CSC 311: Introduction to Machine Learning
Lecture 5 - Linear Models III

Michael Zhang  Chandra Gummaluru

University of Toronto, Winter 2023

Intro ML (UofT) Lec05 Linear Models 3, Neural Nets 1 1/42



Outline

@ Softmax Regression

© Tracking Model Performance
© Limits of Linear Classification
O Midterm Review

© Introducing Neural Networks

O Expressivity of a Neural Network
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@ Softmax Regression
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Multi-class Classification

Task is to predict a discrete(> 2)-valued target.
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Targets in Multi-class Classification

o Targets form a discrete set {1,..., K}.

@ Represent targets as one-hot vectors or one-of-K encoding:

t=(0,...,0,1,0,...,0) € RY
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Linear Function of Inputs

Vectorized form:

z = Wx+ b or
z = Wx with dummy zg =1

K ¢ nuwmber of clesces X .T

D Number cf Cectuies

Non-vectorized form:

D
2k :Zwijj—l—bk for k=1,2,...,. K
j=1
Otk x (aput ] T
e W: K x D matrix. % 0 + K
e x: D x 1 vector. \ )
@ b: K x 1 vector. 0 v

@ z: K x 1 vector.

Kel + K&l = K«
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Generating a Prediction

Interpret z; as how much the model prefers the k-th prediction.

k

0, otherwise nat Eastly

{1, if © = arg max 2 (siler to o-1)
Yi =
A‘é(’glod'\u\o\c

How does the K = 2 case relate to the binary linear classifiers?
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Softmax Regression

@ Soften the predictions for optimization.

@ A natural activation function is the softmax function,

a generalization of the logistic function: np.exp
2:1-2,0.3,.. ]
ete® e, ... e
yr = softmax(z1,..., 2K )k = -
normalize Zk/ €
@ Inputs z; are called the logits.

e Interpret outputs as probabilities. N Z, = W, x
e If z; is much larger than the others, Z. = Wax
then softmax(z), ~ 1 and it behaves like argmax. ~ ° ‘

ez‘ e\u.r
What does the K = 2 case look like? VW2 — T o _wp
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Cross-Entropy as Loss Function |

o ( "\‘ < -y
|+ €
coirect pred
(uss s O '
o i predict 0.99 T Wk - WX
Use cross-entropy as the loss function. penoley 27 | + €
\ \
K predict 0.8 ] o (Wa—W )x
Lep(y,t)=—) tilogys = —t' (logy),
k=1
| | S'mg(e
where the log is applied element-wise. med(ic
W ‘mﬁ
Often use a combined softmax-cross-entropy function. \W;’%;‘m

g" ‘et medica thecy l‘"@‘“"‘t‘j
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Gradient Descent Updates for Softmax Regression

Softmax Regression:

7z — WX

y = softmax(z)
Lcg = —t' (logy)
Gradient Descent Updates:
OLcey OLcr Oz

_ . — (yr — 1) -
L ()0
o ) _ 1N (9)
Wi € Wj — Q- ;(yk t))x
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