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ABSTRACT
In recent years, there has been increasing interest within
the computational social choice community regarding mod-
els where voters are biased towards specific behaviors or have
secondary preferences. An important representative exam-
ple of this approach is the model of truth bias, where voters
prefer to be honest about their preferences, unless they are
pivotal. This model has been demonstrated to be an effec-
tive tool in controlling the set of pure Nash equilibria in a
voting game, which otherwise lacks predictive power. How-
ever, in the models that have been used thus far, the bias is
binary, i.e., the final utility of a voter depends on whether
he cast a truthful vote or not, independently of the type of
lie.

In this paper, we introduce a more robust framework, and
eliminate this limitation, by investigating truth-biased vot-
ers with variable bias strength. Namely, we assume that
even when voters face incentives to lie towards a better out-
come, the ballot distortion from their truthful preference
incurs a cost, measured by a distance function. We study
various such distance-based cost functions and explore their
effect on the set of Nash equilibria of the underlying game.
Intuitively, one might expect that such distance metrics may
induce similar behavior. To our surprise, we show that the
presented metrics exhibit quite different equilibrium behav-
ior.
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1. INTRODUCTION

My election method is only for honest men.

— Jean-Charles de Borda1

The issue of aggregating different opinions to reach a sin-
gle decision has been investigated for centuries, regarding
both the process itself (elections) and the induced outcomes.
Various thinkers have tried to design voting mechanisms
that will reach an outcome that best reflects the partici-
pants’ views. However, looming over these attempts is the
very common tendency by voters to hide their real prefer-
ences and vote strategically—vote in a way that will make
the outcome more preferable to them.

As the Gibbard-Satterthwaite theorem [9, 21] showed that
such phenomena are unavoidable (except in dictatorships),
much research has turned to analyzing the outcomes of elec-
tions. A long line of research arose in this context, starting
with [1], on the complexity aspects of strategizing agents,
who seek to manipulate the election outcome.

A more intricate question is understanding the election
outcomes that emerge when voters are strategic. Prima fa-
cie, a natural tool to analyze voting outcomes under strate-
gic behavior is the Nash equilibrium. However, not only is
there an enormous number of equilibria (for plurality, ex-
ponential in the number of voters [22]), but also many of
these equilibria cannot occur in practice as an election re-
sult. For example, in plurality, if all voters rank the same
candidate first (even if it is their least-preferred one), this is
a Nash equilibrium since no one can unilaterally change the
outcome. Hence, the set of Nash equilibria has quite poor
predictive power.

A recent approach to refine the set of equilibria (and cer-
tainly not the only one), is derived from the basic under-
standing that all things being equal, people prefer to be
truthful [3]. In other words, their utility does not only de-
pend on the outcome of the election, but is also influenced
by whether they voted according to their true preferences
or not. Models with such a truth bias, while initiated by
economists [10, 7], have been widely studied by computer

1There are several English versions of Borda’s remark,
but the French original apparently appeared in Sylvestre
François Lacroix’s Eloge Historique de Borda in 1800.



scientists as well, exploring both empirical [22] and theoret-
ical issues [19, 17].

However, the models used in this previous research on
truth-biased agents are binary, i.e., the utility of a voter is
affected by whether the voter is truthful or not. Hence they
ignore the extent to which voters deviate from the truth [4].
In our view, when assessing the effects of manipulation, one
needs to take into account also the extent to which a voter
abandoned his true beliefs. In a more robust framework,
voters would prefer to cast a vote “closer” to their real pref-
erences (e.g., switching the first and second ranked candi-
dates) rather than a vote that is far from them (e.g., flip-
ping their vote completely). Indeed, we explore how our
opening quote by Borda suggests a tendency towards hon-
est voting behavior that leads to more interesting outcomes,
rather than allowing voters to vote arbitrarily and reach un-
realistic outcomes.
Contribution. We start by presenting a set of distance
metrics (following those presented in a different context in
Obraztsova and Elkind [16]), which measure, in our context,
the “amount” of manipulation a vote requires. Accordingly,
we adjust the voters’ utility as follows: the election outcome
being the same, their utility decreases according to the dis-
tance of the vote from the true preferences. Hence, this
leads to a much more general model than the current no-
tion of truth-biased voters in the literature. At a high level,
one might initially think that such distance metrics may in-
duce similar equilibrium behavior. Quite surprisingly, we
show that each of the presented metrics is fundamentally
different—i.e., they induce different sets of Nash equilibria.
We then study further the properties of Nash equilibria un-
der each metric, provide some partial characterization con-
ditions, and highlight the differences among these metrics.

2. RELATED WORK
There have been many attempts to understand how people

vote and what are potential outcomes in elections. Early
work in this area included McKelvey and Wendell [12], which
only considered Condorcet winners. In a different approach,
focusing on limiting the knowledge available to participants,
Myerson and Weber [15] showed that under those limitations
(as well as allowing abstentions), multiple equilibria exist.
Further approaches are detailed in Meir et al. [13].

Recently, two approaches have come to the fore in analyz-
ing election results. One, the iterative approach, assumes
certain voter behavior dynamics. The basic model (initi-
ated by Meir et al. [14] and continued by [11, 2, 20] and
others) assumes voters start from some fixed point, usually
assumed to be a truthful vote, and change their votes one-
by-one, trying to improve the outcome. A more intricate
model of this was proposed in Meir et al. [13], which as-
sumes voters have a general idea of the current vote, but
are unsure of the exact outcome (similar to poll data). A
different approach to this [18] assumes voters are clear on
the current state, but have an optimistic outlook regarding
other voters’ preferences.

A different approach has been to examine voter biases, i.e.,
not assume that voters only care about the final outcome.
This has been explored regarding a preference of voters to
refrain from voting, lazy-bias, in Desmedt and Elkind [5], but
a more widely explored model has been that of truth-bias,
in which voting truthfully is rewarded with a small utility.
This was explored first in non-voting settings: Laslier and

Weibull [10] dealt with jury-type games, adding a bit of ran-
domness, and ending with a unique (truthful) equilibrium.
Dutta and Laslier [6] added the idea of truthfulness in ap-
proval voting and veto, but only handled existence issues,
showing that there are truthful equilibria in their settings.
More generally, Dutta and Sen [7] dealt with Nash imple-
mentability, i.e., the truthful Nash equilibria of some voting
rules can be the outcome of a specifically designed voting
rule.

Using truth-bias to understand elections, suggested in Meir
et al. [14], was empirically explored in Thompson et al. [22],
and theoretically in Obraztsova et al. [19], all focusing on
plurality, and finding that the existence of Nash equilibria is
not at all guaranteed. Obraztsova et al. [17] brought similar
theoretic discussion to k-approval votes, and veto in par-
ticular, while Elkind et al. [8] examined some of the effects
of tie-breaking on such voters. However, all these models
adopt a binary view of truth-bias: either a voter is voting
truthfully (in which case they gain utility), or they do not.

3. MODEL
We consider a set of m candidates C = {c1, . . . , cm} and a

set of n voters V = {1, . . . , n}. Each voter i has a preference
order (i.e., a ranking) over C, which we denote by ai ∈
L(C). For notational convenience in comparing candidates,
we will often use �i instead of ai. When ck �i cj for some
ck, cj ∈ C, we say that voter i prefers ck to cj .

In an election, each voter submits a preference order bi,
which does not necessarily coincide with ai. We refer to bi as
the vote or ballot of voter i. The vector of submitted ballots
b = (b1, ..., bn) is called a preference profile. At a profile b,
voter i has voted truthfully if bi = ai. Any other vote from i
will be referred to as a non-truthful vote. Similarly the vec-
tor a = (a1, . . . , an) is the truthful preference profile. Given
a preference order bi of a voter i, we will often use the nota-
tion ck �bi cj to denote that candidate ck is preferred to cj
under the preference order bi. The position of a candidate
c in a preference order bi is defined as the number of candi-
dates that precede c, so pos(c, bi) = |{c′ ∈ C|c′ �bi c)}|+ 1.

A voting rule F is a mapping that, given a preference
profile b over C, outputs a candidate c ∈ C. F(b) is termed
the winner. In this paper we will consider Positional Scoring
Rules (PSRs) with lexicographic tie-breaking. These are
defined by a vector (α1, . . . , αm−1, 0), α1 ≥ . . . ≥ αm−1 ≥ 0.
Each voter gives αi to the the candidate it ranked in position
i. The candidate with the most points is the winner (subject
to the lexicographic tie-breaking rule). Each candidate’s

c ∈ C score is sc(c,b) =
n∑
i=1

αpos(c,bi).

As scalar multiplication does not affect the PSR based
on the vector, we will assume the second-smallest element
in the vector (the one above 0) is 1. A few examples of
PSRs are Plurality (1, 0, . . . , 0), Veto (1, . . . , 1, 0) and Borda
(m− 1,m− 2, . . . , 1, 0).

PSR voting rules are commonly characterized by their gap,
which is the maximum difference between the scores of two
consecutive positions, i.e., gap(F) = max

i=1,...,m−1
(αi+1 − αi).

A class of unit-gap voting rules have gap(F) = 1, and in-
cludes, e.g., Plurality, Veto, and Borda.

In this work, we view elections as a non-cooperative game,
in which a utility function ui is associated with every voter
i, that is consistent with its true preference order. That is,



we require that ui(ck) 6= ui(cj) for every i ∈ V , cj , ck ∈ C,
and also that ui(ck) > ui(cj), if and only if ck �i cj . We
let pi(ai,b,F) denote the final utility of voter i, when ai is
its true preference ranking, b is the submittted profile by all
voters, and F is the voting rule under consideration. In an
unbiased game, pi(ai,b,F) = ui(F(b)).

However, we additionally introduce a truth-bias that de-
pends on the distortion of ai by bi via a distance function
d : L(C) × L(C) → R. This generalizes the current binary
truth-biased framework in the literature. We therefore de-
fine pi(ai,b,F) = ui(F(b)) − ε · d(ai, bi), for some small
ε > 0. The ε is small enough so that for any 2 votes ai, bi
and any candidates c1, c2 ∈ C εd(ai, bi) < |u(c1) − u(c2)|,
so that if a voter can influence the outcome, truth-bias will
not stop them from doing so.

In particular, we will consider the use of the following
distance functions, following Obraztsova and Elkind [16]:

• Binary distance:

dB(ai, bi) = 1(ai 6= bi)

• Swap distance:

dS(ai, bi) = |{(cj , ck)|cj �i ck and ck �bi cj}|

• Footrule distance:

dF (ai, bi) =

m∑
j=1

|pos(cj , ai)− pos(cj , bi)|

• Maximum displacement distance:

dMD(ai, bi) = max
j=1,...,m

|pos(cj , ai)− pos(cj , bi)|

Obviously, the binary distance is what has been studied
in previous work. We denote by pB , pS , pF and pMD the
biased utility functions of an election game based on the
corresponding distance function dB , dS , dF and dMD. We
further denote by NE(a, d,F) the set of all Nash equilibria
of a distance-biased game based on the truthful profile a,
the distance function d, and the voting rule F .

3.1 Example: Distance Matters
We present an example to highlight the definitions, and

why it makes sense to introduce different distance metrics.
Namely, it turns out that the binary distance can be too
crude, and further equilibrium refinements are necessary.

Consider an election with six candidates, {a, b, x, y, c, d},
and sixteen voters. The PSR score vector is (4, 3, 2, 1, 0, 0).
Let the truthful profile a be as depicted in Table 1, and a
voting profile b as depicted in Table 2. Each column in these
tables represents a ballot, and the last line of these tables
states how many voters use this truthful or ballot profile.

Table 1: Truthful Profile a
Block-1 Block-2 PSR score

a . . . a d d d d 4
b . . . b a b x y 3
x . . . x b x y a 2
y . . . y x y a b 1
c . . . c y a b x 0
d . . . d c c c c 0

8 votes 2 voters per column

Table 2: NE Profile b
Block-1 Block-2 PSR score

c c c c d d d d 4
a b x y a b x y 3
b x y a b x y a 2
x y a b x y a b 1
y a b x y a b x 0
d d d d c c c c 0
Each column represents 2 voters

Now, the scores under the voting profile b are sc(c,b) =
sc(d,b) = 32, while sc(a,b) = sc(b,b) = sc(x,b) = sc(y,b) =
24. Hence, c is the winner. Notice that no single voter can
alter the outcome so that either a, b, x or y becomes the win-
ner. Under Binary Distance, voters may gain an additional
ε utility if they revert to their truthful profile. However, vot-
ers of Block-2 already vote truthfully. A Voter from Block-1
can revert to the truthful profile, but that would make d the
winner. Alas, this is counter-productive for Block-1 voters,
since they prefer c to d. Therefore, under Binary Distance,
b is a Nash Equilibrium, even though, for every voter, either
the worst or the second-worst candidate wins.

On the other hand, if we were to use Swap Distance, then
all voters of Block-1, rather than voting as b prescribes,
would prefer to use the vote c � a � b � x � y � d. Even
though this vote would not change the winner, it would shift
them closer to the truthful profile and increase their utility.
Hence, under Swap Distance, b is not a NE.

4. HIERARCHY OF DISTANT TRUTH RE-
FINEMENTS

The purpose of this section is to demonstrate that dif-
ferent distance functions lead to distinct refinements of the
standard un-biased model. Furthermore, while a certain hi-
erarchy exists, it is far from being a simple containment
relation among the NE set of different metrics.

We recall that the binary distance dB , which corresponds
to the model that has been studied in recent years, does
achieve a refinement of the equilibrium set, compared to the
unbiased model. We begin here by showing that introducing
a bias based on the amount (rather than just the fact) of
distortion of ai by bi indeed produces a further refinement
of the NE set.

Theorem 1. Let F be some PSR voting rule with lexi-
cographic tie breaking. For any truthful preference profile
a and a distance function d ∈ {dS , dF , dMD} it holds that
NE(a, d,F) ⊆ NE(a, dB ,F).

Proof. We need to show that every Nash equilibrium
with respect to d ∈ {dS , dF , dMD} is also a Nash equilibrium
with respect to dB . Let b be a Nash equilibrium with respect
to d ∈ {dS , dF , dMD}. Since this is a Nash equilibrium, for
every voter i ∈ V , their strategy, bi, is a best response to
b−i, i.e., for every i ∈ V , for every ci ∈ L(C), ci 6= bi,

ui(F(b))− ε · d(ai, bi) ≥ ui(F(b−i, ci))− ε · d(ai, ci)

For voters whose vote in b is truthful (i.e., bi = ai), chang-
ing the metric to dB will not change these voters’ strategy,
since if there was any non-truthful vote which would change
the outcome they would have already manipulated to it.



For voters whose vote in b is not truthful, bi 6= ai, we
know that if they changed their vote to ai the outcome would
change for the worse, i.e.,

ui(F(b))− ε · d(ai, bi) ≥ ui(F(b−i, ai))

Hence, changing to dB will not change their strategy.
In other words, changing the metric to dB will not change

the strategy of any voter, so these votes are also a Nash
equilibrium under dB .

Theorem 2. For any two distance functions d 6= d′ ∈
{dS , dF , dMD}, there is a PSR voting rule, F , and a prefer-
ence profile, a, so that NE(a, d,F) \NE(a, d′,F) 6= ∅.

Proof. We will start by showing a profile b such that b ∈
NEfootrule but b /∈ NEswap. The scoring rule is (3, 2, 1, 0, . . . , 0),
and the candidates are a, b, c, w and a set of dummy candi-
dates. The tie-breaking rule is a � b � c � w � dummies.
Let k ∈ N be some large number, e.g., 100. We have 7k + 1
voters:

Table 3: Truthful Profile a
Block-1 Block-2 Block-3

a . . . a [1 dummy] w . . . w w w
d 2 e b . . . b d 2 e a a
bdummiesc [1 dummy] bdummiesc 4 b
w . . . w w . . . w a . . . a [dum c
b . . . b a . . . a b . . . b mies] [dum
c . . . c c . . . c c . . . c mies]
[dummies] [dummies] [dummies] b

c
2k voters 3k voters 2k-1 voters

Any dummy appears in a position with a non-zero score
only once. The candidate scores in the truthful profile are:

• sc(a,a) = 3(2k) + 2 + 2 = 6k + 4.

• sc(b,a) = 2(3k) + 1 = 6k + 1.

• sc(w,a) = 3(2k − 1) + 3 + 3 = 6k + 3.

• sc(c,a) = 0.

This makes the winner a. However, the last voter can change
the outcome by taking 2 points of a, making w the winner.
The truth-biased footrule best reply is s = w � c � b � a �
dummies and s′ = w � b � c � a � dummies. But the last
voter changing their vote to s is not a Nash equilibrium for
swap distance, as s′ is better in this metric. We now wish to
show that profile b in which all players are truthful except
for the last voter voting s is a Nash equilibrium for footrule.
The scores in this case are:

• sc(a,b) = 6k + 2.

• sc(b,b) = 6k + 1.

• sc(w,b) = 6k + 3.

• sc(c,b) = 2.

(and a dummy candidate may end up with at most 3 points).
Block-1 voters cannot add points to a, nor reduce w’s

points, so by changing their votes they can only make can-
didate b the winner instead of w, but they prefer w. Block-2

voters can also not change w’s score, and neither do they
wish to make a the winner instead of w. They can give
candidate b an extra point (each), but that is not enough.

All other voters (except the last one) are voting truthfully
and getting their favorite candidate as winner.

Now we shall show the opposite: a profile b such that
b ∈ NEswap but b /∈ NEfootrule.

The scoring rule is (6, 5, 4, 3, 1, 0, . . . , 0), and the candi-
dates are w, x, a, b, c, d and a set of dummy candidates. The
tie-breaking rule is a � b � c � d � w � x � dummies.
Let k ∈ N be some large number, e.g., 100. We have 3k + 1
voters:

Table 4: Truthful Profile a
Block-1 Block-2 Block-3

a . . . a c . . . c w . . . w w
d all e d all e d all e c
bdummiesc bdummiesc bdummiesc d all e
w . . . w w . . . w a . . . a bdummiesc
b . . . b a . . . a b . . . b a
c . . . c b . . . b c . . . c b
d . . . d d . . . d d . . . d d
x . . . x x . . . x x . . . x x

k voters k-1 voters k-2 voters

We have 3 additional voters:

• 2 voters with the preference order:

d1 � d2 � d3 � d4 � w � dummies � a � b � c � d � x

Candidates d1, d2, d3, d4 are dummies.

• 1 voter with the preference order:

x � w � a � b � c � d � dummies

All dummy candidates appear at non-zero score positions at
most twice. The candidate scores in the truthful profile are:

• sc(a,a) = 6k + 4.

• sc(c,a) = 6(k − 1) + 5 + 1 = 6k.

• sc(w,a) = 6(k − 2) + 6 + 2 + 5 = 6k + 1.

• Any other candidate has a score of less than 12.

Using the algorithm from Theorem 4.4 from [16], we ob-
tain 2 best replies for the last voter, which makes w the
winner instead of a. Vote

s = w � x � b � d � a � c � dummies

and vote

s′ = x � w � b � d � c � a � dummies

Both have the same swap distance from the truthful vote,
but different footrule distance (6 for s′ and 8 for s), so s is
not a best reply when using the footrule metric. Hence, we
want to show that profile b, in which all voters are truthful
except the last one, which votes s, is a Nash equilibrium
with respect to swap (and since all are truthful, and it is a
swap best response for the last vote, we only need to show
that other voters do not have an incentive to manipulate).

Block-1 and Block-2 voters cannot reduce w’s score. Block-
1 cannot increase a’s score, as it is maximal, and does not



wish c to win. Similarly, Block-2 cannot increase c’s score
since it is maximal, and does not wish to make a win. Other
voters prefer w over any viable candidate (a,c,w).

Showing NEswap and NEfootrule are not contained in
NEMD is also from this example: the profile in which all
are truthful, except the last voter voting s′. The above ar-
gument shows there is no manipulation available to other
voters, and s′ is both swap and footrule best response. But
it is not maximum displacement best response—s is better.

Finally, showing NEMD is not contained in NEswap or
NEfootrule is a natural consequence of Theorem 3 and The-
orem 4, which we explicitly prove later in Section 5.

An immediate conclusion from Theorems 1 and 2 is the
following corollary.

Corollary 1. For any distance function d ∈ {dS , dF , dMD}
there is a PSR voting rule, F , and a corresponding profile
a, so that NE(a, dB ,F) \NE(a, d,F) 6= ∅.

5. PROPERTIES OF NASH EQUILIBRIA
In this section we provide some further characteristics of

NE under distant truth bias. Now, a full characterisation of
NEs is impossible, since, even for the simplest Plurality and
Veto rules with binary distance, the problem of deciding NE
existence is NP-hard [19, 17]. However, several structural
results of significance can be obtained. Specifically, we will
take particular interest in how NE ballots distort the truth-
ful preference w.r.t. the position of the winner, as well as in
properties regarding the runner-up candidates, in analogy
to the results reported for binary distance in [19, 17]. In a
sense, such properties reflect how strongly the bias preempts
the damage from a dishonest outcome (and more generally
they highlight limitations on outcomes that can be achieved
by non-truthful equilibria).

Intuitively, one would expect that a voter i, who submits
a non-truthful ballot at an equilibrium b, places the winner
of b in bi, at an equal or higher position than under his
true preferences. We show that this is indeed the case for
d ∈ {dS , dF }, but quite surprisingly it does not hold for
dMD.

Theorem 3. Let F be some PSR voting rule, a a truthful
preference profile, and d ∈ {dS , dF }. Then for any b ∈
NE(a, d,F) we have that pos(F(b), bi) ≤ pos(F(b), ai) for
all i ∈ V .

Proof. Swap distance, d = dS:
Again suppose, contrary to the theorem’s claim, that there

is a player i so that pos(F(b), bi) > pos(F(b), ai). Let us
have a closer look at the set of all candidates that changed
from being less preferable than candidate F(b) in ai to being
preferred to it in bi. Formally:

C̃ = {c|pos(c, ai) > pos(F(b), ai) & pos(c, bi) < pos(F(b), bi)} .

Let us now choose the least-preferred element of C̃ with
respect to bi, i.e., c = arg max

c′∈C̃
pos(c′, bi). In addition, denote

all elements between c and F(b) by D. Formally, D =
{d|pos(c, bi) < pos(d, bi) < pos(F(b), bi)}.

The extremal nature of c means that D and C̃ are disjoint,

i.e., D ∩ C̃ = ∅, even though all elements of D are preferred
to F(b). Hence, for all d ∈ D it must hold that pos(c, ai) >
pos(d, ai) for all d ∈ D.

Let us now define an alternative manipulative ballot b′i ob-
tained from bi by switching c and F(b), so that pos(c, b′i) =
pos(F(b), bi), pos(F(b), b′i) = pos(c, bi), and all other can-
didates retain their position. Note that F(b) = F(b−i, b

′
i),

as only F(b) has greater score in (b−i, b
′
i) than in b.

At the same time, it holds that dS(a, (b−i, b
′
i)) = dS(a,b).

This can be obtained by noticing three features. First, that
using b′i adds |D| transpositions between F(b) and elements
of D, i.e., these elements now appear in the order opposite to
their order in ai. Second, using b′i removes |D| transpositions
between c and elements of D, so that they appear in the
same order as they did in ai. Finally, using b′i also recovers
the true preference order between F(b) and c. As a result,
bi cannot be the best response to b−i. This contradicts b
being a NE.

Footrule distance, d = dF :
Assume the contrary. Let a be a profile, b be a NE, and

i ∈ V be such that pos(F(b), bi) > pos(F(b), ai). We define
Cup as the set of candidates who were ranked below F(b)
in ai and above or equal to pos(F(b), ai) in bi, i.e., Cup =
{c|pos(c, bi) ≤ pos(F(b), ai) & pos(c, ai) > pos(F(b), ai)}.
This set is non-empty, because pos(F(b), bi) > pos(F(b), ai).
Let c = arg minc∈Cup pos(F(b), bi) − pos(c, bi). Note that
this difference is always positive. Consider now b′i which is
obtained from bi by swapping c and F(b).

Formally, we need to consider two cases (1) pos(F(b), bi) ≤
pos(c, ai) and (2) pos(F(b), bi) > pos(c, ai). However, the
proofs of both cases are structurally analogous. Hence, we
will only present the proof for the case where pos(F(b), bi) ≤
pos(c, ai).

The following sequence of inequalities holds:

pos(c, bi) ≤ pos(F(b), ai) < pos(F(b), bi) ≤ pos(c, ai).

Remember that only F(b) and c have different positions
in bi and b′i. Therefore,

dF (ai, bi)− dF (ai, b
′
i) =

|pos(F(b), ai)− pos(F(b), bi)|+ |pos(c, ai)− pos(c, bi)|
−|pos(F(b), ai)− pos(F(b), b′i)| − |pos(c, ai)− pos(c, b′i)| =

2(pos(F(b), bi)− pos(c, bi)|) > 0

Additionally, F(b) is the only candidate whose score in-
creases in (b′i,b−i)) compared to b. Thus, voter i has an
incentive to change his vote from bi to b′i. Therefore, b /∈
NE(a, d,F), a contradiction.

We now establish that the maximum displacement dis-
tance behaves differently from the other distance metrics.

Theorem 4. There is a unit-gap PSR voting rule, F , a
truthful preference profile, a, and b ∈ NE(a, dMD,F) so
that pos(F(b), bi) > pos(F(b), ai) for at least some i ∈ V .

Proof. Let us consider a PSR with the weight vector
(k, k − 1, . . . , 1, 0, 0, . . . , 0) over the total of 6k2 + k + 2 of
candidates from the set C = {w, r1, . . . , rk, d1, . . . , d6k2+1},
and let k be sufficiently large, e.g., k > 100.

Consider the votes of 6k + 6 voters, grouped in three
blocks, and their preference order structured as depicted in
Table 5, where by dummies we denote (a sufficient number
of) elements from the candidate sub-setD = {d1, . . . , d6k2+1}.
Block-A consists of 6k voters, where each of ri appears as
the second-best choice in preferences of 6 voters. Block-B



consists of 5 voters, and Block-C has only one voter, which
we shall term λ. Dummies are placed so that no dummy
appears in a position with non-zero weight more than once
in the entire preference profile (hence, the need for 6k2 + 1
of them).

Now, let us denote the truthful profile of Table 5 by a,
and consider the scores of various candidates obtained from
voters of Block-A and Block-B, i.e., all voters but voter λ:

• For 1 ≤ i ≤ k, sc(ri,a−λ) = 6k− 6, as each ri receives
k − 1 from voters of Block −A;

• sc(w,a−λ) = 5k, as w is the top choice of 5 voters of
Block-B;

• For all d ∈ D, sc(d,a−λ) ≤ k, as we limited them to
be placed at a position with non-zero weight at most
once.

It is easy to see that the voter λ determines the winner.
On the one hand, in the truthful profile, the winner is r1.
However, on the other hand, if voter λ misreports her prefer-
ences, then w may become the winner. However, to achieve
this manipulation, at least r1, r2, r3 must be displaced by
dummies. While this can be achieved, it means that at least
one dummy below position k+2 will have to move into one of
the top three preference positions in the manipulative pref-
erence order bλ 6= aλ, as compared to the truthful profile.
In other words, dMD(aλ, bλ) ≥ k.

Indeed, let us have a closer look at one such manipulative
vote: bλ = (d1, w, d2, . . . , dk+1, r1, . . . , rk, dk+2, ...). This
vote, being at a dMD distance of k from the truthful vote
aλ, induces the following candidate scores:

• sc(ri, (a−λ, bλ)) = 6k − 6 for all 1 ≤ i ≤ k;

• sc(w, (a−λ, bλ)) = 6k − 1;

• sc(d, (a−λ, bλ)) ≤ 2k for all d ∈ D.

In other words, w is the winner of the elections, and it
is the best-possible outcome for voter λ, i.e., bλ is the best
response to a−λ. Similarly, for any voter 6k + 1 ≤ j ≤
6k + 5 from Block-B, voting truthfully as she does is also
the best response to (a−λ, bλ)−j , since w is her top choice.
As for voters of Block-A, none of them place w at a position
with positive weight and, therefore, cannot reduce w’s score.
Hence, they too play the best-response by voting truthfully.

Hence, F(a−λ, bλ) = w and the profile is a Nash Equilib-
rium. However, 2 = pos(w, (a−λ, bλ)) > pos(w,a) = 1.

5.1 Runner-up (Threshold) Candidates
In the rest of the paper, we shall focus on the notions of

threshold and proxy-threshold candidates. The existence of
these elements helps us structure Nash equilibria, and aids
in identifying potential equilibria (their important role was
shown for unit-gap PSRs in [19, 17]).

Threshold candidates were introduced in Obraztsova et
al. [19], where it was shown that for Plurality and under
binary distance, a threshold candidate always exists.

Definition 1. Let F be a PSR, b a preference profile and
w = F(b). A threshold candidate is a candidate c 6= w
so that sc(c,b) = sc(w,b) if w � c in the tie-breaking order,
and sc(c,b) = sc(w,b)− 1, if c � w.

For PSRs, it is instructive to introduce the following gen-
eralized notion. It is essentially the same—a candidate that
can become a winner by a move of a single voter. However,
as the threshold candidate terminology has already been es-
tablished, we use a different term for the general notion.

Definition 2. Let F be a PSR, b a preference profile and
w = F(b). A proxy-threshold candidate is a candidate
c 6= w so that sc(w,b) − sc(c,b) ≤ gap(F) − 1 if w � c in
the tie-breaking order, and 1 ≤ sc(w,b)−sc(c,b) ≤ gap(F),
if c � w.

Note that for unit-gap PSRs, the notions of threshold and
proxy-threshold candidates coincide. Here, we investigate
the existence of proxy-threshold candidates for d ∈ {dS , dF , dMD}
and exhibit that dMD again exhibits different behavior.

Theorem 5. Let F be a PSR, a a truthful preference pro-
file, and d ∈ {dS , dF }. Then a proxy-threshold candidate
exists for any b ∈ NE(a, d,F) if b 6= a.

Proof. Swap distance, d = dS:
Let b ∈ NE(a, dS ,F) so that b 6= a, and let us assume

the contrary: there is no proxy-threshold candidate. Let i
be a voter so that bi 6= ai, i.e., voter i is non-truthful. Then
there is a pair of candidates cj , ck, so that cj �i ck, but i
lies about it by placing them sequentially next to each other
in the inverse order, i.e., pos(cj , bi) = pos(ck, bi) + 1.

Let b′i be a vote that differs from bi by swapping cj and
ck, and let us show that F(b−i, b

′
i) �i F(b). The rest of the

proof will proceed in two subcases, depending on whether
ck = w or not.

Let us assume that ck = w. Then, in particular, we also
have cj �i w, and sc(w, bi)− sc(w, b′i) ≤ gap(F), since two
sequential candidates were swapped between bi and b′i. Fur-
thermore, only the scores of cj and ck have changed, with
the former increasing, while all other candidates maintain
their score in the augmented vote b′i compared to the orig-
inal bi. As we assumed that the proxy-threshold candidate
does not exist, we would have that F(b−i, b

′
i) = cj �i w, if

F(b−i, b
′
i) 6= F(b). In other words, voter i can either im-

prove the winner itself or reduce the distance to the truthful
vote. Hence, b is not a NE, a contradiction.

Let us now assume that ck 6= w, and show the same con-
tradiction. In this situation, sc(w, bi) = sc(w, b′i). Further-
more, the only candidate whose score grew was cj , but it did
not change by more than gap(F). If there were no proxy-
threshold candidate, then the winner did not change (i.e.,
F(b−i, b

′
i) = F(b)), and the voter i can reduce the distance

from ai by adopting b′i. In other words, b is not a NE, again
contradicting the premise.

Footrule distance, d = dF :
As before, let us initially assume that a proxy-threshold

candidate does not exist.
Denote by C′ = {c ∈ C|pos(c, bi) > pos(c, ai)}, the set

of all candidates that have lost points in equlibrium vote,
compared to the truthful preference. Let cj ∈ C′ so that
cj �bi c for all c ∈ C′ so that c 6= cj . In other words cj is
the most-preferred candidate in C′. Notice that, according
to Theorem 3, cj 6= w. Let the ck be a candidate closest
to cj according to bi among those that satisfy the following
two conditions: ck �bi cj and pos(ck, bi) 6= pos(ck, ai).

Denote by C′′ = {c ∈ C|ck �bi c �bi cj)}, and notice
that our choice of ck implies that for all c ∈ C′′ it holds that



Table 5: Theorem 4 Voter Preferences
Block A Block B Block C

d1 d2 . . . d6k w . . . w w
r1 r1 . . . rk d e r1

k − 2 positions⇒ [ Dummies ] | Dum- | r2
first position with zero weight⇒ w w . . . w | -mies | r3

r2 r2 . . . r1 b c d6k2+1

...
...

... r1 . . . r1 r4

rk rk . . . rk−1 r2 . . . r2
...

d Dum− e
...

... rk
b −mies c rk . . . rk [Dummies] ⇐ in index order

pos(c, bi) = pos(c, ai). Therefore:

pos(cj , ai) ≤ pos(ck, bi) < pos(cj , bi) ≤ pos(ck, ai)

Let us consider two sub-cases: a) ck 6= w; and b) ck = w.
Suppose ck 6= w, and modify the ballot bi into an alterna-

tive ballot b′i, as follows. For all c ∈ C \ ({ck, cj} ∩ C′′),
pos(c, b′i) = pos(c, bi). At the same time, pos(ck, b

′
i) =

pos(cj , bi), and all c ∈ {cj} ∩ C′′ gain rank, so that for
these candidates it holds that pos(c, b′i) = pos(c, bi)− 1.

Now, notice that sc(w, b′i) ≥ sc(w, bi), since ck 6= w and
all voters, but ck, either gained rank (and score) or retained
it. Furthermore, combined with our initial assumption that
a proxy-threshold candidate does not exist, this means that
for all candidates c ∈ C it holds that sc(c, b′i) − sc(c, bi) ≤
gap(F). In other words, the winner does not change if voter
i changes his ballot from bi to b′i. Now we wish to show that
dF (b′i, ai) < dF (bi, ai), i.e., the distance from the truthful
preference has been reduced when voter i has changed her
ballot from bi to b′i. This contradicts b being an equilibrium.

According to the inequality, the displacement of ck from
ai to b′i is less than its displacement from ai to bi. In fact, the
displacement was reduced by |C′′|+ 1. For cj the displace-
ment was also reduced by 1, when voter i changed her bal-
lot from bi to b′i. On the other hand, the displacement of all
candidates in C′′ increased by 1 point. Overall, the total dis-
placement dropped by 2; that is, dF (b′i, ai) = dF (bi, ai)− 2.
We thus reach a contradiction to the assumption that b is
a NE.

Suppose now that ck = w. Symmetrically to the previous
case, let us define b′i as follows: for all c ∈ C\({ck, cj} ∩ C′′),
pos(c, b′i) = pos(c, bi); pos(cj , b

′
i) = pos(ck, bi), and all c ∈

{ck} ∩ C′′ lose rank, so that for these candidates it holds
that pos(c, b′i) = pos(c, bi) + 1.

Because sc(ck, bi)−sc(ck, b
′
i) ≤ gap(F), either the winner

remains the same, or cj becomes the new winner. In the
former scenario, an argument similar to the previous case
(ck 6= w) will lead to reducing the footrule distance, i.e.,
dF (b′i, ai) < dF (bi, ai). In the latter case, the new outcome
(cj winning) is preferred by voter i, because cj �i ck. In
both cases, we obtain a contradiction to b being a NE.

We conclude that a proxy-threshold candidate must exist.

Since for unit-gap PSRs, threshold and proxy-threshold
candidates coincide, the following corollary holds.

Corollary 2. Let F be a unit-gap PSR, and a a truthful

preference profile. Then a threshold candidate exists for any
b ∈ NE(a, d,F) if b 6= a, for d ∈ {dS , dF }.

Theorem 6. Let d = dMD. Then there is a PSR F , a
truthful preference profile a, and an equilibrium b ∈ NE(a, d,F)
such that b has no proxy-threshold candidate.

Proof. This is the same proof as that of Theorem 4.

A Corollary parallel to Corollary 2 can be formulated, i.e.,
that Theorem 6 holds also when limited only to unit-gap
PSRs.

6. CONCLUSIONS
In this paper we have begun the exploration of a more

expressive form of voter bias. Instead of the common analy-
sis of voters as either having their bias satisfied (e.g., voting
truthfully) or not, we extend this framework to degrees of
truthfulness, i.e., how close is the voter’s ballot to their true
beliefs. In a sense, just as the local dominance model [13]
used various metrics to expand upon the iterative voting
model [14], our model extends the existing truth-bias model.

Following the presentation of different metrics to measure
how far a vote is from being truthful, we are able to show
that they do, indeed, define different sets of solution con-
cepts. We are also able to partially characterize the result-
ing outcomes, helping us understand the structure of this
process. In particular, it seems that the maximum displace-
ment metric has some material differences from the other
metrics examined, and produces significantly different Nash
Equilibria.

Using this richer framework for truth-bias, further ad-
vances may be made: more distance metrics (e.g., Hamming,
Kendall-Tau, etc.) may be explored, and by focusing on par-
ticular voting rules, more concrete characterizations may be
found. Moreover, by combining this analysis with existing
dynamic models (such as iterative voting [14] or local domi-
nance [13]), the modeling of election outcomes might become
more realistic.
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