1. (12 pts) Short Answers.

(2) (4 pts) Suppose that Q is a decision problem. How do we express () as a language?
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(b) (4 pts) How is the input given to a Turing machine? What is the size of the

input? |
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2. (5 pts) The following algorithm tests whether a given integer can be expressed as the
sumn of three perfect squares:

Input: n (a positive integer)
forr=0ton
fory=0ton
for 2=0ton
if 2% + 4* + 2% = n then return YES
return NO

Is this a polynomial time algorithm? Explain your answer.
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3. (19 pts) Consider the following language.

A = {(< P >,k}|there are fewer than 10 even integers x > k such that
P(z) returns a value in the range {z* + k -+ 10, 2% + 2k + 10].}

(a) (15 pts) Prove that A is not decidable.
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(b) (4 pts) Either A or A is recognizable. Say which one you think is recognizable.

You don't need to prove your answer. But write a few sentences explaining why
you think it is the correct choice.
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4. (16 pts) Give two proofs that the following problem is in NP.

One proof must use a verification algorithm, and the other proof must use a nondeter-
ministic Turing machine.

TRIPLE-SUM
Input: A list of positive integers ay, ..., @n.

Question: Can the list be partitioned into two parts Ay, A; such that the sum of the
numbers in A, is exactly three times the sum of the numbers in A,?

For example, if the input is 7,3,1,8,1 then the answer is YES (4, = 7,8).
If the input is 5,4,4,7,5 then the answer is NO.
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5. (12 pts) Recall that the Halting Problem is:

Input: < P >, the description of an algorithm (i.e. Turing Machine), and a string X.
Question: Does P halt when given X as input?

Prove that there is no algorithm (i.e. Turing machine) that solves the Halting Problem.

Do not use a reduction; in other words, you cannot make use of the fact that some
other language is not decidable. '

Hint: You saw this proof in the second lecture.
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