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Reinforcement Learning Problem

In supervised learning, the problem is to predict an output t given an input x .

But often the ultimate goal is not to predict, but to make decisions, i.e.,
take actions.

In many cases, we want to take a sequence of actions, each of which affects
the future possibilities, i.e., the actions have long-term consequences.

We want to solve sequential decision-making problems using learning-based
approaches.Reinforcement Learning (RL)

An agent observes the 
world

takes an action and 
its states changes

with the goal of 
achieving long-term 
rewards.

Reinforcement Learning Problem: An agent continually interacts with the 
environment. How should it choose its actions so that its long-term rewards are 
maximized?

Also might be called: 
• Adaptive Situated Agent Design 
• Adaptive Controller for Stochastic Nonlinear Dynamical Systems

Reinforcement Learning Problem: An agent continually interacts with the
environment. How should it choose its actions so that its long-term rewards are
maximized?
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Playing Games: Atari

https://www.youtube.com/watch?v=V1eYniJ0Rnk
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Playing Games: Super Mario

https://www.youtube.com/watch?v=wfL4L_l4U9A
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Making Pancakes!

https://www.youtube.com/watch?v=W_gxLKSsSIE
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Reinforcement Learning

Learning problems differ in the information available to the learner:

Supervised: For a given input, we know its corresponding output, e.g.,
class label
Reinforcement learning: We observe inputs, and we have to choose
outputs (actions) in order to maximize rewards. Correct outputs are
not provided.
Unsupervised: We only have input data. We somehow need to organize
them in a meaningful way, e.g., clustering.

In RL, we face the following challenges:

Continuous stream of input information, and we have to choose actions
Effects of an action depend on the state of the agent in the world
Obtain reward that depends on the state and actions
You know the reward for your action, not other possible actions.
Could be a delay between action and reward.
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Reinforcement Learning
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Example: Tic Tac Toe, Notation
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Example: Tic Tac Toe, Notation
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Example: Tic Tac Toe, Notation
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Example: Tic Tac Toe, Notation
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Formalizing Reinforcement Learning Problems

Markov Decision Process (MDP) is the mathematical framework to describe
RL problems.

A discounted MDP is defined by a tuple (S,A,P,R, γ).

S: State space. Discrete or continuous
A: Action space. Here we consider finite action space, i.e.,
A = {a1, . . . , a|A|}.
P: Transition probability
R: Immediate reward distribution
γ: Discount factor (0 ≤ γ < 1)

Let us take a closer look at each of them.
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Formalizing Reinforcement Learning Problems

The agent has a state s ∈ S in the environment, e.g., the location of X and
O in tic-tac-toc, or the location of a robot in a room.

At every time step t = 0, 1, . . . , the agent is at state St .

Takes an action At

Moves into a new state St+1, according to the dynamics of the
environment and the selected action, i.e., St+1 ∼ P(·|st , at)
Receives some reward Rt+1 ∼ R(·|St ,At ,St+1)

<latexit sha1_base64="jsVk2wqUYQLyJV+kHrWSdo6cMHs="></latexit>

<latexit sha1_base64="OF/6FqjFx4yC2SuBAL6dE0AoJc0="></latexit>

<latexit sha1_base64="Yz4ccPPApxJDQwbdQS/TyFc9LSU="></latexit>
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Formulating Reinforcement Learning

The action selection mechanism is described by a policy π

Policy π is a mapping from states to actions, i.e., At = π(St)
(deterministic) or At ∼ π(·|St) (stochastic).

The goal is to find a policy π such that long-term rewards of the agent is
maximized.

Different notions of the long-term reward:

Cumulative/total reward: R0 + R1 + R2 + . . .
Discounted (cumulative) reward: R0 + γR1 + γ2R2 + · · ·

The discount factor 0 ≤ γ ≤ 1 determines how myopic or farsighted the
agent is.
When γ is closer to 0, the agent prefers to obtain reward as soon as
possible.
When γ is close to 1, the agent is willing to receive rewards in the
farther future.
The discount factor γ has a financial interpretation: If a dollar next
year is worth almost the same as a dollar today, γ is close to 1. If a
dollar’s worth next year is much less its worth today, γ is close to 0.
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Transition Probability (or Dynamics)

The transition probability describes the changes in the state of the agent
when it chooses actions

P(St+1 = s ′|St = s,At = a)

This model has Markov property: the future depends on the past only
through the current state
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Policy

A policy is the action-selection mechanism of the agent, and describes its
behaviour.

Policy can be deterministic or stochastic:

Deterministic policy: a = π(s)
Stochastic policy: A ∼ π(·|s)
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Value Function

Value function is the expected future reward, and is used to evaluate the
desirability of states.

State-value function V π (or simply value function) for policy π is a function
defined as

V π(s) , Eπ

∑
t≥0

γtRt | S0 = s

 .
It describes the expected discounted reward if the agent starts from state s
and follows policy π.

The action-value function Qπ for policy π is

Qπ(s, a) , Eπ

∑
t≥0

γtRt | S0 = s,A0 = a

 .
It describes the expected discounted reward if the agent starts from state s,
takes action a, and afterwards follows policy π.
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Value Function

The goal is to find a policy π that maximizes the value function

Optimal value function:

Q∗(s, a) = sup
π

Qπ(s, a)

Given Q∗, the optimal policy can be obtained as

π∗(s)← argmax
a

Q∗(s, a)

The goal of an RL agent is to find a policy π that is close to optimal, i.e.,
Qπ ≈ Q∗.
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Example: Tic-Tac-Toe

Consider the game tic-tac-toe:

State: Positions of X’s and O’s on the board
Action: The location of the new X or O.
Policy: mapping from states to actions
Reward: win/lose/tie the game (+1/− 1/0) [only at final move in
given game]

based on rules of game: choice of one open position

Value function: Prediction of reward in future, based on current state

In tic-tac-toe, since state space is tractable, we can use a table to represent
value function

Let us take a closer look at the value function
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Bellman Equation

The value function satisfies the following recursive relationship:

Qπ(s, a) = E

[ ∞∑
t=0

γtRt |S0 = s,A0 = a

]

= E

[
R(S0,A0) + γ

∞∑
t=0

γtRt+1|s0 = s, a0 = a

]
= E [R(S0,A0) + γQπ(S1, π(S1))|S0 = s,A0 = a]

= r(s, a) + γ

∫
S
P(ds ′|s, a)Qπ(s ′, π(s ′))︸ ︷︷ ︸

,(TπQπ)(s,a)

This is called the Bellman equation and Tπ is the Bellman operator. Similarly, we
define the Bellman optimality operator:

(T ∗Q)(s, a) , r(s, a) + γ

∫
S
P(ds ′|s, a) max

a′∈A
Q(s ′, a′)
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Bellman Equation

Key observation:

Qπ = TπQπ

Q∗ = T ∗Q∗

The solution of these fixed-point equations are unique.

Value-based approaches try to find a Q̂ such that

Q̂ ≈ T ∗Q̂

The greedy policy of Q̂ is close to the optimal policy:

Qπ(x ;Q̂) ≈ Qπ∗ = Q∗

where the greedy policy of Q̂ is defined as

π(s; Q̂)← argmax
a∈A

Q̂(s, a)
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Finding the Value Function

Let us first study the policy evaluation problem: Given a policy π, find V π

(or Qπ).

Policy evaluation is an intermediate step for many RL methods.

The uniqueness of the fixed-point of the Bellman operator implies that if we
find a Q such that TπQ = Q, then Q = Qπ.

Assume that P and r(s, a) = E [R(·|s, a)] are known.

If the state-action space S ×A is finite (and not very large, i.e., hundreds or
thousands, but not millions or billions), we can solve the following Linear
System of Equations:

Q(s, a) = r(s, a) + γ
∑
s′∈S
P(s ′|s, a)Q(s ′, π(s ′)) ∀(s, a) ∈ S ×A

This is feasible for small problems (|S × A| is not too large), but for large
problems there are better approaches.
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Finding the Value Function

The Bellman optimality operator also has a unique fixed point.

If we find a Q such that T ∗Q = Q, then Q = Q∗.

Let us try an approach similar to what we did for the policy evaluation
problem.

If the state-action space S ×A is finite (and not very large), we can solve
the following Nonlinear System of Equation:

Q(s, a) = r(s, a) + γ
∑
s′∈S
P(s ′|s, a) max

a′∈A
Q(s ′, a′) ∀(s, a) ∈ S ×A

This is a nonlinear system of equations, and can be difficult to solve. Can
we do anything else?
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Finding the Optimal Value Function: Value Iteration

Assume that we know the model P and R. How can we find the optimal
value function?

Finding the optimal policy/value function when the model is known is
sometimes called the Planning problem.

We can benefit from the Bellman optimality equation and use a method
called Value Iteration: Start from an initial function Q1. For each
k = 1, 2, . . . , apply

Qk+1 ← T ∗Qk

Bellman operator T ∗

Qk

Qk+1 ← T ∗Qk

Q∗

Qk+1(s, a)← r(s, a) + γ

∫
S
P(ds ′|s, a) max

a′∈A
Qk(s ′, a′)

Qk+1(s, a)← r(s, a) + γ
∑
s′∈S
P(s ′|s, a) max

a′∈A
Qk(s ′, a′)
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Value Iteration

The Value Iteration converges to the optimal value function.

This is because of the contraction property of the Bellman (optimality)
operator, i.e., ‖T ∗Q1 − T ∗Q2‖∞ ≤ γ ‖Q1 − Q2‖∞.

Qk+1 ← T ∗Qk
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Bellman Operator is Contraction (Optional)

Q1
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∣∣(T∗Q1)(s, a)− (T∗Q2)(s, a)
∣∣ =∣∣∣∣∣

[
r(s, a) + γ

∫
S
P(ds′|s, a) max

a′∈A
Q1(s
′
, a′)

]
−

[
r(s, a) + γ

∫
S
P(ds′|s, a) max

a′∈A
Q2(s
′
, a′)

] ∣∣∣∣∣
=γ

∣∣∣∣∣
∫
S
P(ds′|s, a)

[
max
a′∈A

Q1(s
′
, a′)− max

a′∈A
Q2(s
′
, a′)

]∣∣∣∣∣
≤γ

∫
S
P(ds′|s, a) max

a′∈A

∣∣∣Q1(s
′
, a′)− Q2(s

′
, a′)

∣∣∣
≤γ max

(s′,a′)∈S×A

∣∣∣Q1(s
′
, a′)− Q2(s

′
, a′)

∣∣∣ ∫
S
P(ds′|s, a)︸ ︷︷ ︸

=1
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Bellman Operator is Contraction (Optional)

Therefore, we get that

sup
(s,a)∈S×A

|(T ∗Q1)(s, a)− (T ∗Q2)(s, a)| ≤ γ sup
(s,a)∈S×A

|Q1(s, a)− Q2(s, a)| .

Or more succinctly,

‖T ∗Q1 − T ∗Q2‖∞ ≤ γ ‖Q1 − Q2‖∞ .

We also have a similar result for the Bellman operator of a policy π:

‖TπQ1 − TπQ2‖∞ ≤ γ ‖Q1 − Q2‖∞ .
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Challenges

When we have a large state space (e.g., when S ⊂ Rd or |S × A| is very
large):

Exact representation of the value (Q) function is infeasible for all
(s, a) ∈ S ×A.
The exact integration in the Bellman operator is challenging
Qk+1(s, a)← r(s, a) + γ

∫
S×A P(ds ′|s, a) maxa′∈AQk(s ′, a′)

We often do not know the dynamics P and the reward function R, so we
cannot calculate the Bellman operators.
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Is There Any Hope?

During this course, we learned many methods to learn functions (e.g.,
classifier, regressor) when the input is continuous-valued and we are only
given a finite number of data points.

We may adopt those technique to solve RL problems.

There are some other aspects of the RL problem that we do not touch in
this course; we briefly mention them later.
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Batch RL and Approximate Dynamic Programming
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<latexit sha1_base64="N9xDJjwCBaOnOr/zJrQdCxQrhyQ=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWOl9gFtKJvNJl26j7C7EUrIT/Cqv8ef4S/wJl69uU1zsC0d+GCY+QaG8WNKlHacT6u0tb2zu1ferxwcHh2fVGunPSUSiXAXCSrkwIcKU8JxVxNN8SCWGDKf4r4/bc39/guWigj+rGcx9hiMOAkJgtpInc7YHVfrTsPJYa8TtyB1UKA9rllXo0CghGGuEYVKDV0n1l4KpSaI4qwyShSOIZrCCA8N5ZBh5aV518y+NEpgh0Ka49rO1f+JFDKlZsw3nwzqiVr15uImT09YtqzRSEhiZII2GCttdXjvpYTHicYcLcqGCbW1sOfj2QGRGGk6MwQikyfIRhMoIdJm4sooD6YtwRjkgcrMsu7qjuukd9NwnYb7dFtvPhQbl8E5uADXwAV3oAkeQRt0AQIReAVv4N36sL6sb+tn8VqyiswZWIL1+wemLbB5</latexit>

<latexit sha1_base64="8bs1L80ZL893qkFitpEzMkPoBSg=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVJIi6LHYi8dK7QPaUDabTbp0H2F3I5SQn+BVf48/w1/gTbx6c5vmYFsc+GCY+QaG8WNKlHacD6u0tb2zu1ferxwcHh2fVGunfSUSiXAPCSrk0IcKU8JxTxNN8TCWGDKf4oE/ay/8wTOWigj+pOcx9hiMOAkJgtpI3e6kOanWnYaTw94kbkHqoEBnUrOuxoFACcNcIwqVGrlOrL0USk0QxVllnCgcQzSDER4ZyiHDykvzrpl9aZTADoU0x7Wdq38TKWRKzZlvPhnUU7XuLcT/PD1l2apGIyGJkQn6x1hrq8M7LyU8TjTmaFk2TKithb0Yzw6IxEjTuSEQmTxBNppCCZE2E1fGeTBtC8YgD1RmlnXXd9wk/WbDdRru4029dV9sXAbn4AJcAxfcghZ4AB3QAwhE4AW8gjfr3fq0vqzv5WvJKjJnYAXWzy+oBrB6</latexit>

<latexit sha1_base64="Cb9TL8r797R360uDbUh2EwT27do=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSqKCHou9eKzUPqANZbPZpEv3EXY3Qgn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaW1sbm3v7Jb2yvsHh0fHlepJV4lEItxBggrZ96HClHDc0URT3I8lhsynuOdPmjO/94KlIoI/62mMPQYjTkKCoDZSuz26GVVqTt3JYa8StyA1UKA1qlqXw0CghGGuEYVKDVwn1l4KpSaI4qw8TBSOIZrACA8M5ZBh5aV518y+MEpgh0Ka49rO1f+JFDKlpsw3nwzqsVr2ZuI6T49ZtqjRSEhiZILWGEttdXjvpYTHicYczcuGCbW1sGfj2QGRGGk6NQQikyfIRmMoIdJm4vIwD6ZNwRjkgcrMsu7yjquke113nbr7dFtrPBQbl8AZOAdXwAV3oAEeQQt0AAIReAVv4N36sL6sb+tn/rphFZlTsADr9w+p37B7</latexit>

<latexit sha1_base64="ypBmxb5WDuGzXwtArk9GzNymjTs=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSiIFPRZ78VipfUAbymazSZfuI+xuhBLyE7zq7/Fn+Au8iVdvbtMcbEsHPhhmvoFh/JgSpR3n09ra3tnd2y8dlA+Pjk9OK9WznhKJRLiLBBVy4EOFKeG4q4mmeBBLDJlPcd+ftuZ+/wVLRQR/1rMYewxGnIQEQW2kTmfcGFdqTt3JYa8TtyA1UKA9rlrXo0CghGGuEYVKDV0n1l4KpSaI4qw8ShSOIZrCCA8N5ZBh5aV518y+Mkpgh0Ka49rO1f+JFDKlZsw3nwzqiVr15uImT09YtqzRSEhiZII2GCttdXjvpYTHicYcLcqGCbW1sOfj2QGRGGk6MwQikyfIRhMoIdJm4vIoD6YtwRjkgcrMsu7qjuukd1t3nbr71Kg1H4qNS+ACXIIb4II70ASPoA26AIEIvII38G59WF/Wt/WzeN2yisw5WIL1+weruLB8</latexit>

<latexit sha1_base64="9cXZMU+0rUVVOHlu3BbIIFjf/5Q=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSiKKHou9eKzUPqANZbPZpEv3EXY3Qgn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaW1sbm3v7Jb2yvsHh0fHlepJV4lEItxBggrZ96HClHDc0URT3I8lhsynuOdPmjO/94KlIoI/62mMPQYjTkKCoDZSuz26HVVqTt3JYa8StyA1UKA1qlqXw0CghGGuEYVKDVwn1l4KpSaI4qw8TBSOIZrACA8M5ZBh5aV518y+MEpgh0Ka49rO1f+JFDKlpsw3nwzqsVr2ZuI6T49ZtqjRSEhiZILWGEttdXjvpYTHicYczcuGCbW1sGfj2QGRGGk6NQQikyfIRmMoIdJm4vIwD6ZNwRjkgcrMsu7yjquke113nbr7dFNrPBQbl8AZOAdXwAV3oAEeQQt0AAIReAVv4N36sL6sb+tn/rphFZlTsADr9w+tkbB9</latexit>

<latexit sha1_base64="kKjngR/zgV2cU9tsayzNKk1EX3I=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSiKiHou9eKzUPqANZbPZpEv3EXY3Qgn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaW1sbm3v7Jb2yvsHh0fHlepJV4lEItxBggrZ96HClHDc0URT3I8lhsynuOdPmjO/94KlIoI/62mMPQYjTkKCoDZSuz26HVVqTt3JYa8StyA1UKA1qlqXw0CghGGuEYVKDVwn1l4KpSaI4qw8TBSOIZrACA8M5ZBh5aV518y+MEpgh0Ka49rO1f+JFDKlpsw3nwzqsVr2ZuI6T49ZtqjRSEhiZILWGEttdXjvpYTHicYczcuGCbW1sGfj2QGRGGk6NQQikyfIRmMoIdJm4vIwD6ZNwRjkgcrMsu7yjquke113nbr7dFNrPBQbl8AZOAdXwAV3oAEeQQt0AAIReAVv4N36sL6sb+tn/rphFZlTsADr9w+varB+</latexit>

<latexit sha1_base64="skkmTSASD28dEyA8PT+1G06hWRo=">AAACQHicdVBLS8NAGNz4rPXV6tFLsPg4lUREPRZ78VjRPqANZbPZtEv3EXY3Qgn5C1719/gv/AfexKsnN2kOtqUDHwwz38AwfkSJ0o7zaa2tb2xubZd2yrt7+weHlepRR4lYItxGggrZ86HClHDc1kRT3IskhsynuOtPmpnffcFSEcGf9TTCHoMjTkKCoM6kp+HNxbBSc+pODnuZuAWpgQKtYdU6HwQCxQxzjShUqu86kfYSKDVBFKflQaxwBNEEjnDfUA4ZVl6Sl03tM6MEdiikOa7tXP2fSCBTasp888mgHqtFLxNXeXrM0nmNjoQkRiZohbHQVod3XkJ4FGvM0axsGFNbCztbzw6IxEjTqSEQmTxBNhpDCZE2G5cHeTBpCsYgD1RqlnUXd1wmnau669Tdx+ta477YuAROwCm4BC64BQ3wAFqgDRAYg1fwBt6tD+vL+rZ+Zq9rVpE5BnOwfv8AHa2wrw==</latexit>

<latexit sha1_base64="4jDroyRCRr2/BhVipOhTjevx02E=">AAACQHicdVBLS8NAGNz4rPXV6tFLsPg4lUQUPRZ78VjRPqANZbPZtEv3EXY3Qgn5C1719/gv/AfexKsnN2kOtqUDHwwz38AwfkSJ0o7zaa2tb2xubZd2yrt7+weHlepRR4lYItxGggrZ86HClHDc1kRT3IskhsynuOtPmpnffcFSEcGf9TTCHoMjTkKCoM6kp4vhzbBSc+pODnuZuAWpgQKtYdU6HwQCxQxzjShUqu86kfYSKDVBFKflQaxwBNEEjnDfUA4ZVl6Sl03tM6MEdiikOa7tXP2fSCBTasp888mgHqtFLxNXeXrM0nmNjoQkRiZohbHQVod3XkJ4FGvM0axsGFNbCztbzw6IxEjTqSEQmTxBNhpDCZE2G5cHeTBpCsYgD1RqlnUXd1wmnau669Tdx+ta477YuAROwCm4BC64BQ3wAFqgDRAYg1fwBt6tD+vL+rZ+Zq9rVpE5BnOwfv8AG42wrg==</latexit>

<latexit sha1_base64="o6eioUXMjWyIEhrQ54eHtmpinpU=">AAACQHicdVBLS8NAGNz4rPXV6tFLsPg4lUQKeiz24rGifUAbymazaZfuI+xuhBLyF7zq7/Ff+A+8iVdPbtIcbEsHPhhmvoFh/IgSpR3n09rY3Nre2S3tlfcPDo+OK9WTrhKxRLiDBBWy70OFKeG4o4mmuB9JDJlPcc+ftjK/94KlIoI/61mEPQbHnIQEQZ1JT1ejxqhSc+pODnuVuAWpgQLtUdW6HAYCxQxzjShUauA6kfYSKDVBFKflYaxwBNEUjvHAUA4ZVl6Sl03tC6MEdiikOa7tXP2fSCBTasZ888mgnqhlLxPXeXrC0kWNjoUkRiZojbHUVod3XkJ4FGvM0bxsGFNbCztbzw6IxEjTmSEQmTxBNppACZE2G5eHeTBpCcYgD1RqlnWXd1wl3Zu669Tdx0ateV9sXAJn4BxcAxfcgiZ4AG3QAQhMwCt4A+/Wh/VlfVs/89cNq8icggVYv38ZtLCt</latexit>

<latexit sha1_base64="6lvPSt8HA4d2OtjmVigrycKX/1o=">AAACQHicdVBLS8NAGNz4rPXV6tFLsPg4lUQFPRZ78VjRPqANZbPZtEv3EXY3Qgn5C1719/gv/AfexKsnN2kOtqUDHwwz38AwfkSJ0o7zaa2tb2xubZd2yrt7+weHlepRR4lYItxGggrZ86HClHDc1kRT3IskhsynuOtPmpnffcFSEcGf9TTCHoMjTkKCoM6kp4vh9bBSc+pODnuZuAWpgQKtYdU6HwQCxQxzjShUqu86kfYSKDVBFKflQaxwBNEEjnDfUA4ZVl6Sl03tM6MEdiikOa7tXP2fSCBTasp888mgHqtFLxNXeXrM0nmNjoQkRiZohbHQVod3XkJ4FGvM0axsGFNbCztbzw6IxEjTqSEQmTxBNhpDCZE2G5cHeTBpCsYgD1RqlnUXd1wmnau669Tdx5ta477YuAROwCm4BC64BQ3wAFqgDRAYg1fwBt6tD+vL+rZ+Zq9rVpE5BnOwfv8AF9uwrA==</latexit>

<latexit sha1_base64="6u4VjnXLvPSgf6I3YAPWUVTC3S4=">AAACQHicdVBLS8NAGNz4rPXV6tFLsPg4laQIeiz24rGifUAbymazaZfuI+xuhBLyF7zq7/Ff+A+8iVdPbtIcbEsHPhhmvoFh/IgSpR3n09rY3Nre2S3tlfcPDo+OK9WTrhKxRLiDBBWy70OFKeG4o4mmuB9JDJlPcc+ftjK/94KlIoI/61mEPQbHnIQEQZ1JT1ejxqhSc+pODnuVuAWpgQLtUdW6HAYCxQxzjShUauA6kfYSKDVBFKflYaxwBNEUjvHAUA4ZVl6Sl03tC6MEdiikOa7tXP2fSCBTasZ888mgnqhlLxPXeXrC0kWNjoUkRiZojbHUVod3XkJ4FGvM0bxsGFNbCztbzw6IxEjTmSEQmTxBNppACZE2G5eHeTBpCcYgD1RqlnWXd1wl3Ubdderu402teV9sXAJn4BxcAxfcgiZ4AG3QAQhMwCt4A+/Wh/VlfVs/89cNq8icggVYv38WArCr</latexit>

<latexit sha1_base64="hw7KIY4m4eoAP9RDIKDVSLQx5e4=">AAACQHicdVBLS8NAGNzUV62vVo9egsXHqSQi6LHYi8eK9gFtKJvNpl26j7C7EUrIX/Cqv8d/4T/wJl49uUlzsC0d+GCY+QaG8SNKlHacT6u0sbm1vVPereztHxweVWvHXSViiXAHCSpk34cKU8JxRxNNcT+SGDKf4p4/bWV+7wVLRQR/1rMIewyOOQkJgjqTni5H7qhadxpODnuVuAWpgwLtUc26GAYCxQxzjShUauA6kfYSKDVBFKeVYaxwBNEUjvHAUA4ZVl6Sl03tc6MEdiikOa7tXP2fSCBTasZ888mgnqhlLxPXeXrC0kWNjoUkRiZojbHUVod3XkJ4FGvM0bxsGFNbCztbzw6IxEjTmSEQmTxBNppACZE2G1eGeTBpCcYgD1RqlnWXd1wl3euG6zTcx5t6877YuAxOwRm4Ai64BU3wANqgAxCYgFfwBt6tD+vL+rZ+5q8lq8icgAVYv38UKbCq</latexit>

<latexit sha1_base64="e9Ee9BDdLICesx/6+wa6793Rt4k=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWN99AFtKJvNJl26j7C7EUrIT/Cqv8ef4S/wJl69uU1zsC0d+GCY+QaG8WNKlHacT6u0sbm1vVPereztHxweVWvHXSUSiXAHCSpk34cKU8JxRxNNcT+WGDKf4p4/ac383guWigj+rKcx9hiMOAkJgtpIT48jd1StOw0nh71K3ILUQYH2qGZdDAOBEoa5RhQqNXCdWHsplJogirPKMFE4hmgCIzwwlEOGlZfmXTP73CiBHQppjms7V/8nUsiUmjLffDKox2rZm4nrPD1m2aJGIyGJkQlaYyy11eGtlxIeJxpzNC8bJtTWwp6NZwdEYqTp1BCITJ4gG42hhEibiSvDPJi2BGOQByozy7rLO66S7lXDdRruw3W9eVdsXAan4AxcAhfcgCa4B23QAQhE4BW8gXfrw/qyvq2f+WvJKjInYAHW7x+kUrB4</latexit>

<latexit sha1_base64="/SvjbljiqVYjS9cxzA5N5W9mxJM=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSlIEPRZ78VgffUAbymazSZfuI+xuhBLyE7zq7/Fn+Au8iVdvbtMcbEsHPhhmvoFh/JgSpR3n09rY3Nre2S3tlfcPDo+OK9WTrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7wVLRQR/1tMYewxGnIQEQW2kp8dRY1SpOXUnh71K3ILUQIH2qGpdDgOBEoa5RhQqNXCdWHsplJogirPyMFE4hmgCIzwwlEOGlZfmXTP7wiiBHQppjms7V/8nUsiUmjLffDKox2rZm4nrPD1m2aJGIyGJkQlaYyy11eGtlxIeJxpzNC8bJtTWwp6NZwdEYqTp1BCITJ4gG42hhEibicvDPJi2BGOQByozy7rLO66SbqPuOnX34brWvCs2LoEzcA6ugAtuQBPcgzboAAQi8ArewLv1YX1Z39bP/HXDKjKnYAHW7x+mK7B5</latexit>

<latexit sha1_base64="FyXn+XsN8+FWBRmvuesikA3Yf9g=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSqKCHou9eKyPPqANZbPZpEv3EXY3Qgn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaa2tb2xubZd2yrt7+weHlepRR4lEItxGggrZ86HClHDc1kRT3IslhsynuOuPm1O/+4KlIoI/60mMPQYjTkKCoDbS0+PwalipOXUnh71M3ILUQIHWsGqdDwKBEoa5RhQq1XedWHsplJogirPyIFE4hmgMI9w3lEOGlZfmXTP7zCiBHQppjms7V/8nUsiUmjDffDKoR2rRm4qrPD1i2bxGIyGJkQlaYSy01eGtlxIeJxpzNCsbJtTWwp6OZwdEYqTpxBCITJ4gG42ghEibicuDPJg2BWOQByozy7qLOy6TzmXdderuw3WtcVdsXAIn4BRcABfcgAa4By3QBghE4BW8gXfrw/qyvq2f2euaVWSOwRys3z+oBLB6</latexit>

<latexit sha1_base64="qsAWGLoYRgG4vhGxPK8Mau+zik4=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSiIFPRZ78VgffUAbymazSZfuI+xuhBLyE7zq7/Fn+Au8iVdvbtMcbEsHPhhmvoFh/JgSpR3n09rY3Nre2S3tlfcPDo+OK9WTrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7wVLRQR/1tMYewxGnIQEQW2kp8dRY1SpOXUnh71K3ILUQIH2qGpdDgOBEoa5RhQqNXCdWHsplJogirPyMFE4hmgCIzwwlEOGlZfmXTP7wiiBHQppjms7V/8nUsiUmjLffDKox2rZm4nrPD1m2aJGIyGJkQlaYyy11eGtlxIeJxpzNC8bJtTWwp6NZwdEYqTp1BCITJ4gG42hhEibicvDPJi2BGOQByozy7rLO66S7nXdderuQ6PWvCs2LoEzcA6ugAtuQBPcgzboAAQi8ArewLv1YX1Z39bP/HXDKjKnYAHW7x+p3bB7</latexit>

<latexit sha1_base64="eiabvqWLdnM10HnujstSVM6sSQU=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSiKKHou9eKyPPqANZbPZpEv3EXY3Qgn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaa2tb2xubZd2yrt7+weHlepRR4lEItxGggrZ86HClHDc1kRT3IslhsynuOuPm1O/+4KlIoI/60mMPQYjTkKCoDbS0+PwelipOXUnh71M3ILUQIHWsGqdDwKBEoa5RhQq1XedWHsplJogirPyIFE4hmgMI9w3lEOGlZfmXTP7zCiBHQppjms7V/8nUsiUmjDffDKoR2rRm4qrPD1i2bxGIyGJkQlaYSy01eGtlxIeJxpzNCsbJtTWwp6OZwdEYqTpxBCITJ4gG42ghEibicuDPJg2BWOQByozy7qLOy6TzmXdderuw1WtcVdsXAIn4BRcABfcgAa4By3QBghE4BW8gXfrw/qyvq2f2euaVWSOwRys3z+rtrB8</latexit>

<latexit sha1_base64="h+RlyQ7atXYl4xROVnU4SVpq7uc=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSiKiHou9eKyPPqANZbPZpEv3EXY3Qgn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaa2tb2xubZd2yrt7+weHlepRR4lEItxGggrZ86HClHDc1kRT3IslhsynuOuPm1O/+4KlIoI/60mMPQYjTkKCoDbS0+PwelipOXUnh71M3ILUQIHWsGqdDwKBEoa5RhQq1XedWHsplJogirPyIFE4hmgMI9w3lEOGlZfmXTP7zCiBHQppjms7V/8nUsiUmjDffDKoR2rRm4qrPD1i2bxGIyGJkQlaYSy01eGtlxIeJxpzNCsbJtTWwp6OZwdEYqTpxBCITJ4gG42ghEibicuDPJg2BWOQByozy7qLOy6TzmXdderuw1WtcVdsXAIn4BRcABfcgAa4By3QBghE4BW8gXfrw/qyvq2f2euaVWSOwRys3z+tj7B9</latexit>

Suppose that we are given the following dataset

Dn = {(Si ,Ai ,Ri ,S
′
i )}ni=1

(Si ,Ai ) ∼ ν (ν is a distribution over S ×A)

S ′i ∼ P(·|Si ,Ai )

Ri ∼ R(·|Si ,Ai )

Can we estimate Q ≈ Q∗ using these data?
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From Value Iteration to Approximate Value Iteration

Recall that each iteration of VI computes

Qk+1 ← T ∗Qk

We cannot directly compute T ∗Qk . But we can use data to approximately
perform one step of VI.

Consider (Si ,Ai ,Ri ,S
′
i ) from the dataset Dn.

Consider a function Q : S ×A → R.

We can define a random variable ti = Ri + γmaxa′∈AQ(S ′i , a
′).

Notice that

E
[
Ri + γ max

a′∈A
Q(S ′i , a

′)|Si ,Ai

]
=

r(Si ,Ai ) + γ

∫
P(ds ′|Si ,Ai ) max

a′∈A
Q(s ′, a′) = (T ∗Q)(Si ,Ai )

So ti = Ri + γmaxa′∈AQ(S ′i , a
′) is a noisy version of (T ∗Q)(Si ,Ai ). Fitting

a function to noisy real-valued data is the regression problem.
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From Value Iteration to Approximate Value Iteration

Bellman operator T ∗

Qk

Qk+1 ← T ∗Qk

Q∗

Given the dataset Dn = {(Si ,Ai ,Ri ,S
′
i )}ni=1 and an action-value function

estimate Qk , we can construct the dataset {(x(i), t(i))}Ni=1 with
x(i) = (Si ,Ai ) and t(i) = Ri + γmaxa′∈AQ(S ′i , a

′).

Because of E [Ri + γmaxa′∈AQk(S ′i , a
′)|Si ,Ai ] = (T ∗Qk)(Si ,Ai ) we can

treat the problem of estimating Qk+1 as a regression problem with noisy
data.
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From Value Iteration to Approximate Value Iteration

Bellman operator T ∗

Qk

Qk+1 ← T ∗Qk

Q∗

Given the dataset Dn = {(Si ,Ai ,Ri ,S
′
i )}ni=1 and an action-value function

estimate Qk , we solve a regression problem. We minimize the squared error:

Qk+1 ← argmin
Q∈F

1

n

n∑
i=1

∣∣∣∣Q(Si ,Ai )−
(
Ri + γ max

a′∈A
Qk(S ′i , a)

)∣∣∣∣2
We run this procedure K -times.

The policy of the agent is selected to be the greedy policy w.r.t. the final
estimate of the value function: At state s ∈ S, the agent chooses
π(s;QK )← argmaxa∈AQK (s, a)

This method is called Approximate Value Iteration or Fitted Value Iteration.
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Choice of Estimator

We have many choices for the regression method (and the function space F):

Linear models: F = {Q(s, a) = w>ψ(s, a)}.
How to choose the feature mapping ψ?

Decision Trees, Random Forest, etc.

Kernel-based methods, and regularized variants.

(Deep) Neural Networks. Deep Q Network (DQN) is an example of
performing AVI with DNN, with some DNN-specific tweaks.
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Some Remarks on AVI

AVI converts a value function estimation problem to a sequence of regression
problems.

As opposed to the conventional regression problem, the target of AVI, which
is T ∗Qk , changes at each iteration.

Usually we cannot guarantee that the solution of the regression problem
Qk+1 is exactly equal to T ∗Qk . We only have Qk+1 ≈ T ∗Qk .

These errors might accumulate and may even cause divergence.

The theoretical analysis of AVI is more complicated than the analysis of
regression problems. But it has been done.
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From Batch RL to Online RL

We started from the setting where the model was known (Planning) to the
setting where we do not know the model, but we have a batch of data
coming from the previous interaction of the agent with the environment
(Batch RL).

This allowed us to use tools from the supervised learning literature
(particularly, regression) to design RL algorithms.

But RL problems are often interactive: the agent continually interacts with
the environment, updates its knowledge of the world and its policy, with the
goal of achieving as much rewards as possible.

Can we obtain an online algorithm for updating the value function?

An extra difficulty is that an RL agent should handle its interaction with the
environment carefully: it should collect as much information about the
environment as possible (exploration), while benefitting from the knowledge
that has been gathered so far in order to obtain a lot of rewards
(exploitation).
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Online RL

Suppose that agent continually interacts with the environment. This means
that

At time step t, the agent observes the state variable St .
The agent chooses an action At according to its policy, i.e.,
At = πt(St).
The state of the agent in the environment changes according to the
dynamics. At time step t + 1, the state is St+1 ∼ P(·|St ,At). The
agent observes the reward variable too: Rt ∼ R(·|St ,At).

Two questions:

Can we update the estimate of the action-value function Q online and
only based on (St ,At ,Rt ,St+1) such that it converges to the optimal
value function Q∗?
What should the policy πt be?

Q-Learning is an online algorithm that addresses the first question.

We present Q-Learning for finite state-action problems.
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Q-Learning with ε-Greedy Policy

Parameters:

Learning rate: 0 < α < 1: learning rate
Exploration parameter: ε

Initialize Q(s, a) for all (s, a) ∈ S ×A
The agent starts at state S0.

For time step t = 0, 1, ...,

Choose At according to the ε-greedy policy, i.e.,

At ←
{
argmaxa∈AQ(St , a) with probability 1− ε
Uniformly random action in A with probability ε

Take action At in the environment.
The state of the agent changes from St to St+1 ∼ P(·|St ,At)
Observe St+1 and Rt

Update the action-value function at state-action (St ,At):

Q(St ,At)← Q(St ,At) + α

[
Rt + γ max

a′∈A
Q(St+1, a

′)− Q(St ,At)

]
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Exploration vs. Exploitation

The ε-greedy is a simple mechanism for maintaining exploration-exploitation
tradeoff.

πε(S ;Q) =

{
argmaxa∈AQ(S , a) with probability 1− ε
Uniformly random action in A with probability ε

The ε-greedy policy ensures that most of the time (probability 1− ε) the
agent exploits its incomplete knowledge of the world by chooses the best
action (i.e., corresponding to the highest action-value), but occasionally
(probability ε) it explores other actions.

Without exploration, the agent may never find some good actions.

The ε-greedy is one of the simplest, but widely used, methods for trading-off
exploration and exploitation. Exploration-exploitation tradeoff is an
important topic of research.
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Examples of Exploration-Exploitation in the Real World

Restaurant Selection

Exploitation: Go to your favourite restaurant
Exploration: Try a new restaurant

Online Banner Advertisements

Exploitation: Show the most successful advert
Exploration: Show a different advert

Oil Drilling

Exploitation: Drill at the best known location
Exploration: Drill at a new location

Game Playing

Exploitation: Play the move you believe is best
Exploration: Play an experimental move

[Slide credit: D. Silver]
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An Intuition on Why Q-Learning Works? (Optional)

Consider a tuple (S ,A,R,S ′). The Q-learning update is

Q(S ,A)← Q(S ,A) + α

[
R + γ max

a′∈A
Q(S ′, a′)− Q(S ,A)

]
.

To understand this better, let us focus on its stochastic equilibrium, i.e.,
where the expected change in Q(S ,A) is zero. We have

E
[
R + γ max

a′∈A
Q(S ′, a′)− Q(S ,A)|S ,A

]
= 0

⇒(T ∗Q)(S ,A) = Q(S ,A)

So at the stochastic equilibrium, we have (T ∗Q)(S ,A) = Q(S ,A). Because
the fixed-point of the Bellman optimality operator is unique (and is Q∗), Q
is the same as the optimal action-value function Q∗.

One can show that under certain conditions, Q-Learning indeed converges to
the optimal action-value function Q∗.

This is true for finite state-action spaces. The equivalent of the Q-Learning
with function approximation might diverge.
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Recap and Other Approaches

We defined MDP as the mathematical framework to study RL problems.

We started from the assumption that the model is known (Planning). We
then relaxed it to the assumption that we have a batch of data (Batch RL).
Finally we briefly discussed Q-learning as an online algorithm to solve RL
problems (Online RL).
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Recap and Other Approaches

All discussed approaches estimate the value function first. They are called
value-based methods.

There are methods that directly optimize the policy, i.e., policy search
methods.

Model-based RL methods estimate the true, but unknown, model of
environment P by an estimate P̂, and use the estimate P in order to plan.

There are hybrid methods.

Policy

Model

Value
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Reinforcement Learning Resources

Books:

Richard S. Sutton and Andrew G. Barto, Reinforcement Learning: An
Introduction, 2nd edition, 2018.
Csaba Szepesvari, Algorithms for Reinforcement Learning, 2010.
Lucian Busoniu, Robert Babuska, Bart De Schutter, and Damien Ernst,
Reinforcement Learning and Dynamic Programming Using Function
Approximators, 2010.
Dimitri P. Bertsekas and John N. Tsitsiklis, Neuro-Dynamic
Programming, 1996.

Courses:

Video lectures by David Silver
CIFAR and Vector Institute’s Reinforcement Learning Summer School,
2018.
Deep Reinforcement Learning, CS 294-112 at UC Berkeley
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https://www.youtube.com/watch?v=2pWv7GOvuf0
https://dlrlsummerschool.ca/
https://dlrlsummerschool.ca/
http://rail.eecs.berkeley.edu/deeprlcourse/

