuits of polynomial size
can be solved in time 2n/nω(1). Then NEXP ̸⊂ P/poly. 3

Indeed, we currently know exponential lower bounds in P for MAJ ◦MAJ circuits,
but no non-trivial CAPP algorithm.

2 Lower bounds in ENP

Let us turn to the other direction: working with general circuits, say of exponential
size 2ϵ·n, and improving the upper-bound from S2E ⊆ ZPENP to ENP .

In the final presentations day, Rishabh and Jacob will show one algorithmic ap-
proach to prove this lower bound, from [RSW22], which goes through Avoid. They
will also show an algorithmic approach that is necessary for ENP lower bounds.

A scaled down challenge. A more relaxed goal is proving that PNP is hard for
circuits of fixed polynomial size. (Note that this is implied by exponential circuit
lower bounds in ENP , so it is indeed a more relaxed goal.)

Recall that one of the earliest approach to circuit lower bounds, by [Kan82], is based
on the Karp-Lipton theorem and a win-win argument. Specifically, we start from the

2Going through the proof, Ĉ is the class of circuits obtained by simulating a PCP verifier and answering
its queries by a C-circuit.

3The CAPP algorithm here needs to estimate the acceptance probability up to an additive error of
1/poly(n). Solving CAPP for LTF ◦MAJ circuits with error Ω(1) would yield the same conclusion.
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KL theorem: If NP ⊂ P/poly then PH collapses to Σ2. Then either NP ̸⊂ P/poly, a
win; or PH collapses to Σ2, and hence Σ2 doesn’t have fixed-polysize circuits (because
PH is hard for such circuits) – another win.

If we can improve the KL theorem such that the collapse is to PNP instead of Σ2,
then we’d get circuit lower bounds in PNP ; that is:

Proposition 11. Assume that

NP ⊂ P/poly ⇒ PH ⊂ PNP .

Then PNP is hard for size nk, for any fixed k.

In fact, for the conclusion it’s enough to deduce that PH collapses to PNP in-
finitely often, and even enough to assume it collapses to PNP/n.

It might initially seem like there’s no reason to be interested in the specific im-
provement to the KL theorem; it’s not clear that this should be easy to prove, let alone
that this should be the right approach to deducing circuit lower bounds. Amazingly,
it turns out that this improvement to the KL theorem is necessary; that is, the deduced
lower bound implies the KL improvement:

Theorem 12 ([CMM+19]). The following statements are equivalent:

1. PNP is hard for size nk for any fixed k .

2. NP ⊂ P/poly ⇒ PH ⊂ i.o.PNP/n.

Open Problem 3. Prove that NP ⊂ P/poly ⇒ PH ⊂ i.o.PNP/n.

3 Better lower bounds from better algorithms

The last problem I’ll mention is to improve the algorithmic method, i.e. show that
CAPP algorithms imply stronger circuit lower bounds (compared to what is currently
known). Since we’re shooting for a strong conclusion, let’s start with a strong hypoth-
esis (and relax it later) – polynomial-time CAPP algorithms.

Non-deterministic algorithms. Assume that prBPP ⊆ prNP . To gauge what we
should shoot for, recall that exponential circuit lower bounds in NE ∩ co-NE imply
prBPP ⊆ prNP .4 Can we show that such lower bounds are also necessary? We’ve
seen that prBPP ⊆ prNP implies exponential witness lower bounds, but deducing
exponential circuit lower bounds is an open problem.

4The reason for assuming lower bounds in NE ∩ co-NE rather than NE is that we want to compute
a hard truth-table non-deterministically, and apply a PRG to it. If the hard function is in NE , then a
prover can convince us of correctness of some 1-entries in the truth-table, but maybe that prover omitted
proofs for other 1-entries; when the problem is in NE ∩ co-NE , we can demand proofs both for 1-
entries and for 0-entries. Note that the conclusion prBPP ⊆ prNP is “fair”, since this is equivalent to
prBPP ⊆ prNP ∩ prcoNP (because prBPP is closed under complementation).
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Open Problem 4. Assuming that prBPP ⊆ prNP (or even that prBPP = prP), prove
that NE is hard for circuits of size 2ϵ·n, for some ϵ > 0.5

Deterministic algorithms. The strongest lower bounds that we know follow from
CAPP algorithms that may be non-deterministic, and analyze n-bit circuits of size 2ϵ·n

in time 2(1−ϵ)·n. Recall that this is a fine-grained question about a problem in P , since
the input length is N = 2ϵ·n and the brute-force algorithm runs in time poly(N).

The assumption prBPP = prP seems considerably stronger: we do not use non-
determinism, and we can handle N-size circuits with N input bits (rather than only
n = O(log N) input bits). One might expect that we’ll be able to prove a much stronger
conclusion from it. Doing so is an open problem:

Open Problem 5. Assuming prBPP = prP , deduce a stronger lower bound conclusion
than what is currently known to follow from non-deterministic CAPP algorithms for size-2ϵ·n

circuits running in time 2(1−ϵ)·n.
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