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Abstract

Answer Set Counting and its Applications
by
Md Mohimenul Kabir
Doctor of Philosophy in Computer Science

National University of Singapore

Answer Set Programming (ASP) has emerged as a promising paradigm in knowledge
representation and automated reasoning owing to its ability to model hard com-
binatorial problems from diverse domains in a natural way. Building on advances
in propositional SAT solving, the past two decades have witnessed the emergence
of well-engineered systems for solving the answer set satisfiability problem, i.e.,
finding models or answer sets for a given answer set program. In recent years,
there has been growing interest in problems beyond satisfiability, such as model
counting, in the context of ASP. Importantly, a variety of probabilistic reasoning
and probabilistic logic programming require counting answer sets. Akin to the early
days of propositional model counting, state-of-the-art answer set counters do not
scale well beyond small instances. While counting can be done by enumeration,
simple enumeration becomes infeasible if the answer set count is high.

In this thesis, we propose efficient counting techniques for answer sets, overcoming
the scalability issues faced by existing answer set systems. We propose two new ASP
counting frameworks, called (i) sharpASP and (ii) sharpASP-SR. Both frameworks
count answer sets without translating the full problem into substantially larger
propositional formulas. These techniques rely on an alternative way of defining
answer sets. For sharpASP, these alternative definition allows for the lifting of key
techniques developed in the context of propositional model counting to answer set
counting; while for sharpASP-SR, the definition facilitates an efficient reduction of
answer set counting into projected model counting.

We present a scalable approach to approximate counting for ASP. Our approach
is based on systematically adding parity constraints to ASP programs, which divide

the search space. We prove that adding random parity constraints partitions the

XVvi



answer sets of an ASP program. In practice, we use a Gaussian elimination-based
approach by lifting ideas from SAT to ASP and integrate it into a state-of-the-art
ASP solver, which we call ApproxASP. Finally, our experimental evaluation shows
the scalability of our approach over existing ASP systems.

The thesis also demonstrates the applicability of answer set counting in several
domains, including network reliability, systems biology, and minimal model counting.
We propose RelNet-ASP, an ASP-based framework for approximating the reliability
of systems by reducing reliability estimation to approximate answer set counting
with formal guarantees. We also formulate several meaningful counting problems
for Boolean Networks, a fundamental modeling framework for complex dynamical
systems, and develop approximate counting techniques for these problems using
ASP. Finally, we study the problem of counting minimal models of Boolean formulas
and introduce two ASP-based techniques: one based on knowledge compilation and
another based on hashing-based approximate counting. Across these applications, our
empirical results show that the proposed ASP-counting-based techniques improve the

scalability, runtime performance, and accuracy of existing state-of-the-art methods.
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Chapter 1

Introduction

Answer Set Programming (ASP) [165] is a declarative problem-solving approach
with a wide variety of applications ranging from decision support systems [173],
exploration of feasible logic models in system biology [107], recommendation in
e-tourism [119], diagnosis in dynamic remarketing ads [39], production configuration
support tool [199], nurse scheduling [57], workforce management, and customer
categorization in call center [153]. An ASP program consists of a set of rules,
following the syntax illustrated in Listing 1.1. Each rule has a body, which is either
true or a conjunction of literals, and a head, which is either false or a disjunction of
atoms. Together, the body and the head express an implication relation. Under the
answer set semantics [98], the rules of an ASP program encode domain knowledge in
a natural way. An assignment to the propositional atoms that satisfies the answer
set semantics is called an answer set.

ASP provides a powerful rule-based modelling language, featuring wvariables,
functions, recursions, aggregates, and more [12; 95]. To evaluate an ASP program,
existing ASP systems follow a two-step procedure: grounding [68, 89] and solving [11,
93]. During the grounding step, also known as instantiation, the program’s variables
are systematically replaced, yielding a propositional-like program with negations.
This transformed program is free of variables while preserving the same answer sets as
the original. This transformed version of the program is often known as the grounded
program. After grounding, ASP solvers process the grounded program to compute
the answer sets. The grounding is a crucial preprocessing step in efficient answer
set solving [36, 52, 141]; since a naive grounding can be computationally expensive.
However, significant advances have been made in grounding logic programs [19, 54,
174, 213]. Similar to the ASP literature, this thesis assumes that the programs

are already grounded and presents our contributions on grounded ASP programs.



1 aV...ar — by, ..., by, notcy, ..., note,.
Head Body

Listing 1.1: A basic/standard ASP rule

While the most common/standard form of a rule is illustrated in Listing 1.1, there
are other syntactic forms of ASP rules, such as the choice rule, cardinality rule,
weight rule, aggregate, weak constraint, and optimization statements [42, 172]. It is
well known that most extended rule forms can be translated into the common form
efficiently [32, 33, 34, 35]. Following the approach in ASP literature, we formalize
our contributions using the standard rule syntax, as demonstrated in Listing 1.1.
To illustrate, we present an ASP encoding for the graph reachability problem [209]
in Listing 1.2.

Given a graph G, the graph reachability problem seeks to know whether two
nodes (referred to as source and destination nodes) of interest in G are reachable or
not; that is, whether there exists a path from the source node to the destination
node in GG. The encoding consecutively examines subgraphs of graph G and uses the
predicate in(X,Y) to indicate if the edge (X,Y) belongs to a subgraph. Additionally,
the encoding uses the predicate reached(X) to denote that the node X is reachable
from the source node. Two other predicates, source(X) and dest(X), specify the
source and destination nodes, respectively. The encoding in Listing 1.2 can be
interpreted as follows: first it designates the source node as trivially reachable (line 2
of Listing 1.2), then transitively computes the reachable nodes from the source node
(line 4 of Listing 1.2), and finally the last line (line 6 of Listing 1.2) enforces that
the destination node must be reachable. If there is an answer set of the program in
Listing 1.2, then the answer set corresponds to a subgraph that has a path from
the source node to the destination node. Otherwise, there is no path in G from the
source node to the destination node.

ASP programs can be categorized based on their expressiveness into two types:
disjunctive and normal ASP programs. An ASP program is called disjunctive
if at least one rule has a head containing two or more atoms; otherwise, the
program is called normal. It is well-established that disjunctive programs are more

expressive than normal ones [79, 152]. However, the expressiveness comes with



% source node is trivially reachable
reached (X) <« source(X).

% transitive definition of reachability
reached(Y) « in(X,Y), reached(X).

% target node must be reachable

« dest(X), not reached(X).

Listing 1.2: Graph Reachability Problem

D O W N~

higher computational complexity. Specifically, determining whether a disjunctive
program has an answer set is .5 -complete [64], while for normal programs, the
complexity is reduced to NP-complete [166].

Although ASP programs are syntactically similar to prolog programs [212], ASP
shares computational similarities with propositional satisfiability [101, 157]. Like
satisfiability, an ASP program encodes the target problem specification and the goal
is to compute an answer set of the program, which satisfies the problem specification
(the direction is different from Prolog; the goal in Prolog is to evaluate whether
a given query holds within a program). The answer sets of ASP programs are
analogous to satisfying assignments (or models) of propositional formulas. Similarly,
answer set programming can be viewed as a constraint programming paradigm,
much like propositional satisfiability [157]. Furthermore, both ASP programs and
propositional formulas are solved using techniques based on conflict-driven clause
learning (CDCL) [167, 168, 217].

In general, given a set of constraints in a theory, model counting seeks to
determine the number of models (or solutions) to the set of constraints. From a
computational complexity perspective, this problem is significantly harder than
deciding whether there exists a solution to the set of constraints, i.e. the satisfiability
problem. Yet, in the context of propositional reasoning, compelling applications
have driven substantial practical advancements in propositional model counting, also
referred to as #SAT [188, 198], over the past decade. This, in turn, has ushered in
new applications in quantified information flow [30], neural network verification [20],
network reliability [59], probabilistic inference [182, 186], control improvisation [100]
and the like. The success of practical propositional model counting in diverse domains

has naturally led researchers to ask if practically efficient counting algorithms can
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1 % a friend influences another friend

2 influence(P1, P2) « friend(P1, P2).

3 % smoking due to being stressed

4 smokes(P) «+ stress(P).

5 % smoking due to influenced by smoker friend
6 smokes(P2) <« smokes(P1l), influence(P1,P2).
7 % given evidance

8 stress(a).

9 % given query

0 ;- not smokes(b).

Listing 1.3: Smokers Problem

be developed for constraints beyond propositional logic.

The problem of counting answer sets to a given ASP program, known as #ASP,
has garnered growing interest, motivated by its applications in probabilistic reasoning,
navigation, plausibility reasoning, network reliability, and systems biology [78, 80,
83, 134, 136, 137, 138]. The computational complexity of #ASP for disjunctive
programs is # - coNP-complete [82], which is #P-complete [125, 126] if the program
is normal. We provide two examples to illustrate the answer set counting problem.

The first example is the network reliability problem [59, 134], which is the
quantitative version of the graph reachability problem, as outlined in Listing 1.2.
The network reliability problem seeks to determine the probability of two nodes
being connected, i.e., the probability of a path existing from the source node to the
destination node in graph G. The probability can be computed as the fraction of
the number of subgraphs containing a path from the source to the destination to the
total number of all subgraphs of G. While counting all subgraphs is trivial, answer
set counting can be used to count only those subgraphs where a path exists from
the source to the destination (the framework RelNet-ASP [134] presented a detailed
analysis of the problem). Hence, answer set counting allows efficient computation of
network reliability.

The second example is the smokers problem [56, 83]; the basic encoding is
presented in Listing 1.3. In the smokers problem, a person may start smoking in two
ways: (i) due to being stressed (Line 4 in Listing 1.3) or (ii) being influenced by a
smoker (Line 6 in Listing 1.3). The smoker problem aims to compute the probability

of an event (e.g. the person b is smoking), given some evidences (e.g. the person b
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is stressed). This probability computation can be reduced to counting answer sets
of an ASP program [83].

Early efforts to build answer set counters sought to work by enumerating answer
sets of a given ASP program [82, 91]. While this works extremely well for answer
set counts upto a certain threshold, enumeration cannot scale well for problem
instances with too many answer sets. Therefore, subsequent approaches to answer
set counting sought to leverage the significant progress made in #SAT techniques.
Specifically, Aziz et al. [17] integrated a component-caching based propositional
model counting technique with unfounded set detection to yield an answer set
counter, called ASProblog. In another line of work, dynamic programming on a tree
decomposition of the input problem instance has been proposed to achieve scalability
for ASP instances with low treewidth [75, 82]. Yet another approach has been to
translate a given normal logic program P into a propositional formula F', such that
there is a one-to-one correspondence between answer sets of P and models of F [32,
66, 126, 127]. The answer sets of P can then be counted by invoking an off-the-shelf
propositional model counter [188] on F. Though promising in principle, a naive
application of this approach does not scale well in practice owing to a blowup in
the size of the resulting formula F' when the implications between propositional
atoms encoded in the program P give rise to circular dependencies [161], which
is a common occurrence when modeling numerous real-world applications. To
address this, researchers have proposed techniques: e.g., level numbering [125],
level ranking [127], unfolding [65], mized integer programming [164], and enforcing
acyclicity [86]. Thus, despite significant advances, state-of-the-art exact answer set
counters are stymied by scalability bottlenecks, limiting their practical applicability.

Most existing answer set counters focus on normal logic programs - a restricted
class of ASP. The thesis also targets the more expressive disjunctive logic pro-
grams [64]. The practical deployment of counters for disjunctive programs have
received limited attention, creating a significant gap in the literature. This focus is
well-motivated: complexity theory indicates that barring a collapse of the polynomial
hierarchy, translation from disjunctive to normal programs must incur exponential
overhead [63, 218]. Consequently, existing counters optimized for normal programs
cannot efficiently handle disjunctive programs, unless special properties present [26,

79, 130]. While loop formula-based translation [151] theoretically enables counting,
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the exponential overhead becomes prohibitive for programs with cyclic atom relation-
ships [161]. Although disjunctive answer sets counting can be theoretically reduced
to QBF counting [62], the practical implementation of efficient QBF counters is still
in its nascent stages [44, 190].

Due to the higher computational complexity of exact model counting [209], the
applicability of model counting is often limited within small to medium instances.
In this context, the approximate model counting [47, 48] has shown to be successful
in recent model counting competitions [76, 77]. Of particular interesting to us are
hashing-based frameworks developed in the context of approximate model counting.
The core idea is hashing-based frameworks, which partition the solution space
or answer sets into roughly equal small cells of answer sets by employing pairwise
independent hash functions [45] using XOR-constraints, and then the count is obtained
by enumerating solutions or answer sets within one of the randomly chosen cells.
The complexity of approximate model counting is known to be BPPN': in fact the
approximate model counter calls a spacialized oracle polynomially many times [195].
While approximate model counting achieves scalability at the cost of accuracy, such

inaccuracy is often acceptable in many real-world applications [48].

1.1 Thesis Contribution

The thesis contributions are going to be discussed in two directions. First, we
present efficient and scalable answer set counting techniques — these counting tech-
niques include both exact and approximate methods. These techniques address the
scalability challenges faced by off-the-shelf counting techniques. The contributions

from the development of these efficient answer set counters are as follows:

Contribution 1: sharpASP We present an alternative approach to exact answer
set counting, called sharpASP, while alleviating a key bottleneck related to the
size of CNF translation faced by earlier approaches. While a mere reduction in
translation size does not inherently establish a scalable ASP counting technique
for general scenarios, sharpASP enables the solving of larger and more instances
of exact answer set counting than previously possible. sharpASP lifts component-

caching based propositional model counting algorithms to ASP counting. The key



idea that facilitates this adaptation is an alternative yet correlated perspective on
defining answer sets. This redefinition enables the application of concepts such as
decomposability and determinism from propositional model counting to answer set
counting. Our experimental analysis demonstrates that sharpASP, built using this
approach, significantly outperforms the performance of previous state-of-the-art
techniques across instances from diverse domains, underscoring the effectiveness of

our approach over previous exact answer set counters.

Contribution 2: sharpASP-SR  We present the design, implementation, and ex-
tensive evaluation of a novel counter for disjunctive programs, employing subtractive
reduction [61], by transforming the problem into projected propositional model
counting [16], while maintaining polynomial formula size growth. The approach
first computes an overcount of the answer set count, then precisely subtracts the
surplus using projected counting. This yields a #NP algorithm that leverages recent
advances in projected model counting [150, 188]. This approach is both theoretically
justified and provides a practical counting algorithm for disjunctive logic programs:
since # - co-NP = # - P NP = NP [61, 113] (answer set counting for disjunctive
programs is in # - co-NP [82]). Our counter, sharpASP-SRR, employs an alternative
definition of answer sets for disjunctive programs, extending the idea of sharpASP
on normal programs [132]. This definition enables the use of off-the-shelf projected

model counters without exponential formula growth.

Contribution 3: ApproxASP We present ApproxASP, the first scalable technique
for #ASP that provides rigorous (g, ) guarantees. From the technical perspective,
we lift the XOR-based hashing framework developed in the context of propositional
model counting to ASP. As demonstrated in the development of ApproxMC [47],
designing a scalable counter requires enhancements to the underlying solver to
support XOR constraints. To this end, we present the first ASP solver that can
natively handle XOR constraints via Gauss-Jordan elimination (GJE).

In the second part of this thesis, we demonstrate real-world applications of answer
set counting. Specifically, we demonstrate how our proposed answer set counters
provide efficient and effective solutions in the domains of network reliability, systems

biology, and minimal model reasoning.



Contribution 4: RelNet-ASP  We propose a framework, called RelNet-ASP, that
reduces the problem of network reliability to answer set counting. The framework
RelNet-ASP addresses more general network reliability scenarios, where each edge
is active with a predefined probability and incorporates theories from weighted
model counting [46] to model probability associated with each edge. Our empirical
evaluation demonstrates that RelNet-ASP significantly outperforms prior state-of-

the-art approaches when accounting for both accuracy and runtime performance.

Contribution 5: Counting on Boolean Networks Boolean Networks is a
fundamental modeling framework for representing complex dynamical behaviour
of system biology [187, 205]. We formulated meaningful counting and projected
counting problems on BN, which aim to quantify core and meaningful concepts of
BNs (e.g., minimal trap space and fized point), while satisfying certain properties.
More importantly, these counting problems have significance in studying system’s
stability, attractor structure, and probabilistic behaviour [115, 144]. We propose
novel and efficient ASP-based methods to address those counting problems. We
conducted an extensive experimental evaluation on a diverse set of real-world
BNs. Our analysis demonstrates that ApproxASP [133] efficiently estimates the
number of minimal trap spaces and fixed points. Importantly, ApproxASP overcomes
exhaustive enumerations, significantly improving the feasibility of counting compared

to enumeration and BDD-based methods used in off-the-shelf tools.

Contribution 6: MinLB We extended answer set counting principles to count
solutions in other theories that are semantically similar to ASP. We developed
methods for estimating a lower bound on the number of minimal models of a
given propositional formula. More specifically, the minimal models are subset-
minimal (with respect to C) models of a Boolean formula [14]. This is achieved by
integrating knowledge compilation and hashing-based techniques with minimal model
reasoning, thereby facilitating the estimation of lower bounds. The effectiveness
of our proposed methods has been empirically validated on instances from model
counting competitions and itemset mining. To assess the performance of our proposed
methods, we introduce a new metric that considers both the quality of the lower

bound and the computational time; our methods achieve the best score compared



to existing minimal model reasoning systems.

1.2 Thesis Organization

The thesis is organized as follows: Chapter 2 provides the background knowledge
necessary to understand the technical contribution of the thesis. In Chapters 3 and 4,
we present our exact answer set counters sharpASP and sharpASP-SR, respectively.
Chapter 5 describes our approximate answer set counter ApproxASP. We then
explore applications of our proposed answer set counters. Chapter 6 demonstrates
how RelNet-ASP efficiently addresses the network reliability problem invoking an
answer set counter. Chapter 7 demonstrates how ASP counters can be utilized to
address counting problems over Boolean Networks. Chapter 8 presents how existing
answer set systems can be utilized to obtain lower bounds on minimal model counts.

Finally, we conclude our thesis in Chapter 9.



Chapter 2

Preliminaries

This chapter introduces the necessary notations and preliminaries needed to

understand the technical contribution.

2.1 Propositional Satisfiability

A propositional variable v takes one of two values: 0 (denoting false) or 1
(denoting true). A literal ¢ is either a variable (positive literal) or its negation
(negated literal), and a clause C' is a disjunction of literals. For convenience of
exposition, we sometimes represent a clause as a set of literals, with the implicit
understanding that all literals in the set are disjoined in the clause. A clause with
a single literal is also called a unit clause. In general, the constraint represented
by a clause C' = (-w1 V...V =0, V Ugy1 V... V Urim) can be expressed as a logical
implication: (vy A ... Avg) = (Vkp1 V ... V Ugsrn). If £ =0, the antecedent of the
above implication is true, and if m = 0, the consequent is false. A conjunctive normal
form (CNF) formula ¢ is a conjuction of clauses. When there is no confusion, a
CNF formula is also sometimes represented as a set of clauses, with the implicit
understanding that all clauses in the set are conjoined to give the formula. We
denote the set of variables in ¢ as Var(¢).

An assignment over a set X of propositional variables is a mapping 7 : X — {0, 1}.
For a variable z € X, we define 7(—x) = 1 — 7(z). An assignment 7 over Var(¢) is
called a model of ¢, represented as 7 |= ¢, if ¢ evaluates to true under the assignment
7, as per the semantics of propositional logic. A formula ¢ is said to be SAT (resp.
UNSAT) if there exists a model (resp. no model) of ¢. Given an assignment 7, we
use the notation 7% (resp. 77) to denote the set of variables that are assigned 1 or

true (resp. 0 or false).
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We often consider an assignment 7 as a set of literals it assigns and Var(7)
denotes the set of variables assigned by 7. For two assignments 7, and 75, 7| satisfies
Ty, denoted as 7y |= Ty, if Ty var(r,) = T2, the notation 7,x denotes the projection of 7

onto variable set X. Otherwise, 7, does not satisfy 7, denoted as 71 & 7o.

2.1.1 Unit Propagation

Given a CNF formula ¢ (as a set of clauses) and an assignment 7: X — {0, 1},
where X C Var(¢), the unit propagation of 7 on ¢, denoted ¢|,, is another CNF
formula obtained by applying the following steps recursively: (a) remove each clause
C' from ¢ that contains a literal ¢ s.t. 7(¢) = 1, (b) remove from each clause C' in ¢
all literals ¢ s.t. either 7(¢) = 0 or there exists a unit clause {—¢}, i.e. a clause with
a single literal =/, and (c) apply the above steps recursively to the resulting CNF
formula until there are no further syntactic changes to the formula. As a special
case, the unit propagation of an empty formula is the empty formula.

It is not hard to show that unit propagation of 7 on ¢ always terminates or
reaches fized point. We say that 7 unit propagates to literal £ in ¢, if {¢} is a unit
clause in ¢|,, i.e. if {¢} € ¢|,.

2.1.2 Model Counting Notations

Given a propositional formula ¢, we use #¢ to denote the count of models of ¢.
If X C Var(¢) is a set of variables, then #3X¢ denotes the count of models of ¢
after disregarding assignments to the variables in X. In other words, two different

models of ¢ that differ only in the assignment of variables in X are counted as one
in #3X¢.

2.1.3 Logical Equivalence

Two clauses C; and Cj are logically equivalent, denoted as C; <> Cy, if C; and
Cy have the same truth value for all assignments over atoms(C; A Cjr). The logical
relation between clauses C; and Cj is known as equivalence and for notational
convenience, we denote an equivalence C; <> C; as a tuple of C; and Cy. Given an
equivalence C; <> Cy, if C; (Cy resp.) consists of only one literal, then the atoms of

Cy (C; resp.) define the truth value of C; (Cy resp.).
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2.1.4 xor Constraints

An XOR constraint [104] or parity constraint over Var(¢) is a Boolean “XOR” (@)
applied to the variables Var(¢). A random XOR constraint over variables {x1, ..., zx}
is expressed as a1-x1D. . . ag-xp Db, where all a; and b follow the Bernoulli distribution
with a probability of 1/2. An XOR constraint z;, ®...z; &1 (or ;, ®...x; &0 resp.)
is evaluated as true if an even (or odd resp.) number of variables from {x;,, ..., z;, }

are assigned to true.

2.1.5 Minimal Models

To define minimal models of a propositional formula ¢, we introduce an ordering
operator over models [129]. For two given models 71 and 7o, 71 is considered smaller
than 75, denoted as 71 < 7y, if and only if for each = € Var(¢), m(z) < m(z). We
define 11 as strictly smaller than 75, denoted as 7 < 7, if | < and 74 # 7. A
model 7 is a minimal model of ¢ if and only if 7 is a model of ¢ and no model of
¢ is strictly smaller than 7. We use the notation MinModels(¢) to denote minimal
models of ¢ and for a set X C Var(¢), MinModels(¢), x denotes the minimal models
of ¢ projected onto the variable set X. The minimal model counting problem seeks
to determine the cardinality of MinModels(¢), denoted |MinModels(¢)|.

We sometimes represent minimal models by listing the variables assigned as
true. For example, suppose Var(¢) = {a, b, ¢} and under minimal model 7 = {a, b},
7(a) = 7(b) = true and 7(c) = false. The notation =7 denotes the negation of
assignment 7; in fact, =7 is a clause or disjunction of literals (e.g., when 7 = {a, b},
-7 = —a V —b). For each model o € MinModels(¢), each of the variables assigned to
true is justified; more specifically, for every literal ¢ € o, there exists a clause ¢ € ¢
such that o \ {¢} }~ c¢. Otherwise, o \ {¢} = ¢ (which is < o).

2.2 Answer Set Programming

An answer set program P expresses logical constraints between a set of propo-
sitional variables. In the context of answer set programming, such variables are
also called atoms, and the set of atoms appearing in P is denoted atoms(P). For

notational convenience, we will henceforth use the terms “variable” and “atom”
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interchangeably. An answer set program is a set of rules of the following form:
Ruler: a1 V...ap < b1,...,0p,~cC1,...,~cCp (2.1)

In the above rule, ~ denotes default negation, signifying negation as failure [51].
For rule r shown above, the atom set {a,...ax} is called the head of rule r and is
denoted Head(r). Similarly, the set of literals {by,...,b,,~ c1,...,~ ¢,} is called
the body of rule r. Specifically, {by,...,b,} are the positive body atoms, denoted
Body(r)*, and {ci,...,c,} are the negative body atoms, denoted Body(r)~. For
purposes of the following discussion, we use Body(r) to denote the conjunction
by A ... Abp A —cp A ... A —e,. Atoms that appear in the head of a rule (like
{a1,...ax} in rule r above) have also been called founded variables/atoms in the
literature [17]. A program P is called a disjunctive logic program if there exists a
rule r € P such that |Head(r)|> 2 [23]. Otherwise, the program P is called a normal

logic program.

2.2.1 Answer Sets: Minimal Model Characterization

In answer set programming, an interpretation M C atoms(P) lists the true atoms,
i.e., an atom x is true under M iff x € M. An assignment M satisfies Body(r),
denoted M = Body(r), iff Body(r)* € M and Body(r)”" N M = (), where ~ is
interpreted classically, i.e., M =~ ¢; iff M [~ ¢;. The rule r (see Equation 2.1)
specifies that if all atoms in Body(r)* hold and no atom in Body(r)~ holds, then
Head(r) also holds. The assignment M satisfies rule r, denoted M [ r, if and only
if (Head(r) U Body(r)~) N M # () or Body(r)™ \ M # (). Let Rules(P) denote the set
of all rules in program P. Then, we say that an assignment M satisfies P, denoted
M = P, if and only if M = r for each r € Rules(P).

Given an assignment (or set of atoms) M, the Gelfond-Lifschitz (GL) reduct
of a program P w.r.t. M is defined as PM = {Head(r) « Body(r)* | r €
Rules(P),Body(r)” N M = 0} [98]. A set of atoms M is an answer set of P if
and only if M = PM but N = PM for every proper subset N of M. The set of
all answer sets of program P is denoted by AS(P), and the answer set counting
problem is to compute |AS(P)|, which is denoted by CntAS(P).

It is folklore that we cannot obtain new answer sets from introducing integrity

constraints.
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Observation 1. Let P be a program, X be a set of integrity constraint rules, and
M C atoms(P). Moreover, let M satisfy P, but there is a set N C M such that N
satisfies PM. Then, if M satisfies P U X, there is also a set N' C M such that N’
satisfies (P U X)M.,

Proof. Let P, X, and M be as given above, in particular, assume that M satisfies
both P and PU X, but N C M is a model of PM. Since M also satisfies P U X
by assumption, for every rule r € (P U X) either (i) Body(r)™ N M # () and hence
r ¢ (PUX)M or (ii) Body(r)"NM = and r € (PUX)M. In Case (i) the rule is not
relevant when considering whether N satisfies (P U X )™ hence we can ignore that
case. In Case (ii), if (iia) » € PM, we have that N satisfies such r by assumption. If
(iib) 7 € XM clearly it is true that H(r) = Body(r)™ = () as r is a constraint. Since
M satisfies (PUX) and in particular the rule » € X, we have that Body(r)*\ M # (.
Since N C M, we have in particular that Body(r)* \ N # ). Hence, N also satisfies

r € PM. Considering all cases, we can conclude that the observation is true. O

Corollary 2.1. Let P be a program, X be a set of constraint rules, and M C
atoms(P). Then, AS(P U X) C AS(P).

Proof. Since for every model was not minimal with respect to the GF-reduct of the
program, we can still construct a set that prohibits M from being a minimal model

of the GF-reduct. O]

2.2.2 Clark’s Completion

The Clark Completion [51, 151] translates an ASP program P to a propositional
formula Comp(P). Note that Clark Completion was introduced for logic programs
with negation as failure and it transformed Prolog programs into first-order theo-
ries [160]. The definition of answer sets provides an alternative interpretation of the
meaning of Prolog rules with negation [160].

Given a program, the completion Comp(P) is defined as the conjunction of the

following propositional implications:

1. (group 1) for each atom a € atoms(P) s.t. 7 r € Rules(P) and a € Head(r),

add a unit clause —a to Comp(P)
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2. (group 2) for each rule r € Rules(P), add the following implication to Comp(P):

/\ {— \/ x
£€Body(r) x€Head(r)
3. (group 3) for each atom a € atoms(P) occuring in the head of at least one
of the rules of P, let r1,...,r; be precisely all rules containing a in the head,

and add the following implication to Comp(P):

a— \/ ( AN €A A )

i€[1,k] £Body(r;) z€Head(r;)\{a}

Finally, Comp(P) is obtained as the logical conjunction of all constraints added
above. Note that, for normal logic programs, the implications in Groups 2 and 3
together yield an equivalence («—) — an atom is true if and only if the body of at
least one of its defining rules evaluates to true. It has been shown in the literature

that an answer set of P satisfies Comp(P) but not vice versa [71, 151, 162].

2.2.3 Loop Formula

The idea of loop formula was introduced in [162]. We outline the construction of
a loop formula for normal programs below. Given a normal program P, we start by
defining the positive dependency graph DG(P) of P as follows [139]. The vertices of
DG(P) are simply atoms(P). For a,b € atoms(P), there exists an edge from b to a
in DG(P) if there is a rule r € Rules(P) such that a € Body(r) and b = Head(r). A
set of atoms L C atoms(P) constitutes a loop in P if for every two atoms x,y € L
there is a path from x to y in DG(P) such that all atoms (nodes) on the path are
in L. An atom a is called a loop atom of P if there is a loop L in P such that
a € L. We use Loops(P) and LA(P) to denote the set of all loops and the set of all
loop atoms of P, respectively. A program P is called tight if there is no loop in P;
otherwise, P is called non-tight. Lin and Zhao [162] showed that atoms in a loop
cannot be asserted true by themselves; instead they must be asserted by some atoms
external to the loop. Specifically, a rule r is an external support of a loop L in P if
Head(r) € L and Body(r)™ N L = (). Let ExtRule(L) denote the set of all external
supports of loop L in P. The loop formula LF(L, P) [151] of a loop L in program P
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can now be defined as follows:

LF(L,P)=(/\ a) — \/  Body(r)

a€L r€ExtRule(L)

Finally, the loop formula LF(P) of program P is defined as the conjunction of loop
formulas for all loops L in P, i.e. Apecioops(p) LF(L, P). Let M C atoms(P) be a
subset of atoms of P. We use 7 : atoms(P) — {0,1} to denote the assignment
corresponding to M, i.e. 7™™(v) = 1 if v € M and ™ (v) = 0 otherwise, for
all v € atoms(P). Then M is an answer set of P if and only if 7 satisfies the

propositional formula Comp(P) A LF(P) [162].

2.2.4 Answer Sets: Unfounded Set Characterization

An alternative characterization of answer sets is based on so called unfounded
sets [210], which is widely used in state-of-the-art ASP solvers [8, 94]. Moreover,
let I Clit(P) (a literal is an atom or its negation and the notation lit(P) denotes
all literals of P). A set U C atoms(P) is an unfounded set wrt. I if, for each rule
r € P, we have (i) Head(r) ¢ U (ii) Body(r)" N1~ # () or Body(r)" NI # 0, or
(iii) Body(r)* NU # 0.

Then, M is an answer set of a program P if (U1) M satisfies Comp(P) and (U2) no
loop contained in M is unfounded. ASP solvers use a slightly varying characterization

based on nogoods of unfounded sets; that express (ii) as a nogood [94].

2.2.5 Faceted Answer Set Navigation

We use some notations from faceted answer set navigation [4]. The faceted
answer set navigation shows that for a given atom a € atoms(P) and f € {a,not a}
AS(P U Rule(+ f)) = {r € AS(P)|7 E Rule(+ f)}, ie., adding an integrity
constraint to a program P filters out answer sets of P that do not satisfy the
integrity constraint. More specifically, AS(P U Rule(+— a)) = {7 € AS(P)|a & 7}
and AS(P U Rule(<— not a)) = {7 € AS(P)|a € 7} (we often the notation Rule(.) to

express a rule).
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2.2.6 Independent Support of ASP Programs

Approximate counting and sampling widely use independent support [122, 192] of a
theory. For an ASP program P, we say a set I C atoms(P) of atoms is an independent
support if for any answer sets My, My € AS(P) we have that M; N[ = My NI, then
My = Ms. Intuitively, assigning atoms of independent support I uniquely defines
an answer set. Moreover, atoms(P) is also an independent support, which is called

trivial independent support.

Example 2.1. Consider the program P = {a; V @;. b; < a;. ¢; <~ a;.}, where i =
1,...,10. Observe that some independent supports of program P are {aq, ..., a10},

{a_l,...,a,_lo}, {bl,...,blo}, and {Cl,...,Clo}.

2.3 Independent Hash Functions

2.3.1 k-wise Independent Hash Function

A special class of hash function A is called k-wise independent if for all distinct

elements xi,...,x, the values h(xy),...,h(xy) are independent. Formally, let
H(n,m) = {h:{0,1}" — {0,1}™} be a family of hash functions. We call H the
family of k-wise independent functions if for any distinct xq, ..., 2 € {0,1}", and

any yi, ..., yx € {0,1}™, we have

1 k

) (2.2)

hfe’%[h(xl) =y A...ANh(zg) =y] = (Q—W

2.3.2 A Special Family of Hash Function

There is a special family of hash functions based on random XOR or parity
constraints, denoted by H,o-(n, m) [47]. The family H,,.(n,m) can be defined as
Ax + B, where x is one-dimensional matrix representation of atoms(P), |atoms(P)|=
n, A € {0,1}™*" B € {0,1}™*! each entry of A and B are generated according to
a Bernoulli distribution with a probability of 0.5. The family of hash function has

been shown to be 3-wise independent [103].
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2.4 Model Counting with Probabilistic Guarantee

Let assume that Sol(/) consists of the set of solutions for a problem instance I.

2.4.1 (e,0)-Approximate Model Counting

An approximate counting tries to compute the number of solutions using a prob-
abilistic algorithm approximately [47, 140]. An approximation counting algorithm
takes an instance I, € > 0 called tolerance, and 6 with 0 < § < 1 called confidence
as input. The output is a real number cnt, which estimates the cardinality of Sol([/)
based on the parameters € and ¢ following the inequality:

[Sol(1))|
(14¢)

Pr| <ent < (1+¢)-[Sol(T)]] > 1-4.

2.4.2 Probabilistic Lower Bound

Let the real number cnt represents a lower bound estimate for the cardinality
of Sol(7). We assert that cnt is a lower bound for the cardinality of Sol(/) with a

confidence 9, when

Prient < |Sol(I)|]] >1—6

2.5 Graph Thoery

Let G = (V, E) be a graph, where V' = Node(G) is the set of the nodes, and
E = Edge(G) is the set of edges. Each edge e € E is represented as a tuple e = (a, ),
where nodes a,b € Node(G) are two endpoints of e. If there is an edge (a,b) € E,
then node a (b resp.) is adjacent to node b (a resp.). A graph G’ is a subgraph of G,
denoted as G' = (V/, E'), it V" CV and E' C E.

2.5.1 Two-terminal Network Reliability

Given two arbitrary nodes s,t € Node(G'), if there exists a set of edges in G
that connects nodes s and ¢ or there is a path in G’ with nodes s and t, then G’

is referred to as (s,t)-connected subgraph where nodes s and ¢ are the source and
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target nodes, respectively. The nodes s and ¢ are also called terminal nodes. We
use the notation Subgraph(G, s,t) to denote all (s,t)-connected subgraphs of G.

In this work, our graphs are probabilistic and the probabilities are assigned to
the edges. The probability of edge e is represented by W(e), which determines the
likelihood that edge e is active and the likelihood of edge e failing is represented
by 1 —W(e). A graph is unweighted if Ve € Edge(G),W(e) = 1/2; otherwise, the
graph is weighted. Given a subgraph G', Pr[G'] is defined as [],ceqge(cr) W(ei) X
[1e,cedge(c)\Edge(cr) (1 — W(ei)), i.e., the probability of a subgraph G’ is calculated as
the product of the probabilities of its edges that are active and the complement
of the probabilities of its edges that are inactive. The reliability of graph G
w.r.t. source node s, target node ¢, and probability over edges W, is defined as
(G, u,v, W) = Y Grcsubgraph(G.s,t) PrIG'], i.e., the reliability of a graph G, with respect
to source node s, target node ¢t and edge probability W, is defined as the sum of the
probabilities of all (s,t)-connected subgraphs of G.

2.5.2 Two Operations on Graphs

We introduce two well-known operations on graphs. The remowval of edge
e on a graph G = (V| FE), denoted as G \ e, which is defined as (V, E \ {e}),
i.e., deleting the edge e from graph G. The contraction of edge e = (a,b) on
a graph G = (V, E), denoted as G/e, which is defined as (V', E’), where the
node set V' = V \ {a,b} U {c}, the new node ¢ is not present in V and the
edge set E' = FU{(d,c)|d & {a,b} and node d is either adjacent to a or b} \ {¢’ €
E| one of the endpoints of €’ is either a or b}, i.e., contraction of edge e merges two

endpoints of e into a newly introduced node.

2.6 Chain Formula

The chain formula [46] is a restricted class of propositional formulas and has
been found to be useful for reducing weighted model counting to unweighted model
counting. Let we are interested in computing chain formula corresponding to the
weight of § (obtained after possible reduction), where m > 0 is a natural number,
and k < 2™ is a positive odd number. Let ¢q,..., ¢, be the binary representation of

k, where ¢, be the least significant bit. Then we can formulate the chain formula
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®r.m over m propositional atoms by, ..., b, using the following notation:

¢k,m(b17 ‘e ,bm) = (blcl(bQOQ oo (bm_lcm_lbm) .. ))

where C; =V, if ¢; = 1, otherwise C; = A. Chakraborty et al. [46] showed that the
size of @y, is linear with m and chain formula ¢y, ,,, has k satisfying assignments.
Although the chain formula is not in conjunctive normal form (CNF), it can
be converted into CNF' by introducing fresh Boolean variables and equivalence
(bi-implication). A standard method for this conversion is the Tseitin transforma-
tion [207], which produces an equisatisfiable CNF formula without an exponential
increase in size. The transformation assigns a fresh Boolean variable t to each
subformula ¢, using ¢ as a placeholder for subformula ¢. The original formula is
then rewritten by replacing occurrences of ¢ with ¢, and additional constraints of
the form ¢ <> ¢ are introduced to preserve logical consistency [169]. This process is

applied recursively until the entire formula is expressed in CNF.

Tseitin Transformation of ¢;,,. We demonstrate the chain formula transfor-
mation as follows (the transformation is used in our work in Chapter 6): the
transformation first introduces an equivalence and a new atom for the innermost
simple Boolean expression of ¢y ,,; the simple Boolean expression is (by,—1Cp—1bm),
and the equivalence is t,, 1 <> (by_1Cp_1by), wWhere ¢, 1 is a new propositional
atom. Then the transformation introduces another equivalence and a new atom for
the second innermost simple Boolean expression of ¢y, (if any), namely, the equiv-
alence is tp,—9 <> (b—2Cm—2(bm—1Cm—-1bm)). However, a truth value of the Boolean
expression (b,, _1C,_1b,,) defines the truth value of ¢,, 1. Thus, the new equivalence
can be written as t,,_o <> (by_2Cm_ot;m_1). The transformation continues in this
way until the transformation encounters the simple Boolean expression b, Cits. Thus,
the transformation generates a total of m — 2 propositional atoms (s, ..., t,,_1) and
derives a total of m — 1 equivalences. For simplification, we introduce one additional
equivalence, t; <> (b;C4t2), to the set of equivalences. Given a chain formula ¢y,
let denote the transformation using the notation T (¢ ).

The transformation introduces a new set of propositional atoms, which are
logically defined by the original set of atoms {b1,...,b,,}. As a result, an assignment

over the atom set of {b1, ..., b, } uniquely defines the truth value of {t1,...,t,,_1}.
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For arbitrary assignment over atom set of {by,...,b,}, the truth values of ¢; ;
and b;_1C;_10; are same, for i € [1,m — 1], where O; is the other operand of C;
except b;_1. It follows that if an assignment 7 over {by,...,b,,} satisfies ¢y, then
T evaluates t; to be true. Thus, ¢y, and T(¢gm) A {t1 <> 1} have the same number
of satisfying assignments. As a result, T(¢g.) A {t1 <> 1} preserves the number of

satisfying assignments of the original chain formula ¢y, ,,.

Example 2.2. Construct the chain formula for k =5 and m = 3.
The binary representation of 5 using 3 bits is 101. Therefore, we have ¢ (b1, ba, bs) =
(bl\/(bg/\bg)), T(Qﬁk’m) = {tl < (bl \/tg),tg <~ (bg/\bg)} Fmally, T(¢k7m)A{t1 < ].}

has 5 satisfying assignments.

2.7 Boolean Networks

A Boolean Network (BN) f is defined as a finite set of Boolean functions over
a finite set of Boolean variables, denoted by Var(f). Each variable v € Var(f)
is associated with a Boolean function f,: BVl — B. A function f, is termed
constant if it is always either 0 or 1 regardless of the values of its arguments. A
variable v is considered a source variable if f, is the identity function on v, i.e.,
f, = v. A state s of f is a Boolean vector s € BVl that can be viewed as a
mapping: s:Var(f) — B; we denote the value of variable v in state s by s,. For
convenience, a state is often represented as a string of values (e.g., “0110” instead of

(0,1,1,0)).

2.7.1 Update scheme of Boolean Networks

At each discrete time step ¢, each variable v can update its state according to
its Boolean function f,; that is, v’s state at time ¢ + 1 is given by s/ = f,(s). An
update scheme specifies how these state updates occur over time [187]. The two
primary schemes are synchronous, in which all variables update simultaneously, and
fully asynchronous, where a single variable is chosen non-deterministically to update.
Under arbitrary update scheme, the BN transitions from one state to another — a
process known as a state transition. The overall dynamics of the BN are captured

by the State Transition Graph (STG), a directed graph whose nodes represent states
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and edges represent transitions. We denote the STG under the synchronous update

scheme as sstg(f) and that under the fully asynchronous scheme as astg(f).

2.7.2 Trap Set, Minimal Trap Space, and Fixed Point

A non-empty set A of states is a trap set if there is no transition from a state
in A to a state outside A in the State Transition Graph (STG) of f (i.e., there is
no pair z € A and y € A such that (x,y) is an arc in the STG) [144]. A trap set
that is minimal with respect to set inclusion is termed an attractor. In particular,
an attractor containing a single state is called a fized point, while one with two
or more states is referred to as a cyclic attractor. A sub-space m of a BN f is a
mapping m: Var(f) — B,. A variable v € Var(f) is said to be fized (resp. free) in m
if m(v) # * (resp. m(v) = *). For convenience, a sub-space is often represented as a
string of values (e.g., 0% instead of {v; = 0, vy = *}). The sub-space m represents a

set of states, denoted by S[m|, defined as
S[m] = {s € BV*Dl | s, = m(v), Yo € Var(f), m(v) # *}

For example, if m = x11, then S[m] = {011, 111}. If a sub-space is also a trap set,
it is a trap space. Unlike trap sets and attractors, trap spaces are independent of the
update scheme employed [144]. Notably, a fixed point of f is a special trap space in
which all variables are fixed. A trap space m is minimal if there is no trap space m’
such that S[m’] C §[m]. Since an attractor is a subset-minimal trap set, a minimal
trap space contains at least one attractor of the BN, regardless of the update scheme

employed [144].

Example 2.3. Let us consider BN f with Var(f) = {a,b}, fo = a N b, and f, = a.
The synchronous STG of f is shown in Figure 2.1a. The set {00,01,11} is a trap
set but not a trap space. It is easy to check that f has three trap spaces: my = 00,
mo = Ox, and mg = *+. Among these, my is a minimal trap space (also a fized

point) of f. In this case, my is also the only synchronous attractor of f.

2.8 Answer Sets and Minimal Models

There are similarities between minimal models and answer sets (discussed in Chap-

ter 8). More specifically, we can reason minimal models through answer set solving.
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Figure 2.1: (a) Synchronous STG sstg(f) of BN f from Example 2.3. (b) Synchronous
STG sstg(f) where variable b is subject to a knockout (i.e., its value is forced to
0). Trap spaces (resp. minimal trap spaces) are enclosed by dashed (resp. solid)
rectangular frames.

2.8.1 From Minimal Models to Answer Sets.

Consider a Boolean formula, F' = A;C;, where each clause is of the form:
Ci =0l V ... VL V...2l,. We can transform each clause C; into a rule r
of the form: ¢4V ...Vl < lpy1,..., 0. Given a formula F', let us denote this
transformation by the notation DLP(F'). Each minimal model of F' corresponds

uniquely to an answer set of DLP(F).

Lemma 2.1. Each minimal model of F' corresponds to an answer set of DLP(F).

2.8.2 Minimal Model Applications: Minimal Generators

We define transactions over a finite set of items, denoted by Z. A transaction t;
is an ordered pair of (7, I;), where i is the unique identifier of the transaction and
I; C T represents the set of items involved in the transaction. A transaction database
is a collection of transactions, where each uniquely identified by the identifier 1,
corresponding to the transaction t;. A transaction (i, [;) supports an itemset J C 7
if J C I;. The cover of an itemset J within a database D, denoted as C(J, D), is
defined as: C(J, D) = {i|(i,1;) € D and J C I;}. Given an itemset I and transaction
database D, the itemset I is a minimal generator of D if, for every itemset J where
J C I, it holds that C(I, D) C C(J, D).

Encoding Minimal Generators as Minimal Models Given a transaction
database D, we encode a Boolean formula MG(D) such that minimal models of

MG(D) correspond one-to-one with the minimal generators of D. This encoding
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introduces two types of variables: (i) for each item a € Z, we introduce a variable
Pa to denote that a is present in a minimal generator (ii) for each transaction t;,
we introduce a variable ¢; to denote the presence of the itemset in the transaction
t;. Given a transaction database D = {t;|i = 1,...n}, consisting of the union of
transactions t;, consider the following Boolean formula:

MG(D) = A\ (== \/ 1) 23)

an\Ii

Lemma 2.2. Given a transaction database D, o is a minimal model of MG(D) if

and only if the corresponding itemset I, = {a|p, € 0} is a minimal generator of D.

The encoding of MG(D) bears similarities to the encoding detailed in [123,
183]. However, our encoding achieves compactness by incorporating a one-sided
implication, which enhances the efficiency of the representation.

The proofs of Lemma 2.1 and 2.2 is deferred to Chapter A.

2.9 Subtractive Reduction in Counting Problems

Borrowing notation from [61], suppose ¥ and T are alphabets, and Q1, Qs C X* X
['* are binary relations such that for each z € ¥*, the sets Q1(z) = {y € I'* | Q1(z,y)}
and Q2(z) = {y € I'" | Qa(x,y)} are finite. Let #Q; and #Q2 denote counting
problems that require us to find |Q;(z)| and |Q2(z)| respectively, for a given z € X*.
We say that #Q); strongly reduces to #@), via a subtractive reduction, if there exist

polynomial-time computable functions f and ¢ such that for every string x € ¥*, the

following hold: (a) Q2(g(x)) € Qa(f(x)), and (b) |Q1(x)|= [Q2(f (%)) —|Q2(g())]-
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Part 1

Counting Answer Sets
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In this part, we discuss about answer set counting techniques, drawing on the

following three publications:

« [KCM2024] Mohimenul Kabir, Supratik Chakraborty, and Kuldeep S. Meel.
“Exact ASP counting with compact encodings.” AAAI vol. 38, no. 9, pp.
10571-10580. 2024.

« [KCM2025] Mohimenul Kabir, Supratik Chakraborty, and Kuldeep S. Meel.
“Counting Answer Sets of Disjunctive Answer Set Programs.” ICLP, 2025.

« [KES'2022] Mohimenul Kabir, Flavio O. Everardo, Ankit K. Shukla, Markus
Hecher, Johannes Klaus Fichte, and Kuldeep S. Meel. “ApproxASP - A scalable
approximate answer set counter.” AAAI vol. 36, no. 5, pp. 5755-5764. 2022.

In this part, we discuss about answer set counting techniques. First we present exact
answer set counting techniques based on an alternative definition of answer sets
in Chapter 3 (from [KCM2024]) and Chapter 4 (from [KCM2025]). Then we present

a framework for approximate answer set counting in Chapter 5 (from [KEST2022]).

26



Chapter 3

Exact Answer Set Counter: sharpASP

We present an answer set counter, named sharpASP, for exact answer set counting.
In this work, we target only normal logic programs, which has been used in diverse
applications (see for example [40, 57]). The core idea of the counter is an alternative,
yet correlated way of defining answer sets. The alternative way of defining answer
sets facilitates core ideas like decomposability and determinism from propositional
model counters to our proposed answer set counter. Finally, we empirically evaluate

the performance of sharpASP against state-of-the-art answer set counters.

3.1 Related Work

The decision version of normal logic programs is NP-complete; therefore, the
ASP counting for normal logic programs is #P-complete [209]. Given the #P-
completeness, a prominent line of work focused on ASP counting relies on translations
from the ASP program to the CNF formula [65, 66, 125, 126, 127, 162]. Such
translations often result in a large number of CNF clauses and thereby limit practical
scalability for non-tight ASP programs.

Eiter et al. [65, 66] introduced Tp-unfolding to break cycles and produce a
tight program. They proposed an ASP counter called aspmc, that performs a
treewidth-aware Clark completion from a cycle-free program to the CNF formula.
Jakl, Pichler, and Woltran [124] extended the tree decomposition based approach
for #SAT due to Samer and Szeider [184] to answer set programming and proposed
a fixed-parameter tractable (FPT) algorithm for answer sets counting. Fichte et
al. [75, 82] revisited the FPT algorithm due to Jakl et al. and developed an exact
model counter, called DynASP, that performs well on instances with low treewidth.

Aziz et al. [17] extended a propositional model counter to an answer set counter by
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integrating unfounded set detection. Kabir et al. [133] (Chapter 5) focused on lifting
hashing-based techniques to ASP counting, resulting in an approximate counter,

called ApproxASP, with (e, §)-guarantees.

3.2 An Alternative Definition of Answer Sets

Our algorithm for answer set counting crucially relies on an alternative way of
defining the answer sets of a normal program P. We first introduce an operation
called Copy() that plays a central role in this alternative definition. Our Copy/()
operation is related to, but not the same as, a similar operation used in ASProblog.
Specifically, founded variables (i.e. variables appearing at the head of a rule) were
the focus of the copy operation used in ASProblog. In contrast, loop atoms in the
program P are the focus of the Copy() operation in our approach. We elaborate

more on this below.

3.2.1 Copy(P) for Normal Logic Programs

Given a normal program P, for every loop atom/variable v in LA(P), let v’ be a
fresh variable not present in atoms(P). We refer to v’ as the copy variable of v. For
X C LA(P), we denote the set of copy variables corresponding to atoms in X as X'.

Given a normal program P, the Copy(P) operation returns a set of (implicitly

conjoined) implications, defined as follows:
1. (type 1) for every v € LA(P), the implication v" — v is in Copy(P).

2. (type 2) for every rule a < by,...by,~ c1,... ~ ¢, in P such that a € LA(P),
the implication (b)) A ... 1Y (by) A —e1 A ... —¢, — (a) is in Copy(P), where

for each variable z, ¥(z) is a function defined as follows:

2 if v € LA(P
U(x) = “ A

x  otherwise

3. No other implication is in Copy(P).

Note that in implications of type 2, copy variables are used exclusively for positive
loop atoms in the body of the rule and for the loop atom in the head of the rule.

Specifically, if the head of a rule is not a loop atom, we do not add any implication
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of type 2 for that rule. As an extreme case, if P is a tight program or LA(P) = 0,
then Copy(P) = 0.

An Alternative Definition of Answer Set We now present a key observation
that provides the basis for an alternative definition of answer sets. Akin to the
existing definitions of answer set [101, 126, 159], our definition seeks justification
for atoms within an answer set. However, our definition seeks to justify only loop
atoms belonging to an answer set, while the existing definitions, to the best of our
knowledge, aim to justify each atom in an answer set. The alternative definition
derives from the observation that under Clark’s completion of a program, if the loop
atoms of an answer set are justified, then the remaining atoms of the answer set
are also justified. Thus, under Clark’s completion, it suffices to seek justifications
for loop atoms. Unlike existing definitions of answer sets, our definition of answer
sets operates exclusively within the realm of Boolean formulas and employs unit
propagation as a tool to decide whether an atom is justified or not.

Recall the definition of ¢|,, i.e. unit propagation of an assignment 7 on a CNF
formula ¢ from Section 2.1. Recall also that a CNF formula can be viewed as a
set of clauses, where each clause can be interpreted as an implication. Therefore,
the set of implications Copy(P) can be thought of as representing a CNF formula.
For an assignment 7 : X — {0,1} where X C atoms(P), we use the notation
Copy(P)|, to denote the (implicitly conjoined) set of implications that remain after
unit propagating 7 on the CNF formula represented by Copy(P). Specifically, we
say that Copy(P)|, = 0 if 7 unit propagates to only unit clauses on copy variables

in the CNF formula represented by Copy(P).

Theorem 1. For a normal program P, let X C atoms(P) and let 7 : X — {0,1} be
an assignment. Let M7 denote the set of atoms of P that are assigned 1 by 7. Then
M7 € AS(P) if and only if T = Comp(P) and Copy(P)|,= 0.

Proof. (i) (proof of ‘if part’) Proof By Contradiction. Assume that 7 = Comp(P)
and Copy(P)|.= 0, but M™ ¢ AS(P). Since M™ ¢ AS(P) and 7 = Comp(P), it
implies that 7 & LF(P). Thus, there is a loop L in P such that 7 [~ LF(L, P).
Assume that L is comprised of the set of loop atoms {z1,...,z;}. Then 7 [

1 Ao AT = Vyeexrule(r) Body(r). In other words, even if 7 is augmented by
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setting 1 = ... = x = 1, the formula V,cgqruie(r) Body(r) evaluates to 0 under
the augmented assignment. Now recall that 7 itself is an assignment to a subset of
atoms(P), and it does not assign any truth value to x{’,...,z;’. Therefore, there
must be at least one type 2 implication in Copy(P)|,, specifically one arising from
a rule 7 € ExtRule(L) (see definition from Subsection 2.2.3), that does not unit
propagate to a unit clause or to 1 under 7. This contradicts the premise that
Copy(P)[,= 0.

(ii) (proof of ‘only if part’) Proof By Contradiction. Suppose M7 € AS(P).
We know that this implies 7 = Comp(P) A LF(P). We now show that in this case,
we must also have Copy(P)|,= 0. Suppose, if possible, Copy(P)|,# (. We ask if
an implication of type 1, say v' — v, can stay back in Copy(P)|,. If v € M", then
7(v) = 1, and clearly the implication v" — v doesn’t stay back in Copy(P)|,. If
v & M7, then 7(v) = 0, and in this case 7 unit propagates to {—v'}, and hence
the implication doesn’t stay back in Copy(P)|, either. Therefore, no implication of
type 1 can stay back in Copy(P)|,. Next, we ask if any implication of type 2 can
stay back in Copy(P)|,. Suppose this is possible. Note that for every v € atoms(P),
either v € M7 or v € M". Therefore, 7(v) is either 0 or 1 for all v € atoms(P).
Therefore, if Copy(P)|,# 0, there must be some z1" € Var(Copy(P)|,) and there
must a (potentially simplified) implication xo’ A C; — 241" in Copy(P)|,, where CY is
either true or a conjunction of copy variables. The existence of copy variable x5" in
Copy(P)|, implies the existence of another implication: x5’ A Cy — x5’ in Copy(P)|,.
Continuing this argument, we find that there are two cases to handle: (i) there are
an unbounded number of copy variables in Copy(P)|,, which contradicts the fact
that there can be at most |Var(P)| copy variables. (ii) otherwise, there exists i, j
such that z;/ = z;/ and ¢ < j, which implies that the set of variables { z;,...x;_1 }
constitutes an unfounded set. However, this contradicts the fact that M7 € AS(P).
In either case, we reach a contradiction, thereby proving that Copy(P)|, is empty.

This completes the proof. n

Example 3.1. Consider the normal program P given by the rules {r; = a <~
b. ro=b<+~a. r3=c+ab. ry=c<d. rs=d<+a r¢g=d<+ bc r;=
e+~ a,~ b}.

This program has a single loop L consisting of atoms ¢ and d, i.e. LA(P) = {c,d}.
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Therefore, Copy(P) consists of the conjunction of implications: {c — c¢,d —
dyaNb—d,d — ;a—d,bNc — d'}. Note that there are no variables o', b, €

or constraints involving them in Copy(P). The followings are now easily verified.

o Consider 1, that assigns 1 to b and 0 to a,c,d,e. For the corresponding answer

set M7 (b}, Copy(P)}r,— 0

o Consider o assigns 1 to a,c,d and 0 to b,e. For the corresponding answer set

M™: {a,e,d}, Copy(P)|,= 0

o Consider 13 that assigns 1 to b,c,d and 0 to a,e. For the corresponding

non-answer set M™: {b,c,d}, Copy(P)|,# ()

3.3 Answer Set Counter: sharpASP

In this section, we first show how the alternative definition of answer sets provides
a new way to counting all answer sets of a given normal program. Subsequently, we
explore how off-the-shelf state-of-the-art propositional model counters can be easily
adapted to correctly count answer sets by leveraging the alternative definition.

It is straightforward from Theorem 1 that the count of answer sets of a normal
program P can be obtained simply by counting assignments 7 € 2/2°ms(P)l sych that
7 = Comp(P) and Copy(P)|,= (). This motivates us to represent a normal program
P using a pair (F, G), where F' = Comp(P) and G = Copy(P). Further, we discuss
below how key ideas in propositional model counters can be adapted to work with

this pair representation of normal programs to yield exact answer set counters.

3.3.1 Decomposition

Propositional model counters often decompose the input CNF formula into
disjoint subformulas to boost up the counting efficiency [22] — for two formulas ¢;
and ¢y, if Var(¢;) NVar(¢e) = 0, then ¢ and ¢y are decomposable, i.e., we can count
the number of models of ¢; and ¢9 separately and multiply these two counts to get

the number of models of ¢; A ¢s.
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Given a normal program, our proposed definition involves a pair of formulas: F
and G. Specifically, we define component decomposition with respect to (F,G) as

follows:

Definition 1. (F} A Fy, G A Gs) is decomposable to (Fy,G1) and (Fy, Gs) if and
only if (Var(Fy) U Var(G1)) N (Var(Fy) U Var(Gy)) = 0.

Finally, Lemma 3.1 offers evidence supporting the correctness of our proposed

definition of decomposition in computing the number of answer sets.

Lemma 3.1. Let (Fy A ... Fy, Gy A ...Gy) is decomposed to (Fy,Gq), ..., (Fg, Gg)
then CntAS(Fy A ... Fy, Gy A ... Gy) = CntAS(F1, G1) % ... CntAS(Fy, G).)

Proof. By definition of decomposition, we know that (Var(F;)UVar(G;)) N (Var(F;)U
Var(G,)) = 0 for 1 <i < j < k. This, in turn, implies that Var(G;) N Var(G,;) =0
for 1 <i < j < k. Therefore, no variable (copy variable or otherwise) is common
in G; and G, if ¢ # j. Hence, for every assignment 7 : atoms(P) — {0, 1}, unit
propagation of 7 on G; and G; must happen completely independent of each other,
i.e. no unit literal obtained by unit propagation of 7 on G; affects unit propagation
of 7 on G, and vice versa. In other words, G;|;AG;|.= (G; A G})|..

Let F=FiN...Fpand G = Gy A ...Gg. In the following, we use the notation
7 to denote an assignment atoms(P) — {0,1}, and 7; to denote an assignment
atoms(P) N (Var(F;) U Var(G;)) — {0, 1}, for 1 < ¢ < k. By virtue of the argument
in the previous paragraph, it is easy to see that the domains of 7; and 7; are disjoint
for 1 < i < j < k. We use the notation 7 U ... 7, to denote the assignment
atoms(P) — {0, 1} defined as follows: if v € atoms(P) N (Var(F;) U Var(G;)), then

(mmU...7)(v) = 73(v). The proof now consists of showing the following two claims:
1. CntAS(Fy,Gy) x - - CntAS(Fy, Gr) > CntAS(F, G).
2. CntAS(Fy, Gy) x - - CntAS(Fy, Gi) < CntAS(F, G).

Proof of part 1: Suppose 7 € AS(F,G). By definition, 7 = F' and G|,= (). Since
F =FA...F, weknow that 7 = F; for 1 <i < k. By the above definition of 7;, it
then follows that 7; = F;. Similarly, since unit propagation of 7 on G; and G; happen
independently for all ¢ # 7, and since unit propagation of 7 on G = Gy A ... Gy, gives
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0, we have G;|,,= 0 as well. It follows that 7; € AS(F;, G;) for 1 < i < k. Therefore,
every 7 € AS(F,G) yields a sequence of 7; € AS(F;, GG;), for 1 < i < k. Since the
domains of all 7;’s are distinct, it follows that CntAS(F;, G1) X - - - CntAS(Fy, Gy) >
CntAS(F, G).

Proof of part 2: Suppose 7; € AS(F;,G;) for 1 < i < k. By definition, 7; | F;
and G|, = 0. Since the domains of 7; and 7; are disjoint for all 1 < i < j <k,
it follows that (7 U...7) = (Fi A ...F;) and hence 7 | F. We have also
seen that (Gy A -+ Gg)|.= (Gi|-A---Gk|;). However, since Var(G;) is a subset
of the domain of 7;, we have (G1 A -+ Gi)|-= (Gi|yA -+ Glr, ). Since Gi|,,= 0
for 1 < i < k, it follows that (G; A ---Gy)|,= 0. Therefore G|,= (). Since
T | F as well, we have 7 € AS(F,G). Therefore, every distinct sequence of
7;, 1 <4 < k such that 7, € AS(F;, G;) yields a distinct 7 € AS(F, G). It follows that
CntAS(Fy, Gy) x --- CntAS(Fy, Gi) < CntAS(F, G).

It follows from the above two claims that

CntAS(F1, Gy) x - - - CntAS(Fy, Gy) = CntAS(F, G).

3.3.2 Determinism

Propositional model counters utilize determinism [55], which involves assigning
one of the variables in a formula to either false or true. The number of models
of ¢ is then determined as the sum of the number of models in which a variable
x € Var(¢) is assigned to false and true. A similar idea can be used for answer set
counting using our pair representation as well. To establish the correctness of the
determinism employed in our approach, we first introduce two helper propositions:

Proposition 1 and 2.

Proposition 1. For partial assignment T and program P represented as (Comp(P), Copy(P)),
if Comp(P)|,= 0 and O C Var(Copy(P)|,) C CopyVar(P), then 3L € Loops(P) s.t.
L C M7 and 7 |~ LF(L, P).

Proof. Since () C Var(Copy(P)|,) C CopyVar(P), there exists a copy variable x;’' €
Var(Copy(P)|,) and an implication (simplified after unit propagation) of type 2 of the
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form Cy — x;,” in Copy(P)|,, where C} is a non-empty conjunction of copy variables.
Let x;," € Var(C}), then there must also exist another implication (simplified after
unit propagation) Cy — w;," in Copy(P)|, where Cs is again a conjunction of copy
variables. Accordingly, for z;, € Var(Cy) \ Var(C}), we have another implication of
the form C5 — z;,” in Copy(P)|,. Since the number of atoms is bounded, it must be
the case that there exists i; such that there is an implication (simplified) of type 2
C). — x3’ such that Cy, \ (C;UCy...Ch_y1) = 0.

Now, observation Cy \ (C; U Cy...Cj_1) = () implies existence of an atom
set L = {xi, Tiy,... 75, } C {4, %s,,... 75 } that forms a loop in DG(P). Given
that Var(Copy(P)|,) C CopyVar(P), we also know that 7 assigns a value to every
x € Var(Copy(P)) Natoms(P). Furthermore, each of the atoms z;,, ... z;, must have
been assigned 1 by 7. Otherwise, if any z;, was assigned 0 by 7, then 7 would have
unit propagated on Copy(P)|, to -z, which contradicts the observation that the
/ /

x; stayed backed in antecedents of implications of type 2 in

copy variables z; ,...x}

Copy(P)|.. It follows that atoms in loop L form a subset of atoms assigned 1 by 7.

We have shown above that {z;,,2;,,... 2} constitutes a loop in the positive
dependency graph. We now show by contradiction that 7 = V, cexrule(r) Body(r).
Indeed, if 7 = V,epxruie(r) Body(r), let x;, be Head(r) for a rule r such that 7 =
Body(r). In this case, 7 must have unit propagated to {zj } in Copy(P)|,. This

/

contradicts the fact that the copy variables zj ...}

;. stayed backed in antecedents

of implications of type 2 in Copy(P)|.
Therefore 7 = x;, A ...2; but 7 = V,cexruie(r) Body(r). This shows that
T & LF(L, P). O

Proposition 2. For partial assignment T and program P represented as (Comp(P), Copy(P)),
suppose T = LF(L, P), where L = {x1,...,xx}. Then there exists T such that
{z1,..., 2’} C Var(Copy(P)|,+), Comp(P)|,+=0 and 7 C 7.

Proof. As 7 & LF(L, P), we have Vz; € L,7(z;) = 1 and Vr € ExtRule(L), 7 [~
Body(r). Let us denote by 7’ an implication of type 2 corresponding to a rule
r € ExtRule(L). Then we have 7'|,# 0; moreover, if Head(r) = x;, then z;/ €
Var(r|,). Since the above observation holds for all » € ExtRule(L) and for z; € L,
therefore, {z’,..., 2’} C Var(Copy(P)|,). Observe that for every extension 7’ of 7

that does not assign values to variables in {z{’,...,x}'}, it must be the case that
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{z1/,..., 2’} C Var(Copy(P)|,). Furthermore, since the set of variables in Comp(P)

does not contain a variable from the set {x’,..., z}'}, therefore, there exists an
extension, 77, of 7 such that Comp(P)|,+= 0 and {z/, ..., z'} C Var(Copy(P)|).
O

We are now ready to state and prove the correctness of determinism employed in

our ASP counter:

Proposition 3. Let program P be represented as (F,G). Then

CntAS(F, G) = CntAS(F |-, G|-.) + CntAS(F|,, Gl.),

for all x € atoms(P) (3.1)
CntAS(L,G) =0 (3.2)
ceas@. oy =41 16 0 (3.3)

0 if Var(G) C CopyVar(P)
Note that if Comp(P) = ) then either G = @) or () C Var(G) C CopyVar(P).

Proof. The proof comprises the following three parts:

Equation 3.1 applies determinism by partitioning all answer sets of (F, G) into two
parts — the answer sets where x is 0 and 1, respectively. Observe that performing unit
propagation on (F,G) is valid since 7 € AS(F|,, G|,) if and only if c UT € AS(F, G),
where o € 2XI 7 € 2latoms(PA\X] " where X C atoms(P).

The proof of the first base case in Equation 3.2 is trivial. Each answer set of
P conforms to the completion of the program Comp(P), where, according to the
alternative definition of answer sets, F' = Comp(P).

We utilize the helper propositions proved earlier to demonstrate the correctness
of the second base case, as outlined in Equation 3.3, which appropriately selects
answer sets from the models of completion. First, we show that if there is a copy
variable in Copy(P)|,, where Comp(P)|,= (), then one of the loop formulas of the
program is not satisfied by 7. The claim is proved in Proposition 1. Thus, 7 cannot
be extended to an answer set. Second, we demonstrate that if there is an unsatisfied
loop formula under a partial assignment 7, then there exists 7;~ such that some copy
variables are not propagated in Copy(P)|, .+, where Comp(P)| += 0 and 7y C 7.
The claim is established in Proposition 2. Thus, through the method of contradiction,
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we can infer that, for an assignment 7, if Copy(P)|,= ), then 7 can be extended to

an answer set.

]

3.3.3 Conjoin F' and G

Until now, we have represented a program P as a pair of formulas F' and G.
However, in this subsection, we illustrate that rather than considering the pair,
we can regard their conjunction F' A GG, and all the subroutines of model counting
algorithms work correctly. First, in Lemma 3.2, we demonstrate that F' A G uniquely

defines a program (F,G) under arbitrary partial assignments.

Lemma 3.2. For two assignments 71 and T2, and given a normal program, F |, AG|,, =

F|T2/\G|7'2 if and only Z.fF|T1: F|7’2 and G|T1: G|Tz

Proof. (i) (proof of ‘if part’) The proof is trivial.

(ii) (proof of ‘only if part’) Proof By Contradiction. Assume that there is a
clause ¢ € F|,, and ¢ € F|,,. As F|,AG|,= F|,AG|,, clause ¢ € G|,,. Asc € F|,,,
¢ has no copy variable. Assume that clause c is derived from the unit propagation of
Copy(r), ie., ¢ = Copy(7)|m,=a1' A ... ANap' NDy A ANby A=ey Ao A=, — 24,
where Vi, a;’ propagates to 1 and 2’ propagates to 0, which follows that under
assignment 7y, the atom x is assigned to 0 and Vi, a; is assigned to 1. The rule r
also belongs to Comp(P) and both F|,, and F|,, are derived from Comp(P). Thus,
under assignment 75, if x is assigned to 0 and each of the a;’s is assigned to 1, then

the clause ¢ € F|,,, which must be derived from rule r, so contradiction. ]

As a result, it is possible to perform unit propagation on F' A G instead of
performing unit propagation on F' and G separately. Although both formulas F
and G are necessary to check the base cases, we can still check base cases by
considering the conjunction F' A G. Checking the first base case (Equation 3.2)
is trivial because if an assignment 7 conflicts on F', then 7 conflicts on ' A G as
well. Additionally, calculating Var(F' A G) suffices to check the second base case
(Equation 3.3). The component decomposition part also works with their conjunction
because the component decomposition condition (Var(F;) U Var(Gy)) N (Var(Fy) U
Var(Gs)) = () is equivalent to (Var(Fy A G1)) N (Var(Fy A Gg)) = (). Moreover, as we
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restrict our decision to atoms(P), the conjunction F' A G does not introduce new
conflicts — if a partial assignment 7 conflicts on F' A G, then 7 conflicts on F. To
summarize, the model counting algorithm correctly computes the answer set count,
even when processing the formula F' A G instead of processing the two formulas F

and G separately.

3.3.4 sharpASP: Putting It All Together

In this subsection, we aim to extend a propositional model counter to an exact
answer set counter by integrating the alternative answer set definition, component

decomposition (Lemma 3.1), and determinism (Equation 3.1).

Algorithm 1 sharpASP(P)

function Counter(¢, C'V) > modified CNF counter
: if = () then return 1

else if Var(¢) C C'V then return 0

else if () € ¢ then return 0

1:
2
3
4:
5: v < PickNonCopyVar(¢)
6
7
8
9

for ¢ < {v,—v} do
Count[l] + 1
comps <— Decomposition(¢|,)
: for each c € comps do
10: if ¢ € Cache then

11: Count[l] < Count[¢] x Cache|c]

12: else

13: Count[l] + Count[¢] x Counter(c, C'V)
14: if Count[(] = 0 then

15: break

16: Cache[¢] +— Count[v] 4+ Count[—v]

17: return Cache[¢)]

18: F' < Comp(P), G < Copy(P) > Algorithm starts here
19: return Counter(F' A G, CopyVar(P))

The pseudocode for sharpASP is presented in Algorithm 1. Given a non-tight
program P, sharpASP initially computes Comp(P) and Copy(P) (Line 18 of Algo-
rithm 1) and then calls the adapted propositional model counter Counter, with
Comp(P) A Copy(P) as the input formula, and CopyVar(P) as the set of copy vari-
ables (Line 19 of Algorithm 1). The model counting algorithm utilizes CopyVar(P)
to check the base cases (Equations (3.2) and (3.3)) of the Equation 3.1.
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The Counter differs from the existing propositional model counters mainly in
two ways. Firstly, following Equation 3.3, the Counter returns 0 if it encounters a
component consisting solely of copy variables (Line 3 of Algorithm 1). Secondly,
during variable branching, Counter selects variables from Var(Comp(P)) (Line 5 of
Algorithm 1). Apart from that, the subroutines of unit propagation, component
decomposition (Line 8 of Algorithm 1), and caching' (Line 10 of Algorithm 1) within
Counter and a propositional model counter remain unchanged.

While sharpASP uses copy variables and copy operations similar to ASProblog,
there are notable distinctions between the two approaches. Firstly, sharpASP aims
to justify only loop atoms, whereas the ASProblog algorithm aims to justify all
founded variables. Our empirical findings underscore that loop atoms constitute a
relatively small subset of the founded variables. Consequently, the copy operation
of ASProblog introduces more copy variables and logical implications involving copy
variables compared to ours. Secondly, the unit propagation techniques employed
in ASProblog differ from those used in sharpASP. Specifically, ASProblog performs
unit propagation by propagating only the justified literals from a program while
leaving the unjustified literals in the residual program. In contrast, sharpASP
adheres to the conventional unit propagation technique and employs copy variables

to determine whether all atoms are justified.

3.4 Experimental Evaluation

We developed a prototype? of sharpASP on top of the existing state-of-the-art
model counters (GANAK, D4, and SharpSAT-TD) [147, 149, 188]. We modified
SharpSAT-TD by disabling all the preprocessing techniques, as they would no
longer preserve answer sets. We use notations sharpASP(STD), sharpASP(G), and
sharpASP(D) to represent sharpASP with underlying propositional model counters
SharpSAT-TD, GANAK, and D4, respectively. Note that GANAK is a probabilistic
exact model counter, and we ran GANAK in non-probabilistic mode.

We compared the performance of sharpASP with that of the prior state-of-the-art

Model counter stores the count of previously solved subformulas by a caching mechanism to
avoid recounting [185].
2The implementation is available at https://github.com/meelgroup/sharpASP
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clingo  ASProb DynASP aspmc+STD Ip2sat+STD sharpASP(STD)

Hamil.

(405) 230 0 0 167 112 300
Reach.

(600) 318 149 2 421 167 463
aspben

(465) 321 39 208 252 193 260
Total 869 188 210 840 776 1023

(1470) (4285) (8722) (8571) (4572)  (5082)  (3372)

Table 3.1: The performance comparison of sharpASP vis-a-vis other ASP counters on
different problems in terms of number of solved instances and PAR2 scores (within
parenthesis).

exact ASP counters: Clingo® [91], ASProblog [17], and DynASP [82]. In addition,
we utilized two translations from ASP to SAT: (i) Ip2sat [32, 71, 127] (ii) aspmc [65,
66], followed by invoking off-the-shelf #SAT solvers. We use notations Ip2sat+X and
aspmc+X to denote Ip2sat and aspmc followed by propositional model counter X,
respectively. For sharpASP and #SAT-based tools, we excluded the CNF translation
time from the reported runtimes, as it is less than 1 second on average per instance.

Our benchmark suite consists of non-tight programs from the domains of the
Hamiltonian cycle and graph reachability problems [17, 133]. We also considered the
benchmark set from [65] (designated as aspben). We gathered a total of 1470 graph
instances from the benchmark set of [65, 133]. We evaluated only non-tight instances,
as tight instances can be efficiently solved by employing Clark completion [51, 71].
The choice/random variables in the hamiltonian cycle and aspme benchmark pertain
to graph edges. While the choice variables are associated with graph nodes for the
graph reachability problem. The benchmarks and experimental log files are available
at https://zenodo.org/records/19665132.

All experiments were carried out on a high-performance computer cluster, where
each node consists of AMD EPYC 7713 CPUs running with 128 real cores. The

runtime and memory limit were set to 5000 seconds and 8 GB, respectively.
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| clingo (< 10°) + |

: aspmc  Ip2sat  sharpASP
clingo ASProb +STD  4+STD (STD)

Hamil. (405) 230 123 167 128 302
Reach. (600) 318 152 418 470 460
aspben (465) 321 278 284 297 300

869 553 869 895 1062
(4285) (6239) (4310) (4205) (3082)

Total (1470)

Table 3.2: The performance comparison of hybrid counters (combining clingo’s
enumeration with existing answer set counters) in terms of the number of solved
instances and PAR2 scores.

3.4.1 Experimental Results

The performance of our considered counters varies across different computational
problems. Our evaluation of their performance, considering both total solved
instances and PAR2 scores?, for each computational problem is detailed in Table 3.1.
In the table, the numbers in parentheses in the first column indicate the number of
instances of particular problems (e.g. there are 405 instances of hamiltonian cycle
problem). The table demonstrates that sharpASP either outperforms or achieves
performance on par with existing ASP counters, particularly for the Hamiltonian
cycle and graph reachability problems. However, on aspben, the clingo enumeration
outperforms other answer set counters.

We observed that clingo demonstrates superior performance, particularly on
instances with a limited number of answer sets. Since this observation applies to all
non-enumeration based counters in our repertoire, we devised a hybrid counter that
combines the strengths of enumeration based counting with that of translation and
propositional SAT based counting. Based on data collected from runs of clingo, there
is a shift in the runtime performance of clingo when the count of answer sets exceeds
10° (within our benchmarks). To ensure that our experiments can be replicated on
different platforms, we chose to use an answer set count-based threshold instead of a

time-based threshold. Hence, our hybrid counter is structured as follows: it initiates

3Clingo counts answer sets via enumeration.
1PAR2 [21, 77] is a penalized average runtime that penalizes two times the timeout for each
unsolved benchmarks.
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enumeration with a maximum of 10° answer sets. In cases where not all answer sets
are enumerated, the hybrid counter then employs an ASP counter with a time limit
of 5000 — ¢ seconds, where t is the time spent in clingo. In the latter case (when an
ASP counter is employed), it starts from scratch and does not reuse any information
obtained during enumeration. The performance of the hybrid counters is tabulated
in Table 3.2. In the table, the hybrid counters correspond to last 4 columns that
employ clingo enumeration followed by ASP counters. The clingo (2nd column)
refers to clingo enumeration for 5000 seconds. The numbers in parentheses in the
first column of the table indicate the number of instances of particular problems (e.g.
there are 405 instances of hamiltonian cycle problem). The table also demonstrates
that the hybrid counter based on sharpASP clearly outperforms competitors by a
handsome margin.

A detailed experimental analysis is given in Chapter B.
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Chapter 4

Exact Answer Set Counter: sharpASP-
SR

We present sharpASP-SR, a novel framework for counting answer sets of disjunc-
tive logic programs based on subtractive reduction to projected propositional model
counting. Like as sharpASP (Chapter 3), this approach introduces an alternative
characterization of answer sets that enables efficient reduction while ensuring that
intermediate representations remain of polynomial size. Unlike Chapter 3, sharpASP-
SR focuses on disjunctive logic programs. This reduction allows sharpASP-SR
to leverage recent advances in projected model counting. Through extensive ex-
perimental evaluation on diverse benchmarks, we demonstrate that sharpASP-SR

significantly outperforms existing counters on instances with large answer set counts.

4.1 Related Work

Answer set counting exhibits distinct complexity characteristics across dif-
ferent classes of logic programs. For normal logic programs, the problem is
#P-complete [209], while for disjunctive logic programs, it rises to # - co-NP-
complete [82]. This complexity gap between normal and disjunctive programs
highlights that answer set counting for disjunctive logic programs is likely harder
than that for normal ones, under standard complexity theoretic assumptions.

This complexity distinction is also reflected in the corresponding decision prob-
lems as well. While determining the existence of an answer set for normal logic
programs is NP-complete [166], the same problem for disjunctive logic programs is
Yh-complete [64]. This fundamental difference in complexity has important impli-

cations for translations between program classes. Specifically, a polynomial-time
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translation from disjunctive to normal logic programs that preserves the count of
answer sets cannot exist unless the polynomial hierarchy collapses [128, 130, 218].

Much of the early research on answer set counting focused on normal logic
programs [17, 65, 66, 132]. The methodologies for counting answer sets have evolved
significantly over time. Initial approaches relied primarily on enumeration-based
techniques [93]. More recent methods have adopted advanced algorithmic techniques,
particularly tree decomposition and dynamic programming.

Jakl, Pichler, and Woltran [124] pioneered the application of tree decomposition
techniques from #SAT [184] to ASP counting. Their work introduced a fixed-
parameter tractable (FPT) algorithm for answer set counting. This approach was
later refined by Fichte et al. [75, 82], who developed DynASP, an exact answer set
counter optimized for instances with small treewidth.

Subtraction-based techniques have emerged as promising approaches for various
counting problems, e.g., MUS counting [27]. In the context of answer set counting,
subtraction-based methods were introduced in [74, 112]. These methods employ a
two-phase strategy: initially overcounts the answer set count, subsequently subtracts
the surplus to obtain the exact count. Hecher and Kiesel [112] developed a method
utilizing projected model counting over propositional formulas with projection sets.
In a different direction, Fichte et al. [74] proposed iascar, specifically tailored for
normal programs. Their approach iteratively refines the overcount count by enforcing
external support for each loop and applying the inclusion-exclusion principle. The
key distinction of iascar lies in its comprehensive consideration of external supports

for all cycles in the counting process.

4.2 An Alternative Definition of Answer Sets

In this section, we present an alternative definition of answer sets for disjunctive
logic programs, that generalizes the work of sharpASP (Chapter 3) for normal logic
programs. Before presenting the alternative definition of answer sets, we provide a
formal definition of the notion of justification, which is crucial to understand our

technical contribution.
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4.2.1 Justification in ASP

Intuitively, justification refers to a structured explanation for why a literal (atom
or its negation) is true or false in a given answer set [41, 72, 179].

Recall that the classical definition of answer sets requires that each true atom in
an interpretation, that also appears at the head of a rule, must be justified [98, 159].
Given an interpretation M s.t. M = P, ASP solvers determine whether some of the
atoms in M can be set to false, while satisfying the reduct PM [156]. We use the
notation 7, to denote the assignment over atoms(P) corresponding to interpretation
M. Furthermore, we say that z € 75, (resp. 7p;) iff Tpr(x) =1 (resp. 0).

We define the notion of justification based on the reduct P, for each inter-
pretation M = P. While the existing literature typically formulates justification
using rule-based or graph-based explanations [72], we propose a model-theoretic
definition from the reduct. An atom x € M is justified in M if for each M’ = P
and M’ C M, it holds that x € M’. It implies that removing = from M would
violate the satisfaction of PM. The definition is compatible with the standard
characterization of answer sets, since M is an answer set, when no M’ C M exists
such that M’ = PM: i.e., each atom x € M is justified. Conversely, an atom x € M
is not justified in M if there exists a proper subset M’ C M such that M’ = PM and
x ¢ M’. This notion of justification also aligns with how SAT-based ASP solvers
perform minimality checks [156] — such solvers encode PM as a set of implications:
for each rule r € P™, Body(r) — Head(r), and the check the satisfiability of

PM A /\ VAN \/ -z,
TET, zeTh
Proposition 4. For a program P and interpretation M such that M = P, if the
formula PM AN\
justified.

—x AV . + —x is satisfiable, then some atoms in M are not

TET), TET,

The proposition holds by answer set definition. In the above formula, the term
Azery, ~@ encodes the fact that variables assigned false in M need no justification.
On the other hand, the term \/xeﬁ —x verifies whether any of the variables assigned

true in M is not justified.

Example 4.1. Consider the program P = {ry :poV p1 < T; ro:qoV q < T; r3:

o <~ W; T4 Q1 < W, T5:W < Po; Te - W < P1,4q1; 7’7:J_<—notw;}.
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The group 2 clauses in Comp(P) are: {(po V p1),(q0 V ¢1), (—w V qo), (—w V
q1), (FpoVw), (mp1 Vg Vw), (w)}; and the group 3 clauses are: {(po — —p1), (p1 —
o), (g0 — (—q1 Vw)), (g1 — (g0 Vw)), (w — (po V (p1 Aq1)))} (see notations
from Subsection 2.2.2).

Since each atom occurs in at least one rule’s head, there are no group 1 clauses.
Thus, Comp(P) consists of only group 2 and group 3 clauses. In this program, the
set of loop atoms is {q1,w}.

Consider the following two interpretations over atoms(P):

e Ml = {pOa w, 4o, (h} C’learly, ™M = {poa w, qo, 41, _'pl}' As no strict subset Of
M, satisfies P, each atom of M, is justified.

e My = {p1,w,q,q}: Here, oy, = {p1,w,q,q,po}. Note that Tar, =
Comp(P). The program PM2 includes all rules of P except rule r;. We
can find an interpretation {p1,qo} C My that satisfies PM2. It indicates that

atoms q1 and w are not justified in M.

We now show that under the Clark completion of a program, or when 7, =
Comp(P), then it suffices to check justification of only the loop atoms of P in the
interpretation M. Note that the ASP counter, sharpASP (Chapter 3), also checks
justifications for loop atoms in the context of normal logic programs. Specifically, we
establish that when 75, = Comp(P), if any atom in M is not justified, then there must
also be some loop atoms in M that is not justified. To verify justifications for loop

atoms, we check the satisfiability of the formula: PM A /\xe% T A\ /\xer;g nogLA(P) TN
\/zGTA'ZA;BELA(P) .

Proposition 5. For each M C atoms(P) and M | P, if the formula PM A
/\xeTﬂ} -z N\ /\IET&M@ZLA(P) x N\ \/IET&MeLA(P) —x is satisfiable, then some of the loop

atoms in M are not justified; otherwise, each loop atom in M is justified.

Proof. Both Propositions 4 and 5 are applied for each interpretation M C atoms(P)
such that 7p; = Comp(P).

Since 1)y | Comp(P), it implies that 7y = P. Thus the formula P A
/\we% -z N\ /\wET]E/\J:€LA(P) x is satisfiable.

If PMA Aeers 7T N Noert nogtap) © A Vaert naeLacp) 7 i satisfiable, then there

are some loop atoms from 75, U LA(P) that can be set to false, while satisfying the
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formula PM A /\x@]\} - /\IET]EM%LA(P) x. It indicates that some of the loop atoms

of M are not justified; otherwise, each loop atom of M is justified. n

In this formula, the term /\IET;I AagLA(P) T €nsures that we are not concerned with

justifications for non-loop atoms. On the other hand, the term \/ -x

zETH AZELA(P)
specifically verifies whether any of the loop atoms is not justified in M. For each
interpretation M = P, justifying all loop atoms of M is the necessary and sufficient

condition to justify all atoms of M. The following lemma formalizes our claim:

Lemma 4.1. For a given program P and interpretation M C atoms(P) such that

v = Comp(P),

1. if PM AN

Vaert aveLacp) 7% is also SAT.

-z N\ Vxe% —z is SAT then PM A /\xen;, A /\xer;;/\ngA(P) TN\

1‘67']\/[

-z A \/IET]JVFI —x is UNSAT

/\IET;W

Proof. For notational clarity, let A and B denote the formulas PM A A\ -z A

zery,
\/xET]'& -~z and P A /\CEETA} A /\xeT;[/\xﬂA(P) A VLBETI-\Z/\CL'GLA(P) —z, respectively.
Proof of ‘1”:
We use proof by contradiction. Suppose, if possible, A is SAT but B is UNSAT.
Given that A is SAT, we know that some atoms are not justified in M (Propo-
sition 4). Similarly, since B is UNSAT, we know that all loop atoms are justified
in M (Proposition 5). Therefore, there must be a non-loop atom, say z;, that
is not justified in M. Since z; € M and 7y = Comp(P), by group 3 implica-
tions in the definition of Clark completion, there exists a rule r; € P such that
Body(71) A AseHead(r)\{z,} —T 18 true under 7. It follows that there exists an atom
zy € Body(r1)* that is not justified; otherwise, the atom z; would have no other
option but be justified. Now, we can repeat the same argument we presented above
for x1, but in the context of the non-justified atom x5 in M. By continuing this
argument, we obtain a sequence of not justified atoms (z1,xs,...), such that the
underlying set is a subset of M. There are two possible cases to consider: either (i)
the sequence {x;} is unbounded, or (ii) for some i < j, z; = z;. Case (i) contradicts
the finiteness of atoms(P). Case (ii) implies that some loop atom is not justified — a

contradiction of our premise!
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Proof of 2’

This part is the contraposition of our previous claim. [
Example 4.1 (continued). Consider the following two interpretations over atoms(P):

i Ml = {p07w7QO7Q1}: Clearl:% ™, = {p07w7QO7QIJ_'p1}- Note that Ml €
AS(P), as no strict subset of M, satisfies PM1.

e My = {p1,w,qo,q1}: Here, Tar, = {p1,w, qo,q1, " po}. While 1y, = Comp(P),
it can be shown that My & AS(P). The program PM2 includes all rules of P
except rule r7. We can find an interpretation {p1,qo} C My that satisfies PM2.
This means that the atoms q; and w in My are not justified. Note that both ¢,

and w are loop atoms in program P.

4.2.2 Copy(P) for Disjunctive Logic Programs

Towards establishing an alternative definition of answer sets for disjunctive logic
programs, we now generalize the copy operation used in sharpASP (Chapter 3) in
the context of normal logic programs. Given an ASP program P, for each loop atom
x € LA(P), we introduce a fresh variable 2’ such that 2’ ¢ atoms(P). We refer to 2’
as the copy variable of x. Similar to sharpASP, the operator Copy(P) returns the

following set of implicitly conjoined implications.

1. (type 1) for each loop atom x € LA(P), the implication ' — z is included in
Copy(P).

2. (type 2) for each rule r = a1 V...a < by,..., by, not ¢y, ..., not ¢, € Rules(P)
such that {ay,...ax} NLA(P) # 0, the implication ¥(b1) A ... 9¥(by) A —cy A
..m¢, — W(ay) V... (ag) is included in Copy(P), where ¥(z) is a function
o if x € LA(P)
defined as follows: ¥ (z) =

z  otherwise

3. No other implication is included in Copy(P).

Note that we do not introduce any type 2 implication for a rule r if Head(r)NLA(P) =

(). In a type 2 implication, each loop atom in the head and each positive body atom

47



is replaced by its corresponding copy variable. As a special case, if the program P

is tight then Copy(P) = 0.

Example 4.1 (continued). For the given program P, we have LA(P) = {q,w}.
Thus, Copy(P) introduces two fresh copy variables q;" and w', and adds the following

implications: {q" — q1, W' — w,q V ¢/, W' — @', po — W, p1 Ay’ — w'}.

We now demonstrate an important relationship between P* and Copy(P)|,,,,
for a given interpretation M. Specifically, we show that we can use Copy(P)|,,,
instead of PM, to check the justification of loop atoms in M. While sharpASP also
utilizes a similar idea in the context of normal programs, Lemma 4.2 formalizes this

important relationship in the context of disjunctive logic programs.

Lemma 4.2. For a given program P and interpretation M C atoms(P) such that
™ ): Comp(P),

1. the formula Copy(P)|r,, A Vaert acelap) —x' is SAT if and only if PM AN -z

xETI\/I

/\xeT;;/\zgzLA(P) T N \/merﬂ‘ZAmeLA(P) - is SAT

2. the formula Copy(P)|r,, A \/xeT;&/\xeLA(P) -2’ is SAT if and only if PMANA
+ —x is SAT

\/zGTM

A

TET, T

Proof. The proof of “part 1”:

Recall that following SAT-based ASP solvers, each rule of P can be written as an
implication. Thus, PM can be thought of as a set of implications. First we discuss
which implications are left in the subformula PM A Naerz 7T N Npert nogLap) T
following unit propagation.

Note that the subformula Neers, 78N Noert nogLacp) © includes a unit clause -,
for each atom z € 71;; and a unit clause z, each atom z € 73, N LA(P). Since
v = Comp(P), the unit propagation does not result in any empty clause. After the
unit propagation, all atoms that are assigned to false (x € 7;;) and non loop atoms
that are assigned to true (z € 7); Az € LA(P)) are removed from implications of
PM_ Thus, after unit propagation, each implication is of the form: 3 — «, where
[ (antecedent) is either true or a conjunction of loop atoms, and a (consequent)
is a disjunction of loop atoms, where those loop atoms are assigned to true in 7.

Note that no implication left after unit propagation such that its consequent part
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is false (or _L); otherwise, we can say that 7y, = Comp(P). In summary, after unit
propagation, the formula PM /\wem - A /\GUGTX;[ negLA(P) L 18 left with a set of unit
clauses and implications, where the implications consists of only loop atoms that
are assigned to true in 7.

Now we discuss how the implications of Copy(P)|,,, relate to the implications of
PM AN

Copy(P) introduces a type 2 implication for every rule whose head contains at

‘ ™

very, 7T /\xeﬁ& nagLA(P) T- According to the definition of the copy operation,
least one loop atom; that is, Copy(P) introduces a type 2 implication for a rule r
if Head(r) N LA(P) # (. Recall that these type 2 implications are similar to the
implications discussed above for P except that each of the loop atoms (i.e., x) of
rule 7 is replaced by their corresponding copy atom (i.e., z’). Clearly, no loop atom
of P exists in Copy(P).

|7, unit

The assignment 7, does not assign the copy variables. The Copy(P)
propagates all variables of Copy(P) except copy variables. Since 75, = Comp(P), no
empty clause is introduced due to the unit propagation. If a loop atom x € LA(P)
is false in 7/, then the corresponding copy atom z’ will be unit propagated to false
in Copy(P)|,,, (type 1 implication). Additionally, no type 1 implication is left in
Copy(P)

clauses and implications following unit propagation, where the implications consists

after the unit propagation. The formula Copy(P)|,,, is a set of unit

| ™ | ™

of only copy atoms and their corresponding loop atoms are assigned to true in 7.

From the discussion so far, we can say that the implications of PM A A —x A

TET,,
Nacrt nogLap) T left after unit propagation are identical to the implications left from
Copy(P)|-,, after unit propagation, except that each loop atom is replaced by their
corresponding copy atom in Copy(P)|,,,. The satisfiability of both formulas depends
on these implications, where the variables of unit clauses are seperated from the vari-
ables of those implications in both cases. From the relationship discussed above, fol-
lowing to Proposition 5, the satisfiability checking of Copy(P)|,,, A Vaert naelA(P) -z’
can be rephrased as to check justification of all loop atoms under the interpretation
Tap. Thus we can say that the formula Copy(P)|,,, A Vaeert acelar) -z is SAT if and
only if P A /\xefj\j[ A /\JBET]_\‘/}/\:EQLA(P) A viBETI-\Z/\CL'GLA(P) —w is SAT.

The proof of “part 2”:

proof of “if part”: Following the relationship established in the proof of part

1 between the implications in Copy(P)|,,, and implications in P™ the proof of “if

| ™
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part” follows Lemma 4.1 — the Lemma 4.1 proved that if some atoms of M are not
justified (or PM A A -z AV
not justified (or Copy(P)|,,A Vaert naeLacp) 2 18 SAT). We have already shown

+ —x is SAT), then some loop atoms of M are

TET), TET),

that (part 1) the satisfiability checking of Copy(P)|ry, A V,ert nzeracp) 72" can be
rephrased as to check justification of all loop atoms under the interpretation 7,;. So,
the “if part” is proved.

proof of “only if part”: Following the relationship established in the proof of

|, and implications in PM the proof

part 1 between the implications in Copy(P)
is trivial. If some loop atoms of M are not justified, then some atoms of M are not

justified. So, the “only if part” is proved. O

We now integrate Clark’s completion, the copy operation introduced above, and

the core idea from Lemma 4.2 to propose an alternative definition of answer sets.

Lemma 4.3. For a given program P and interpretation M C atoms(P) such that
v = Comp(P), M € AS(P) if and only if the formula Copy(P)|-,, A Vaert acelar) -z’
is UNSAT.

The proof follows directly from the correctness of Lemma 4.2, and from the

definition of answer sets based on the Gelfond-Lifschitz reduct PM.
Example 4.1 (continued). Consider two interpretations My, My C atoms(P):

i Ml - {p07wJQO7q1}7 where ™My, = {p07w7q07q17_'p1}' Note that Ml € AS(P)
and we can verify that Copy(P)|r,, AN(—q"V —w') is UNSAT.

i M2 - {phw?qO?ql}; where TMy — {p1>w7QO7QI7_'p0}' H@T@, M2 g AS(P>
While Ty, | Comp(P), we can see that Copy(P)lr,, AN(=q1"V —w') = (-~w'V
@) A (mq' V')A (—w' Vv —qy') is SAT.

Our alternative definition of answer sets, formalized in Proposition 4.3, implies
that the complexity of checking correctness of an answer set for disjunctive logic
programs is in co-NP. In contrast, the definition in sharpASP (see Definition 1),
which applies only to normal logic programs, allows answer set checking for this
restricted class of programs to be accomplished in polynomial time. Note that our

Copy(P) has similarities with formulas introduced in [79, 112] for coNP checks.
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Overcount

r <

Subtraction

Surplus
Figure 4.1: The architecture of sharpASP-SR for a program P.

In the following section, we utilize the definition in Definition 4.3 to count of
models of Comp(P) that are not answer sets of P. This approach allows us to

determine the number of answer sets of P via subtractive reduction.

4.3 Answer Set Counter: sharpASP-SR

We now introduce a subtractive reduction-based technique for counting the answer
sets of a disjunctive logic program. This approach reduces answer set counting to
projected model counting for propositional formulas. Note that projected model
counting for propositional formulas is known to be in #NP [16]; hence reducing
answer set counting (a # - coNP-complete problem) to projected model counting
makes sense (the classes #NP and # - coNP are known to coincide). In contrast,
answer set counting of normal logic programs is in #P, and is therefore easier.

At a high level, the proposed subtractive reduction-based counting approach is
illustrated in Figure 4.1. For a given ASP program P, we overcount the answer
sets of P by considering the satisfying assignment of an appropriately constructed
propositional formula ¢; (Overcount). The value #¢; counts all answer sets of P,
but also includes some interpretations that are not answer sets of P. To account for
this surplus, we introduce another Boolean formula ¢s and a projection set X such
that #3X ¢ counts the surplus from the overcount of answer sets (Surplus). To
correctly count the surplus, we employ the alternative answer set definition outlined

in Definition 4.3. Finally, the count of answer sets of P is given by #¢; — #3X ¢s.
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Counting Overcount (¢;) Given a program P, the count of models of Comp(P)
provides an overcount of the count of answer sets of P. In the case of tight programs,
the count of answer sets is equivalent to the count of models of Comp(P) [151].

However, for non tight programs, #Comp(P) overcounts |AS(P)|. Therefore, we use
¢1 = Comp(P) (4.1)

Note that the complexity of #Comp(P) lies in #P.

Counting Surplus (¢2) To count the surplus, we utilize the alternative answer set
definition presented in Definition 4.3. We use a propositional formula ¢,, in which
for each loop atom z, there are two fresh copy variables: 2’ and z*. We introduce
two sets of copy operations of P, namely, Copy(P)" and Copy(P)*, where for each
loop atom x, the corresponding copy variables are denoted as z’ and x*, respectively.
We use the notations CV’ and CV* to refer to the copy variables of Copy(P) and
Copy(P)*, respectively; i.e., CV' = {2'|z € LA(P)} and CV* = {2*|x € LA(P)}. To
compute the surplus, we define the formula ¢,(atoms(P), CV/, CV*) as follows:

¢o(atoms(P), CV',CV*) = Comp(P) A Copy(P)’ A Copy(P)*

¥ — )N\ (m Aa¥) (4.2)

A (
zELA(P) zELA(P)

Lemma 4.4. The number of models of Comp(P) that are not answer sets of P can
be computed as #3ACV', CV* ¢o(atoms(P), CV’', CV*), where the formula ¢o is defined
in Equation 4.2.

Proof. From ¢y (Equation 4.2), we know that for every model o = ¢, the assignment
to CV/ and CV* is such that Vz € LA(P),o(2') < o(x*) and Jz € LA(P),o(2') <
o(z*)!. Let M be the corresponding interpretation over atoms(P) of the satisfying
assignment o. Since o = ¢o, Tar = Comp(P) and some of the copy variables 2/ € CV’
can be set to false where o(z) = true, while after setting the copy variables z’ to

false, the formula Copy(P),,, is still satisfied. According to Definition 4.3, we can

ITas

conclude that M ¢ AS(P). As a result, #3CV’, CV* ¢y(atoms(P), CV’, CV*) counts

all interpretations that are not answer sets. [

IWe use 0 < 1 for this discussion.
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Theorem 2. For a given program P, the number of answer sets: |AS(P)|= #¢1 —
#3X Py, where X = CV'UCV™, and ¢1 and ¢o are defined in Equations 4.1 and 4.2.

Furthermore, both ¢1 and ¢y can be computed in time polynomial in |P)|.

Proof. The proof of the part |AS(P)|= #¢1 — #3X ¢y, where X = CV' U CV*,
follows from Lemma 4.4. Initially, #¢; overcounts the number of answer sets,
while Lemma 4.4 establishes that #3dX ¢, counts the surplus from #¢;. Thus, the
subtraction determines the number of answer sets of P.

For a program P, Comp(P), Copy(P), and LA(P) can be computed in time
polynomial in the size of P. Additionally, for a program P, |[LA(P)|< |atoms(P)].

Thus, we can compute both ¢; and ¢, in polynomial time in the size of P. O

Now recall to subtractive reduction definition (Section 2.9), in our context,
#(@)1 is the answer set counting problem for disjunctive logic programs, and #)
is the projected model counting problem for propositional formulas. For a given
ASP program P, f(P) computes the formula ¢;, and g(P) computes the formula
ACV', CV* ¢.

We refer to the answer set counting technique based on Theorem 2 as sharpASP-
SR. While sharpASP-SR shares similarities with the answer set counting approach
outlined in [112], there are key differences between the two techniques. First, instead
of counting the number of models of Clark completion, the technique in [112]
counts non-models of the Clark completion. Second, to count the surplus, sharpASP-
SR introduces copy variables only for loop variables, whereas the approach of [112]
introduces copy (referred to as duplicate variable) variables for every variable in the
program. Third, sharpASP-SR focuses on generating a copy program over the cyclic
components of the input program, while their approach duplicates the entire program.
A key distinction is that the size of Boolean formulas introduced by [112] depends
on the tree decomposition of the input program and its treewidth, assuming that the
treewidth is small. However, most natural encodings that result in ASP programs are
not treewidth-aware [111]. Importantly, their work focused on theoretical treatment
and, as such, does not address algorithmic aspects. It is worth noting that there
is no accompanying implementation. Our personal communication with authors

confirmed that they have not yet implemented their proposed technique.
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4.4 Experimental Evaluation

We developed a prototype of sharpASP-SR (available at https://github.com/
meelgroup/SharpASP-SR), by leveraging existing projected model counters. Specifi-
cally, we employed GANAK [188] as the underlying projected model counter, given

its competitive performance in model counting competitions.

Baseline and Benchmarks. We evaluated sharpASP-SR against state-of-the-
art ASP systems capable of handling disjunctive answer set programs: (i) Clingo
v5.7.1 [93], (ii) DynASP v2.0 [82], and (iii) Wasp v2 [11]. ASP solvers Clingo and
Wasp count answer sets via enumeration. We were unable to baseline against ASP
counters such as aspmc+#SAT [66], Ip2sat+#SAT [126, 127], sharpASP (Chapter 3),
and iascar [74], as these systems are designed exclusively for counting answer sets
of normal logic programs. Since no implementation is available for the counting
techniques outlined by [112], a comparison against their approach was not possible.

Our benchmark suite comprised non-tight disjunctive logic program instances pre-
viously used to evaluate disjunctive answer set solvers. We considered only non-tight
instances because the tight instances can be counted via Clark Completion [7, 151].
Our benchmarks span diverse computational problems, including: (i) 2QBF [133],
(ii) strategic companies [156], (iii) preferred extensions of abstract argumentations [85],
(iv) pc configuration [80], and (v) minimal diagnosis [97]. The benchmarks were
sourced from cs.engr.uky.edu?, abstract argumentation competitions, ASP competi-
tions [96] and from [133]. Following recent work on disjunctive logic programs [6], we
generated additional non-tight disjunctive answer set programs using the generator
implemented by [13]. We also incorporated non-tight disjunctive logic programs from
research on computing minimal trap spaces [201]. The benchmarks and experimental

log files are available at https://zenodo.org/records/19665845.

Environmental Settings. All experiments were conducted on a computing cluster
equipped with AMD EPYC 7713 processors. Each benchmark instance was allocated
one core, with runtime and memory limits set to 5000 seconds and 8 GB respectively

for all tools, which is consistent with prior works on answer set counting.

2Benchmark Problems for ASP Systems: http://cs.engr.uky.edu/ai/benchmarks.html

o4


https://github.com/meelgroup/SharpASP-SR
https://github.com/meelgroup/SharpASP-SR
https://zenodo.org/records/19665845
http://cs.engr.uky.edu/ai/benchmarks.html

5000

= -
—o— SharpASP-SR
—~— Clingo
—*— Wasp

JEE /|
[ ]
BN
%
W,

CPU time (s)

2000 g

4

1000

[{ Ee—
0 1

00 200 300 400 500 600 700 800 900
instances

Figure 4.2: The runtime performance of sharpASP-SR vis-a-vis other ASP counters.

4.4.1 Experimental Results

Clingo DynASP Wasp  sharpASP-SR
#Solved 708 89 432 825
PAR2 4118 9212 6204 2939

Table 4.1: The performance of sharpASP-SR vis-a-vis existing disjunctive answer
set counters, based on 1125 instances.

| Clingo (< 10%) + |
Clingo DynASP Wasp  sharpASP-SR
#Solved 708 377 442 918
PAR2 4118 4790 4404 1600

Table 4.2: The performance comparison of hybrid counters (combining clingo’s
enumeration with existing answer set counters), based on 1125 instances.

sharpASP-SR demonstrated significant performance improvement across the
benchmark suite, as evidenced in Table 4.1. For comparative analysis, we present
both the number of solved instances and PAR2 scores [21], for each tool. sharpASP-
SR achieved the highest solution count while maintaining the lowest PAR2 score,
indicating superior scalability compared to existing systems capable of counting

answer sets of disjunctive logic programs.
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ILA(P)] >  Clingo DynASP Wasp SA  cl+SA

[1,100] 399 248 87 165 386 388
[101,1000] 519 316 2 142 398 401
> 1000 207 144 0 125 41 129

Table 4.3: The performance comparison of sharpASP-SR (SA) vis-a-vis existing
disjunctive answer set counters across instances with varying numbers of loop atoms.
The shortforms SA, and cl4+SA denote sharpASP-SR, and the hybrid counter Clingo
(< 10%) + sharpASP-SR, respectively.

The cactus plot in Figure 4.2 illustrates the runtime performance of the four tools,
where a point (z,y) indicates that a tool can count z instances within y seconds.
The plot shows sharpASP-SR’s clear performance advantage over state-of-the-art

answer set counters for disjunctive logic programs.

4.4.2 Ablation Study

Given Clingo’s superior performance on instances with few answer sets, we
developed a hybrid counter integrating the strengths of Clingo’s enumeration and
other counting techniques, following the experimental evaluation of sharpASP. This
hybrid approach first employs Clingo enumeration (maximum 10* answer sets) and
switches to alternative counting techniques if all answer sets are not enumerated. In
the latter case, the counter restarts from scratch and does not reuse any information
obtained during enumeration. Within our benchmark instances, a noticeable shift
was observed on Clingo’s runtime performance when the number of answer sets
exceeds 10%. The results of hybrid counters are shown in Table 4.2. In the table,
the hybrid counters correspond to last 3 columns that employ clingo enumeration
followed by ASP counters. The clingo (2nd column) refers to clingo enumeration for
5000 seconds. The table demonstrates that the hybrid counter based on sharpASP-
SR significantly outperforms baseline approaches.

Since Clingo and Wasp employ enumeration-based techniques, their performance
is inherently constrained by the answer set count. Our analysis revealed that
Clingo (resp. Wasp) timed out on nearly all instances with approximately 23° (resp.
224) or more answer sets, while sharpASP-SR can count instances upto 22" answer

sets. However, the performance of sharpASP-SR is primarily influenced by the
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hardness of the projected model counting, which is related to the cyclicity of the
program. The cyclicity of a program is quantified using the measure |[LA(P)|.

To analyze sharpASP-SR’s performance relative to |LA(P)|, we compared different
ASP counters across varying ranges of loop atoms in Table 4.3. In the table, the
second column (}) indicates the number of instances within each range of |LA(P)].
The results indicate that while sharpASP-SR performs exceptionally well on instances
with fewer loop atoms, its performance deteriorates significantly for instances with a
higher number of loop atoms (e.g., those with |[LA(P)|> 1000), leading to a marked
decrease in the solved instances count.

Some detailed experimental analysis is given in Chapter C.
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Chapter 5

Approximate Answer Set Counter:
ApproxASP

Unlike sharpASP (Chapter 3) and sharpASP-SR (Chapter 4), which focus on
exact counting, we now turn to the problem of approximate answer set counting.
We introduce ApproxASP, the first scalable technique for approximate answer set
counting, offering rigorous (g, d) guarantees. ApproxASP supports both normal and
disjunctive answer set programs. Technically, ApproxASP extends the XOR-based
hashing framework, originally developed for propositional model counting, to the
ASP setting. As demonstrated in the development of approximate model counters,
designing a scalable counter requires careful engineering of the underlying theory
solver to handle XOR constraints. To address this, we present the first ASP solver
capable of natively handling XOR constraints using Gauss-Jordan elimination (GJE).
Our experimental results show that ApproxASP outperforms existing answer set

counters, thereby positioning it as the tool of choice in answer set counting.

5.1 Related Work

The answer set counting is #P-complete for normal logic program [209], while
for disjunctive logic programs, it rises to # - co-NP-complete [82]. Fichte et al. [82]
established an implementation, called DynASP, for counting the number of answer
sets. It is based on dynamic programming on tree decompositions and theoretically
performs well if the treewidth is low. In practice, a decomposition heuristic is
required that can find a tree decomposition of low width fast. Due to theoretical
restrictions, an instance can easily have high treewidth simply if it contains a large

rule. Since most encodings are not treewidth aware [111], the approach has certain
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theoretical limitations. A line of work established compilation techniques that
transform ASP programs into SAT instances [34, 65, 66, 126, 127]. However, unless
the considered program is tight [23, 139], there can be an exponential overhead [151,
161]. Nonetheless, the compilation can be used to transform an input instance and

use the existing model counter, e.g., [47].

ASP Solving with Parity Constraints. An extension to the ASP solver Clingo [67],
called zorro, introduces a variety of parity constraints into ASP solving, relying on
ASP encodings of parity constraints or theory propagators [87]. In contrast, our im-
plementation relies on a dedicated high performant implementation of Gauss-Jordan

elimination.

5.2 Partitioning and Sampling Counts

In the course of approximate model counting, we divide the search space by
so-called parity constraints (see Subsection 2.3.2 for definition). Intuitively, a parity
constraint makes sure that atoms occurring in it occur only in an even or odd number
in an answer set of the program. Corollary 2.1 shows that adding simple constraints
to a program will not introduce new answer sets, which is crucial to split the search
space. We could use this property and include a counter for each of the model and
integrity constraints. The integrity constraints ensure that the counter is even (resp.
odd) for even (resp. odd) parity. In fact, the ASP-Core-2 language already allows
for representing parity constraints using aggregate rules [42, 69]. The ASP-Core-2
language would allow to represent it in the form of:

:-#count{1l: p(1)} = N, N\2 !=1. and
i-#count{X: p(X), X>1} = N, N\ 2 !=0. resp.

Note that N\ 2 is N modulo 2. Unfortunately, such a construction is quite
impractical for two reasons. First, it would require us to add far too many auxiliary
variables for each new parity constraint, and second, we would suffer from the
known inadequacy to scale due to grounding [67]. Hence, we aim for an incremental
“propagator”-based implementation when solving parity constraints [87].

First, we formally define parity constraints and show basic properties needed for

partitioning the search space. The meaning of parity constraints follows previous
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works on the topic [67]. For atoms a; and as, we denote the exclusive-or between
these two atoms by a; @ as. Let M be a set of atoms. Then, M satisfies a1 & ay if
MN{ai} UM N{az} # 0 and M N{as,as} # {a1,az}, i.e., either a; or ay is in M;
but not both. Generalizing to n distinct atoms a4, ..., a,, we obtain an exclusive-or
constraint r of the form (((a; @ az) ...) @ a,) by applying & consecutively. Then,
r is satisfied if and only if |M N atoms(r)| is odd and we refer to r as odd parity
constraint. Due to associativity, we simply write a;®as® ... Pa,. Analogously, an
even parity constraint, XOR constraint for short, is of the form a,&® ... ® a,, P true
and satisfied if and only if M N atoms(r) is even. Parity constraints can in principle
contain literals. But since we can easily rewrite them, we omit such definitions.
For example, constraint —a, @ as is equivalent to aq @ as ® true and —a; & —asy is
equivalent to a; @ as, i.e., pairs of negated literals cancel parity inversion. We extend
the definitions on answer set programs from the preliminaries above to include parity
constraints. Following standard ASP syntax, one would expect that parity constraint
rules are of the form < a1 ® ... ®a,® T and < a; P ... D a,, respectively. However,
to simplify the presentation, we write parity constraint rules as above and call them
simply parity constraint. We let a parity-constrained program P be a set of rules
or parity constraints and we denote by Rules(P) the rules and by C'(P) the parity

constraints of P.

Semantics for Search Space Partitioning. A straight-forward approach to
include parity constraints in ASP would be to extend the GL-reduct [98] as follows.
The reduct of a parity-constrained program P under a set M of atoms is the
program Py, := {Head(r) <= Body(r)" | € Rules(P),Body(r)" N M =0} UC(P).
However, our next example shows that extending the popular ASP-definition and

including parity constraints into the GL-reduct from above is not enough.

Example 5.1. Consider the program P = {a < ~b;b < ~c;c < ~a;a®bd c},
which contains an odd constraint. Furthermore, take the set M = {a,b,c}. It is
easy to see that M satisfies each rule of Py, in particular, the parity constraint.
Now, while N = 0 satisfies each rule r € Rules(P)y;, the set N does not satisfy
the parity constraints. Hence, M would be an answer set of the parity-constrained

program P. In other words, adding a parity constraint to a program might yield a
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new, counterintuitive answer set.

From the previous example, we can conclude that simply extending the GL-reduct
is not enough when introducing parity-constraints into answer set programming (for

approximate counting). Hence, we suggest the following definition:

Definition 2 (Answer Sets of Parity-Constrained Programs). A set M C atoms(P)
is an answer set of P if (i) M satisfies each rule r € Rules(P) (in particular, also

the parity constraints) and (i) M is the minimal model of (Rules(P))™. Again, we
denote by AS(P) the set of all answer sets of P.

Observation 2 shows that parity-constraints, according to our definition, do not

introduce new answer sets, which is crucial to search space partitioning.

Observation 2. Let P be a program and X be a set of parity constraints. Then,
AS(P U X) C AS(P).

Proof. Assume that M C atoms(P) is an answer set of P U X. Since M satisfies
every non-parity rule in P U X, M satisfies every rule r € Rules(P). Since parity
constraints do not occur in the program (Rules(P))™ by Definition 2, for every
M C atoms(P) satisfying P and N C M we have that N satisfies (Rules(P))M.
In other words, a set N that shows that M is not minimal with respect to the
program (Rules(P))M | still shows that M is not minimal when parity constraints
are added. In turn, we cannot accidentally introduce new answer sets by adding the

constraints, which establishes the observation. O

Well-Defined for Unfounded Set Characterization. Since we have seen
certain pitfalls above and we aim for using parity constraints in an ASP solver such
as clasp, we quickly review the behavior of parity constraints under an unfounded set
characterization (Subsection 2.2.4). Therefore, we extend the definitions for programs:
a set M C atoms(P) is an answer set of a parity-constrained program P under
the unfounded set semantics if (UP1) M satisfies Comp(P) (see subsection 2.2.2),
(UPla) M satisfies C(P), and (UP2) no loop contained in M is unfounded. We
denote by AS.s(P) the set of all answer sets of P according to the unfounded set

definition from above. Since parity constrains only apply to the model part, we
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observe that answer sets remain the same for both definitions. So, parity constraints

only restrict answer sets, but never introduce new ones.

Observation 3. Let P be a program and X a set of parity constraints. Then,
AS (P U X) C ASy(P).

Proof. The main argument is that propositional logic is monotonic and we conclude
that Condition (UP1la) will only remove models. However, we can also show the
following stronger statement AS,¢(P U X) C AS,¢(P). Assume that M is an answer
set of P U X. By Condition (UP1) we have that M satisfies Comp(P). Since
P = Rules(P U X), M satisfies Comp(P) and Condition (U1) is trivially satisfied.
Since for every rule r € C'(X) we have that Head(r) = ), we can conclude that the
positive dependency digraphs remains the same, i.e., DG(P) = DG(P U X). Thus,
the loops of PUX and P are the same. In consequence, since Condition (UP2) holds
for M, it allows us to conclude that Condition (U2) is also satisfied. Finally, from
the folkore that propositional logic is monotonic and hence Condition (UP1la) will
only remove models from PU X, we conclude that our claim AS,s(PUX) C AS,(P),

which in turn establishes the observation. OJ

Algorithm 2 ApproxASP (P, 1,¢,d)
Input: Program P, independent support I, tolerance €, confidence o

1. C«{} > Sampled counts
2 ng 2 > Number of Cells
3: p 14 [9.84 x (:52) x (14 1)%] > Pivot
4: > Try to enumerate p + 1 many answer sets projected to I

5: S = Enum-k-AS(P,p+1,1)

6: if |S|< p then return |S]

7: for i < 0 to [17-log, 2] do

8: > Divide search space and sample at most p + 1 solutions

9: (ne, s) < DivideNSampleCell(P, I,p + 1, n.)
10: > Keep estimate if search space was actually divided
11: if n. > 0 then
12: C <+ CU{n, x s}
13: return median(C')
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Algorithm 3 DivideNSampleCell
Input: Program P, Independent support I, pivot p, cell count n,

1: > Randomly choose |I| many constraints X € Huo(|I], [I|—1) of length | — 1]
over variables

2: X + ChooseXOR(I,|I|,|I]-1)

3: S = Enum-k-AS(PU X, p, ) > Enumerate p answer sets
4: if |S|> p then return (0,0)

5: m < LogASPSearch(P, I, X, p,log, n.) > Estimate size of cells
6: Y < Choosek(X,m) > Pick k& XOR constraints
7. S < Enum-k-AS(PUY,p, ) > Enum answer sets for one cell
8: return (2™, 5])

5.2.1 Approximate Counting

The central idea for approximate counting is to employ hash functions for
sampling the search space uniformly [171]. First, one partitions the set Sol(I) (the
solution set, see notations in Section 2.4) of an input instance I into roughly equally
small cells. Then, one picks a random cell, counts the number s of solutions in the
cell, and scales s by the number ¢ of cells to obtain an e-approximate estimate of
the count ¢. A priori, we do not know the distribution of the set Sol(/) of solutions.
Hence, we have to hash without knowledge of the distribution of the solutions, i.e.,
partition Sol([) into cells uniformly and independently. Interestingly, this can
be resolved by using a k-wise independent hash function [103] (see definitions in
Section 2.3). In the context of approximate counting techniques, the most exploited
hash family is H,,, (see Subsection 2.3.2) [191]. We use an already evolved algorithm
from the case of propositional satisfiability [47, 48] and lift it to ASP.

The algorithm is given in Algorithms 2 and 3. The ApproxASP algorithm takes as
input an ASP program P, an independent support [ for P, a tolerance ¢ (0 < ¢ < 1),
and a confidence ¢ (0 < 6 < 1). First, sampled counts and the number of cells are
initialized. Then, in Line 3, we compute a pivot p that depends on ¢ to determine the
chosen value of the size of a small cell. Then, it checks if the input program P has at
least p+ 1 answer sets projected to I (Enum-k-AS); otherwise, we are trivially done
and return the answer set count |S|. The function Enum-k-AS(P, p, I) enumerates
up to p answer sets of P projected to I. Subsequently, the algorithm continues
and calculates a value r := 17 - log, 3/s that determines how often we need to

sample for the requested confidence §. The value of r originates in a probabilistic
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analysis [47]. Next, we divide the search space and sample a cell at most r times
using the function DivideNSampleCell. If the attempt to split into at least 2 cells
worked, represented by a non-zero number of cells, we store the count and estimate
the total count by multiplying the number of cells by the answer set count within
the sampled cell. The final estimate of the count returned by ApproxASP is the
median of the estimates stored in C', computed in Line 13.

Function DivideNSampleCell takes as input an ASP program P, an independent
support I, a pivot p, and the number n. of cells from the previous round. It
returns the number of constructed cells from the chosen XOR constraints and an
e-approximate estimate of the count of the answer sets of program P. The function
randomly chooses |I| many constraints X € H,,- (||, |I|—1) of length |I — 1| over
variables I. Then it checks (lower bound) whether the program together with
the XOR-constraint (P U X)) has at most p answer sets by simply enumerating at
most p answer sets of P U X. Intuitively, if the cell contains more answer sets than
the pivot, we have selected XOR-constraints unfavorable as we cannot count the
number of answer sets in the considered cell. We proceed with finding the right
number of XOR-constraints to take from the chosen XOR-constraints by the function
LogASPSearch, which has an underlying idea that the partitioned cell is large
enough, but not too large. The LogASPSearch function uses a binary search-like
procedure to compute the right number m of XOR constraints, following prior work
on approximate model counting [48]. Then, we choose m of the XOR-constraints from
X in Line 6 using the function Choosek(X,m). We enumerate at most p answer
sets projected to I for the program P together with the chosen m XOR-constraints.
Finally, we return the number of cells, which is 2™, and the number of answer sets
of the sampled cell. Overall, the number of satisfiability calls is O(p x log |C|). The
seemingly magic constants — such as the pivot value p in Line 3, iteration count
r, and the use of the median estimates (in Line 13) — originate in a probabilistic
analysis using Chernoff and Chebyshev inequalities for counting sets [48].

Interestingly, our algorithm relies only on the property that adding constraints
does not increase the number of solutions, which is needed for Line 5 to 7. In fact, in
Observation 2, we already established the property and the remaining construction
directly works due to results on propositional satisfiability where the construction is

based on basics of probability theory that works for sets S C {0, 1}" [48].
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5.3 Implementation Details

Most of the computation of approximate model counting is involved in satisfiabil-
ity checking. Similar to ApproxMC, the consistency checking of ApproxASP consists
of two sub-routines, the answer set solving and the XOR solving. For the answer set
solving, ApproxASP uses Clingo as the underlying solver. The ASP solver addresses
the answer set computation while invoking the XOR solving subroutine.

Everardo et al. [67] discussed the impact of eagerly or lazily translating XORr
constraints into ASP encodings. An eager translation is practically infeasible due to
an exponential blowup in the number of constraints. Alternatively, lazy translation
relies on non-trivial XOR solving techniques in ASP using theory propagators. We go
beyond this approach and implement a dedicated, sophisticated theory propagator.
We extend Clingo with full XOR solving using an implementation of Han and Jiang’s
Gauss-Jordan elimination (GJE) [109], which has been integrated into the state-
of-the-art SAT solver CryptoMiniSat [194]. There, Clingo searches for an answer
set while providing the XOR subroutine a (partial) assignment such that the GJE

deduces its satisfiability. An answer set is reached if both sub-routines are satisfied.

5.3.1 Gauss-Jordan Elimination

Han and Jiang [109] proposed a framework for Gauss-Jordan elimination repre-
senting a set of XOR constraints as matrix M = [A|b], where A is an m x n matrix
coupled with a parity constraint b, where m is the number of XOR constraints
and n = |atoms(P)|. Each row and column in A represents an XOR and a variable,
respectively. This method suits perfectly to remove linearly dependent equations
while incrementally updating M.

The framework uses the well-known two-watched literals scheme per XOR con-
straint, where one watched literal is called basic and the other one is non-basic. Basic
variables are on the diagonal of the matrix in reduced row-echelon form. Instead of
removing a column when the corresponding variable is assigned, GJE computes the
state of the XOR constraint after one of the watched literals is assigned. The state
of an XOR constraint is exactly one of the following: (i) conflicted, (ii) propagated,
(iii) satisfied, and (iv) new watch variable assigned.

An XOR constraint is propagating if all except one literal are assigned. It is
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satisfied or conflicted, respectively, if all of its variables are assigned, and the truth
value of the literals satisfies or dissatisfies, respectively, the XOR-constraint. If an
XOR constraint has more than one unassigned literal, it must watch a new literal, i.e.,
there is no determination of the satisfiability of the XOR.

To compute a conflict and propagation clause, we start with an empty clause
and scan forward the corresponding row of the matrix. For all set bits, we insert
the corresponding variable into the clause with the negative or positive phase if
it is assigned false or true, respectively. In the case of propagation, we insert the
unassigned variable with the appropriate phase, such that the number of positive

phases is odd or even if the parity of the XOR is even or odd, respectively.

Example 5.2. Let
10111
be the binary row-vector representation of an XOR constraint, where the columns

correspond to variables xq, xa, T3, T4, x5, and the parity is 1.

o If the assignment is {? 011 O}, (? denotes an unassigned value), then

the XOR constraint is propagating and the clause is x1 V —x3V =24 V x5.

o If the assignment is [0 010 1}, then the XOR constraint is conflicting,

and the conflict clause is x1 V —x3 V x4 V "I5.

5.3.2 Further Optimizations in xor Solving

We utilize some heuristics further to speed up the XOR solving of ApproxASP.

Heuristic 3. If the state of an XOR is satisfied, the state will be unchanged as long
as the ASP solver does not backtrack.

For each XOR, we keep a separate bit to store whether the XOR is satisfied or
not. If the state of an XOR is satisfied, we set the bit. Later, we do not compute the
state as long as the corresponding bit is set. However, if the ASP solver backtracks,

we clear the corresponding bit.

Heuristic 4. If both basic and non-basic variables of an XOR are unassigned, then

the state of the XOR is undetermined.
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Figure 5.1: Runtime of various tools for normal programs.

If an XOR is undetermined, it is unnecessary to compute its state. To reduce
the unnecessary computation, we skip computing the state of an XOR if both of its

basic and non-basic variables are unassigned.

5.4 Experimental Evaluation

We conducted a preliminary experimental evaluation to assess the runtime
performance of ApproxASP and the quality of its approximation. ApproxASP
implementation is available at https://github.com/meelgroup/ApproxASP. For

the evaluation, we consider the following questions:
RQ1 How does ApproxASP compare to existing systems?

RQ2 Does ApproxASP output approximate counts that are indeed between (1+¢)~!

and (1 + ¢) of the exact counts?

Environment. All experiments were carried out on a high-performance computer
cluster, where each node consists of an 2xE5-2690v3 CPUs running with 2x12 real
cores and 96GB of RAM. The runtime was limited to 5000 seconds, and the memory

limit was 4 GB. We follow standard guidelines for empirical evaluations [81, 148].

Baselines. We selected existing systems that allow for counting answer sets,

namely, DynASP [82], Clingo [91], Ganak [193], ApproxMC [191]. Clingo can count
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Figure 5.2: The runtime comparison of different counters on disjunctive instances.
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answer sets by enumeration. We evaluated the exact answer set counter sharpASP
(Chapter 3) only on normal programs. We also evaluated the subtractive reduction-
based answer set counter, sharpASP-SR (Chapter 4) for disjunctive programs. Since
sharpASP-SR employs projected model counters, we did not evaluate normal pro-
grams with sharpASP-SR. Note that Ganak and ApproxMC take CNF formulas as
input. We experimented with both CNF translations — aspmc [65] and 1p2sat [32,
127], but the Ip2sat-based translation appeared to perform better for approximate
counting. We ran GANAK with cache size bounded to 2000 MB and compute the
independent support [192] of the SAT instance for both ApproxMC and ApproxASP.
In line with previous works in approximate counting, we set ¢ = 0.8 and § = 0.2, for

both ApproxMC and ApproxASP.

Instances. We divide our benchmarks into (i) normal programs and (ii) disjunctive
programs. For normal programs (i), we chose from different well-known graph
problems encoded into ASP programs, where we selected counting variants for the
vertex cover, independent set, dominating set, graph reachability, and r-arborescence
problem. For disjunctive programs (ii), we used the projected model counting
problem on 2QBFs and strategic companies, which were used in evaluating sharpASP-
SR (Chapter 4). We used a benchmark set of 256 disjunctive programs. The
benchmark set and experimental log files are available at https://zenodo.org/

records/19665703.
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Clingo DynASP Ganak ApproxMC SA ApproxASP

TES #Solved 753 47 1014 1325 1030 1336

ZS PAR-2 5082 9697 3274 1196 3213 1129
Clingo DynASP Ganak ApproxMC SA-SR  ApproxASP

‘w #Solved 192 0 0 0 221 224

A

PAR-2 2720 10000 10000 10000 1560 1364

Table 5.1: The runtime performance comparison of Clingo, DynASP, Ganak, Ap-
proxMC, sharpASP(SA), sharpASP-SR (SA-SR) and ApproxASP on all considered
instances. The numbers in parentheses indicate the number of instances.

5.4.1 Experimental Results

Analysis of RQ1. We demonstrate the experimental results for normal programs
in Figure 5.1. The plot shows the runtimes for each counter, and a point (z,y) on
the plot indicates that x instances took less than or equal to y seconds to solve. Out
of the 1500 instances, ApproxASP solved 1336 instances, where ApproxMC managed
to solve 1325 instances. The Figure 5.2 shows the cactus plot of ApproxASP and
other counters for disjunctive problems.

Table 5.1 shows the performance evaluation of Clingo, DynASP, Ganak, Ap-
proxMC, and ApproxASP on all instances. The first row shows the total number of
instances, the second row shows the number of instances solved by each counter, and
the third row presents the PAR-2 score!. The time spent in translating ASP to SAT
and calculating the independent support is negligible, which is < 1s on average.

For normal programs, ApproxASP solved more instances than ApproxMC. For
disjunctive problems, ApproxASP solved 224 instances and sharpASP-SR solved
221 instances, out of 256 instances. While ApproxASP solved more instances than
sharpASP-SR, we observe slightly different behavior than on normal programs. The
gap between the runtime performance of ApproxASP and sharpASP-SR is small.
However, this is not entirely surprising, since we use trivial independent support

(all atoms of the program) for disjunctive problems.

'PAR-2 score [77] is penalized average runtime that assigns a runtime of two times the timeout
(without “not solved” status) for each benchmark not solved by a tool.
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Figure 5.3: Visualization of the tolerance computed from the ApproxASP estimate.

Analysis of RQ2. We compare the number of solutions computed by ApproxASP
with solutions returned by exact counters to assess the quality of the approximation.
The results of our comparison are shown in Figure 5.3. An experimental evaluation
with zorro is presented in Chapter D.

We observe that, for all instances, ApproxASP produces estimates within the
tolerance of the counts returned by Clingo or exact answer set counters. Moreover,
we compute the observed tolerance ., which is defined as max(Count/|as(p)| —
1, 1AS(P)l/count — 1), where Count is the output given by ApproxASP. We observe a
maximum value of €., = 0.3729 and the arithmetic mean of ¢, = 0.0592 across all
instances, while the theoretical guarantee is 0.8. In summary, ApproxASP outputs
counts within [(1 4 €)™, (1 4 ¢)] ratio of the exact number of answer sets for all

instances.
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Part 11

Answer Set Counting Applications
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In this part, we explore the applications of efficient answer set counting techniques,

based on the following three publications:

« [KM2023] Mohimenul Kabir and Kuldeep S. Meel. “A Fast and Accurate
ASP Counting Based Network Reliability Estimator.” LPAR, vol. 94, pp.
270-287. 2023

« [KTP*2025] Mohimenul Kabir, Van-Giang Trinh, Samuel Pastva, and Kuldeep
S. Meel. “Scalable Counting of Minimal Trap Spaces and Fixed Points in
Boolean Networks.” CP 2025

« [KM2024] Mohimenul Kabir and Kuldeep S. Meel. “On Lower Bounding
Minimal Model Count.” Theory and Practice of Logic Programming, no. 4,

586-605. 2024 (Best Paper Award of ICLP 2024)

First we discuss how answer set counting can be exploited in network reliability
estimation in Chapter 6 (from [KM2023]). Subsequently, we demonstrate how answer
set counting can be exploited to address counting problems in Boolean Networks
in Chapter 7 (from [KTP*2025]). Finally, we discuss how answer set counters and
systems can be modified to count minimal models of a Boolean formula in Chapter 8

(from [KM2024]).
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Chapter 6
Network Reliability Estimation

We present RelNet-ASP, an ASP counting based approach to network reliability
estimation. RelNet-ASP takes in a graph G = (V| E), a probability function over
edges W, terminal nodes s and ¢, and computes an estimate of reliability (G, s, t, W)
(ref. Subsection 2.5.1). Recall from Subsection 2.5.1, the reliability r(G, s,t, W)
is defined as the sum of the probabilities of all (s,t)-connected subgraphs of G.
More specifically, RelNet-ASP reduces the network reliability estimation into answer
set counting problem. Our empirical evaluation demonstrates that RelNet-ASP
significantly outperforms prior state-of-the-art approaches when accounting for

accuracy and runtime performance.

6.1 Related Work

Valiant [209] initiated the complexity study of the network reliability problem
and showed that the problem is #P-complete. The exact techniques are often based
on the enumeration of cut sets or path sets to account for disjoint events [1] or the
usage of recursive or online decompositions of disjoint events [181, 208].

Monte Carlo (MC) techniques are often employed to design approximate tech-
niques; a straightforward design of MC techniques struggles to scale due to rare event
situations. To address the aforementioned limitation, researchers have proposed
variations of MC, including multilevel splitting [102], generalized splitting [37], per-
mutation MC-based Lomonosov’s Turnip [99], splitting sequential MC [208], subset
simulation [219], among others. The stopping rule algorithm [53] is an approximation
algorithm offering PAC guarantees based on Sequential analysis. Dagum et al. [53]
proposed a new algorithm based on the stopping rule algorithm by improving its

sample size. The gamma Bernoulli approximation scheme [116] can calculate network
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reliability with PAC guarantees and improve the running time of [53] by utilizing the
central limit theorem and achieving a lower order on the running time. Subsequently,
Huber [117] proposed a two-stage algorithm that combines the gamma Bernoulli
approximation scheme and the algorithm of [53] to improve the sample size further.

Advanced sampling techniques, e.g., line sampling and variance reduction method [43],
employing graphical models, offer guarantee-less approaches to quantify network
reliability. Another line of research involves statistical learning theories with nu-
merical simulation, which offers techniques for network reliability estimation [118].
Furthermore, specialized techniques borrowed from data mining, such as hierarchical
and unsupervised spectral clustering, combined with sampling, provide valuable
insights into reliability and risk assessment [73, 106, 216].

Another related line of work has focused on the problem of network unreliabil-
ity, i.e., to estimate 1 — (G, s, t, W). Paredes et al. [59] proposed a CNF model
counting-based PAC-style framework for network unreliability estimation. It is
worth remarking that PAC-approximation of 1 — r(G, s,t,W) cannot be used to
derive PAC-approximation of r(G,s,t,W). Akin to CNF-based techniques, the
network reliability can be computed via plausibility reasoning [78] on ASP; however,
this technique performs well particularly on lower treewidth encodings and most

encodings do not offer a lower treewidth [111].

Answer Set Counters. The complexity study shows that ASP counting is #-co-
NP-complete [78], while the complexity drops to #P for normal programs. Various
techniques exist for ASP counting, including unfounded set detection in propositional
model counters [17, 132], dynamic programming on tree decomposition [82], level
ranking of loop atoms [127] and cycle breaking from positive dependency graphs [65].
Another line of work combines hashing-based techniques with ASP solving to yield

PAC-style ASP counting [133] (Chapter 5).

6.2 Methodology

The high-level overview of RelNet-ASP is presented in Figure 6.1. The RelNet-ASP

consists of three phases, which we discuss below:
 (Phase 1) Given a graph G and terminal nodes (s and t), RelNet-ASP generates
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Phase 1

Phase 3

Phase 2
Figure 6.1: The architecture of RelNet-ASP.

an ASP program Pg ,, such that the answer sets of P 5, correspond one-to-one

to the (s,t)-connected subgraphs of G.

« (Phase 2) We encode the arbitrary edge probabilities W into ASP rules by
relying on the notion of chain formulas (see Section 2.6); the notation Ch®

denotes the resulting ASP rules for arbitrary edge e € E.

+ (Phase 3) RelNet-ASP relies on a state-of-the-art ASP counter to compute
(exact/approximate) estimate of |AS(Pg st A Aeer Ch®)|, which is normalized

to return the desired estimate of r(G, s,t, W).

Following earlier work [59], we assume the edge probability is of the form W(e) = 5%

om )

where k& and m are integers and 0 < k < 2™.

6.2.1 Generate ASP Program (Phase 1)

We assume that the input graph G is unweighted, i.e., each edge has the identical
probability of 1. RelNet-ASP generates a program Pz, such that |AS(Pg,)|=
|Subgraph(G, s,t)|. In program Pg s, capital letters (e.g., X,Y) denote arbitrary
objects and small letters denote specific objects (e.g., s,t). The program Pg s uses
a set of atoms to represent the nodes and edges of the graph, the activity of an edge,

and the reachability of a node from the source node s. These atoms may include:

« node(X) and edge(X,Y) represent that X is a node and (X,Y) is an edge in
the input graph, respectively

« source(X) and target(Y) represent X and Y are the source and target nodes,

respectively
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o in(X,Y) represents that edge(X,Y) is active
« reached(X) represents that node X is reachable from the source node s

Using these atoms described above, the program Pg s ; uses a set of rules to represent
the structure of the graph, the activity of edges, and the reachability of nodes from
the source node s. The encoding of Listing 6.1 presents Pg 5. In the encoding, the
atoms in(X,Y) act as choice variables' of ASP [88]. The node s is the source node
and the program starts graph traversal starting from node s. The atom reached(s)
is true initially, i.e., the source node s is reachable from the s. Then the program
transitively determines the reachable nodes from node s (Listing 6.1, lines 3 and 4).
These rules state that if one of the endpoints of an active edge is reachable from s,
then the other endpoint of the active edge is reachable from s. Finally, the program
adds a constraint that target node ¢ must be reachable from node s (Listing 6.1,
line 6). The constraint ensures that only the connected subgraphs that include a

path from node s to node t are considered as a part of the answer sets.

1 % transitive definition of reachability
2 reached (X) « source(X).

3 reached (Y) « in(X,Y), reached(X).
4 reached (X) « in(X,Y), reached(Y).
5 % target node must be reachable

6

+— target(X), not reached(X).

Listing 6.1: Program Pg s+

K-terminal Reliability The ASP program Listing 6.1 can be used if there are k
terminal nodes, where k > 2. In this case, we consider one of the terminal nodes
as the source node and the remaining k£ — 1 nodes as target nodes. The constraint
in line 6 of Listing 6.1 would validate that all k£ — 1 target nodes will be reachable
from the source node. The constraint would be represented by a rule that states

that Vt,t is a target, and the atom reached(t) must be true.

Tn unweighted cases, the atom in(X,Y) is true (i.e., edge (X,Y) is active) with 0.5 probability.
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Algorithm 4 ChainASP (¢ )
Input: ¢y,
Output: ASP program Ch

1: for each (a,b) € T(¢g.,) do

2 if b is of form p V g then

3 Ch.add(Rule(a < p))

4 Ch.add(Rule(a < q))

5: else if b is of form p A ¢ then

6

T

Ch.add(Rule(a « p, q))

return Ch

6.2.2 Chain Formula in ASP (Phase 2)

In this subsection, RelNet-ASP encodes arbitrary edge probabilities relying on the
concept of chain formula. Finally, RelNet-ASP generates an ASP program for a given
chain formula such that the number of answer sets of the program is proportional to

the corresponding weight of the chain formula.

From Chain Formula to ASP Recall that the chain formula is discussed in
Chapter 2 and a chain formula ¢y ,, can be viewed as a set of equivalences T (¢ )
(see section 2.6). Given a chain formula, Algorithm 4 of RelNet-ASP derives an
ASP program Ch. For each equivalence of T(¢y,,), Algorithm 4 introduces at
most two ASP rules. Recall from the chain formula definition, for each equivalence
(a,b) € T(¢xm), the part b is either a conjunction or disjunction of two atoms. For
each equivalence of form: (a,pV q) € T(¢rm) (see notations from Section 2.6),
Algorithm 4 introduces two rules: Rule(a < p) and Rule(a < ¢) to Ch. For
cach equivalence of form: (a,p A q) € T(¢gm), Algorithm 4 introduces one rule:
Rule(a < p, q) to Ch.

There are two interesting characteristics of the Ch program. First, program Ch is
a tight program. More specifically, the positive dependency graph of Ch has directed
edges from b; to t; and from t;,1 to t;, where i € [1,m — 2]. It follows that the
positive dependency graph of Ch is acyclic; thus, the rules of Ch form a tight logic
program. Second, as per the construction of Algorithm 4, the Clark completion of
Ch corresponds to T(dkm). As ¢r.m has k satisfying assignments, T(¢gm) A{t; <> 1}
has exactly k solutions. Conversely, Rewrite(¢x ., m, €) A{t; <> 0} has exactly 2™ —k

solutions. As the program Ch is tight, the answer sets of Ch correspond to the
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satisfying assignments of T(¢y,). It follows that Ch A Rule(<— not t1) has exactly k

answer sets, whereas Ch A Rule(<— ¢;) has 2™ — k answer sets.

Encoding Edge Probabilities in RelNet-ASP  RelNet-ASP employs the chain
formula concept in ASP (as outlined in Algorithm 4) to encode arbitrary edge
probabilities. More specifically, ReINet-ASP constructs an ASP program Ch®, for an
edge e € Edge(G). If an edge e = (a,b) has a probability W(e) = %, RelNet-ASP
uses Algorithm 4 to generate an ASP program Ch®, which deals with the edge
probability 2% by introducing k new answer sets when in(a,b) is true, i.e., edge(a,b)

is active and 2™ — k new answer sets when in(a,b) is false, i.c., edge(a,b) is not active.

Example 6.1. Consider an edge e such that W(e) = 2% Recall from Example 2.2:
Gm (b1, b2,b3) = (b1 V (ba A b3)). T(¢km) is the conjunction of the equivalences:
{ta <> (b2 AN b3), t1 <> (b1 V ta)}. From T(¢gm), the program Ch® consists of
the following rules: {Rule(ty <— by, b3),Rule(t; < b1),Rule(t; < t3)}. Finally,

Ch® A Rule(+ not t1) has 5 answer sets and Ch® A Rule(« t1) has 3 answer sets.

6.2.3 Reduction to ASP Counting (Phase 3)

Algorithm 5 of RelNet-ASP reduces the network reliability estimation problem
to an ASP counting problem. The algorithm takes in a weighted graph G and
terminal nodes s and ¢, and generates a chain formula augmented ASP program Q.
Initially, Q equals to Pg s and num is 0. For each edge e = (X,Y") € Edge(G) where
W(e) = 2%, the algorithm invokes Algorithm 4, which outputs an ASP program Ch®
(Algorithm 5, line 5). Then the algorithm adds a new rule: Rule(in(X,Y) « t{) to
Ch®, augments Q with Ch®, and increments num by m (Algorithm 5, lines 7 and 8).
The program Q considers the probability of each of the edges; more specifically, O is
the conjunction of Pg s and A.ceqge(c) Che. Finally, the algorithm returns the tuple
(Q, num). If Algorithm 5 returns (Q, num), then r(G, s, t, W) is |AS(Q)| divided by
2mm o As (G, s,t, W) is a constant factor of |AS(Q)|, an ASP counter with (e, )

guarantees offers (¢, ) guarantees on network reliability estimation.
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Algorithm 5 ProcessProb(G, s, t, W)

Input: G,s,t,W

Output: Chain formula augmented ASP program

Q — PG,s,t

num <— 0

for each e = (X,Y) € Edge(G) do
compute k, m such that W(e) = £
Ch® + ChainASP(é,.m)
Ch®.add(Rule(in(X,Y) < %))
Q.add(Ch®)
num < num +m

return (Q, num)

6.3 Theoretical Analysis

In this section, we establish the correctness of our methodology. To this end,
Lemma 6.1 establishes the correctness of Phase 1. Finally, we combine Lemma 6.1

and Lemma 6.2 to prove the main theorem (Theorem 5).

Lemma 6.1. Given a unweighted graph G, source and target nodes s and t, respec-

tively, |Subgraph(G, s,t)|= |AS(Pg.st)|-

Proof. As the probability of a graph is associated with its edges, we represent a
subgraph using the set of active edges it contains. We use the notation 7, to refer
the set of in(X,Y) atoms such that in(X,Y’) € 7 or the set of active edges under
answer set 7. We use the shortforms in/2 and reached/1 to refer to the set of active
edges and reachable nodes from the source node s, respectively. More specifically,
an arbitrary set of in/2 atoms {in(X,Y)|(X,Y’) € Edge(G)} refers to a subgraph of
G where the corresponding edges edge(X,Y') are active. We consider the following

statements to prove the lemma.

S1 If 7 € AS(Pg sy,), then 7 corresponds to a (s, t)-connected subgraph of G
S2 If 71,7 € AS(Pgs1,) and T, = Toyin, then 7 = 7

S3 Each subgraph has a unique set of active edges.

S4 Each (s, t)-connected subgraph of G corresponds to a unique answer set of P s
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Proof of S1. For an answer set 7 € AS(Pgs4,), We construct a unique (s, t)-
connected subgraph G’ of the input graph G. Let G’ be the subgraph of GG such
that Node(G’) = Node(G) and (X,Y') € Edge(G’) if and only if in(X,Y) € 7. More
specifically, according to Listing 6.1, reached(s) € 7 and reached(t) € 7. For a node
X € Node(G), if reached(X) € 7, then node X is reachable in subgraph G’ from
source node s because Listing 6.1 computes the reachable nodes from source node s
transitively and the active edges of G’ are same as the corresponding active edges of

answer set 7. Thus, the subgraph G’ is (s, t)-connected.

Proof of S2. Proof by contradiction. Assume that there are two answer sets 7;
and 7 such that 7, = 7, and 7 # 7. Without loss of generality, assume
that reached(i;) € 71 \ 2. Let’s say ), = reached(i;) (initially & = 1). There is
a rule 7 such that Head(ry) = reached(iy), 71 = Body(ry) = in(iy, i), reached(is)
and x,1 = reached(iz) & 7o because if reached(iz) € 75 then reached(i;) € 75. Note
that the same conclusion reached(iz) € 75 holds if Body(ry) = in(iz, 1), reached(is).
Similarly, for zy,1, there is another rule r4,1. Thus, the atom set of {x;} is an
infinite sequence of reached/1 atoms. If each of x; is distinct, then it contradicts
that 7 \ 72 has at most |atoms(P)| atoms. Otherwise, ; = z; for some ¢ < j, which
follows that there is an unfounded set between the atom set of {z;,...,x;}, which is

a contradiction. Thus, there is no such x; atom.
Proof of S3. The statement follows from the definition of subgraph.

Proof of S4. We can prove this using construction. Recall that each subgraph is a
set of in(X,Y") atoms. For each (s, t)-connected subgraph G’, we have an assignment
7 over atoms(Pg ;) and show that 7 maps to a unique answer set of Pg s .

Given an (s, t)-connected subgraph G, initially we have 7 = {in(X,Y)|(X,Y) €
Edge(G’)} U{source(s), target(t)}. We start graph traversal on G’ from source node s
and 7 = TU{reached(s)}. We determine the reachable nodes from node s transitively,
i.e., if one of the endpoints of an edge e of G is reachable from node s, then the other
endpoint of e is also reachable from node s. If a node X € Node(G’) is reachable
from source node s, then we append reached(X) to 7. Upon finishing the graph

traversal on G’, we get all reachable nodes from source node s under subgraph G'.
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Note that the subgraph G’ is (s, t)-connected, so reached(t) € 7.

The assignment 7 satisfies all rules of Pg 5, because we traverse G’ transitively.
The assignment 7 satisfies the Clark completion of Pg ;. Now there are two cases
to consider: either 7 satisfies LF(Pg:) or 7 does not satisfy the loop formula
LF(Pg,st, L), where L is one of the loops of DG(Pg¢ s+). We show that 7 is an answer
set of Pg s+ by proving that 7 satisfies LF(Pg s+). For the purpose of contradiction,
assume that there is a loop L in DG(Pg s+) such that 7 = LF(Pg s+, L). It is easy to
verify that loop L consists of reached/1 atoms. Let L = {reached(i;),...reached(ix)}.
Therefore, 7 = Ayer a and 7 = V,cparuie(r) Body(r) (see definition from Subsec-
tion 2.2.3). But the condition contradicts to our graph traversal technique because
we traverse the subgraph G’ transitively. So, there is no such loop L, which follows

that 7 is an answer set of Pg 5. O

To summarize, each (s,t) corresponds to a unique answer set of Pg s, and each
answer set of Pg s, corresponds to a unique (s, t)-connected subgraph. Thus, the
Lemma 6.1 is proved.

The following lemma is useful to prove the Theorem 5.

Lemma 6.2. Given a graph G, terminal nodes s,t, edge probabilities W, if Algo-
rithm 5 returns (Qg.stw,num) and e = (a,b) € Edge(G) is a weighted edge with
W(e) = o, then

|AS(QG,s,t,W)| =k x |AS(QG/e,s,t,W \ Ch€>|+(2m - k?) X |AS(QG\e,s,t,W \ Che)|

Proof. There is ezactly one rule r = Rule(in(a,b) < t§) € Q such that Head(r) =
in(a,b). If M is an answer set of Q¢ s+ w, from Clark completion semantics, we have
that t¢ € M implies in(a,b) € M. Similarly, if ¢{ does not belong to an answer set
M, then in(a,b) does not belong to M.

atoms(Ch.) Natoms(Q¢ s 1w \ Che) = {in(a, b)}. Following the above discussion

on atoms in(a, b) and t{, we can write the following equation on |[AS(Qg s:w)l:

|AS(Qg s.tw)| = |AS(Ch. A Rule(4— )| x|AS(Qg s +.w \ Ch® A Rule(+—in(a,b)))|
+ |AS(Ch, A Rule(<— not 7))|x|AS(Qg s.w \ Ch® A Rule(<— not in(a, b)))|

The set minus operation considers a program as a set of rules and removes the

corresponding rules from a program. Qg s:w A Rule(< in(a, b)) implies that in(a, b)
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is false, i.e., edge (a,b) is removed from the input graph G (see subsection 2.5.2).
On the other hand, Q¢ s+ w A Rule(<— not in(a, b)) implies that in(a, b) is true, i.e.,
edge (a,b) is active in the input graph G, which is known as edge contraction in

graph theory (see subsection 2.5.2). Thus, we have the following equation:

IAS(Qasw)| = (2 = k) X [AS(Qane,s.ew \ ChY)[HE X [AS(Qa/e,s \ Ch°)

We are now ready to state the main theorem of our work.

Theorem 5. Given a graph G, terminal nodes s,t, edge probabilities W, if Algo-

rithm 5 returns (Qg.oqw,num), then (G, s,t, W) = A3E6.eewl

2num

Proof. We use induction on the number of edges |Edge(G)|.

Base case: The theorem holds for [Edge(G)|= 0 because if there is no edge then there
is no (s,t)-connected subgraph. If there is no edge, then |AS(Qg.s:w)|= |AS(Pg.s1)|=
0. So, r(G, s,t,W) is 0. For |Edge(G)|= 1, assume that e; = (a,b) € Edge(G) and
W(e1) =

endpoints of e; and (ii) otherwise. The case (ii) is trivial because the reliability is

. There are two cases to consider: (i) nodes s and ¢ are the two
zero. In case (i), the two endpoints a and b are reachable when edge e; is active,
i.e., in(a,b) is true; and according to the Clark completion, we have that 5' is
true. It follows that |AS(Qgs:w)|= k and the network reliability is calculated as

T(G,S,t,W) _ |A5(92G",Ls,t,w)| _ 2%

Induction step: Assume that the theorem is true for |Edge(G)|< ¢ (induction
hypothesis). We proof that the theorem holds for |Edge(G)|=i + 1. Assume that
eir1 = (a,b) € Edge(G) and W(ejy1) =
compute the reliability of graph r(G, s,t, W):

2%. We use the following equation to

r(G, s, t, W) = W(edge exy1 fails) x r(G \ exr1, s,t, W)

+ W(edge ex41 active) x r(G/ext1, s, t, W)
k k
= (1 - 27m) X T(G \ €k4-15 S7t7W> + 27m X T(G/ek-‘rla 87t7W)

_ ;n X (k% 7(G/ex, 5,6, W) + (2™ — k) x 1(G \ exi1, 5,1, W)
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Both of the graphs G \ ex.; and G/ey1 have at most i edges. So, we can apply
induction hypothesis on both of them.

1 " IAS(Qc/es iy stw)] y IAS(Qcner sy 5.6

t,W)=— x (k 2™ —k
T(G,S, ) ) 2m X ( 2num—m +< ) 2num—m )
1 m
- W X (k X |AS(QG/ek+1,s,t,W)’+(2 - k) X ’AS<QG\€1€+1,S¢,W>|)
Now we can apply Lemma 6.2.
H(Gs, b W) = 5 X (1AS(Qasew)])
O]

6.4 Experimental Evaluation

We implemented a prototype of RelNet-ASP that is configured to use hashing-
based answer set counter ApproxASP (see Chapter 5). The RelNet-ASP implemen-
tation is available at https://github.com/meelgroup/RelNet-ASP. ApproxASP
provides (e, d)-guarantees. Another approach for ASP counting is based on trans-
lation to CNF. To this end, we have incorporated two standard translations from
ASP to CNF: (i) Ip2sat and (ii) aspmc [65], and the resulting CNF formulas are fed
to exact (#SAT [147]) and approximate (ApproxMC [191]) #SAT solvers. We also
incorporated sharpASP (Chapter 3) as a counting tool in RelNet-ASP.

Baseline. We compare the performance of RelNet-ASP with the prior state-of-
the-art tools for network reliability estimation. As exact methods for reliability
estimation, we considered state space partition (SSP) [176], Cut-based (Cut) [180],
a decomposition method based on the Binary Decision Diagram (BDD) [110], and
ProbLog [83]. ProbLog computes the marginal probability of a query given a
probabilistic logic program. In experiment, we ran ProbLog with Sentinal Decision
Diagram as the underlying knowledge compilation tool. These methods were chosen
as they are widely used in the literature and have been proven to be effective
in estimating network reliability. In addition to these exact methods, we also

compared RelNet-ASP with several approximate methods. In particular, we compared
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DKLR [53] and GBAS [116], and 2-stage DKLR [117] (Huber22). In line with
prior studies, we set ¢ = 0.8 and § = 0.2 for all techniques that provide (e,0)-
guarantees. Since the baseline techniques require different inputs, we excluded the

graph conversion time from the reported runtimes.

Instances. We conducted experiments on a set of real-world graph networks.
We extracted these graph networks from power grids [214] and online social net-
works [211]. The dataset comprised 710 undirected graph networks, with a max-
imum of 1000 nodes and 1500 edges. In line with the previous research on net-
work reliability [59], we assumed that each edge had a probability of é. For
each graph network, we randomly chose two nodes as terminal nodes to estimate
network reliability. The benchmarks and experimental log files are available at

https://zenodo.org/records/19664400.

Objective. The objective of the experimental evaluation was to assess the perfor-
mance of RelNet-ASP in terms of runtime and accuracy. We compare the performance
of RelNet-ASP against several state-of-the-art techniques to compute network relia-
bility: these techniques vary in the accuracy of their estimates. It is crucial to use a
metric that captures both accuracy and runtime performance. Therefore, we used
the Time Accuracy Penalty (TAP) score [3] as the metric for comparison.

The Time Accuracy Penalty (TAP) score utilizes a reliable dataset, which is a set
of instances with known ground truth?. To compute the ground truth, we applied
exact network reliability methods with a memory capacity of 16 GB and a time limit
of 10000 seconds to each instance. Finally, we could construct a reliable dataset
consisting of 171 instances. Our adapted s-TAP score follows the definition of TAP

score; for a given tool and an instance, the k-TAP score is defined as follows:

2xT, for timeout or memout or error
R-TAP(t,1) =+ + T x R for R < k
2xT —(T —t)xexp(k —R) for R>«k
where k = 1 4 ¢, t is the time to estimate reliability, 7 = 3600 is the timeout (in

seconds), R = max(%, %) is the relative error, and r and 7 are ground truth and

r)

2The TAP score of [3] relies on conjectured value of Z. However, our experimental setup has
no reliable algorithm. Thus, we rely on instances having known ground truth.
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estimated reliability, respectively. We use the term TAP to refer k-TAP score in the
following discussion.

The experimental results demonstrate that RelNet-ASP, with ApproxASP as the
underlying ASP counter, outperforms existing reliability estimators in terms of both
runtime and accuracy metrics. Current estimators typically prioritize either higher
accuracy or runtime efficiency, but RelNet-ASP strikes a balance between the two,

rendering it a promising technique for network reliability estimation.

Environmental Settings. All experiments were carried out on a high-performance
computer cluster, where each node consists of an 2xE5-2690v3 CPU running with

2x12 real cores and 96GB of RAM. The runtime was limited to 3600 seconds and

the memory limit was to limited to 4 GB.

6.4.1 Experimental Results

The Table 6.1 compares the performance of RelNet-ASP with baseline techniques.
We compare the performance of the techniques in terms of three metrics: the number
of solved instances, observed tolerance, and TAP score. The observed tolerance is
defined as max(% — 1,£ — 1), where r and 7 are the ground truth and estimated
reliability, respectively. For better visualization, the performance comparison is
shown in bar plots in Figure 6.2. In the table, the 1st, 2nd, and 3rd rows show the
number of solved instances, average tolerances, and average TAP scores, respectively.

From Table 6.1, it is clear that while GBAS is able to count for more instances
but the runtime performance comes at the cost of accuracy — this observation is
consistent in the previous analysis of Monte Carlo methods. On the other hand,
ProbLog achieves the lowest TAP score, but its scalability is limited due to the
complexity of exact counting. However, among approximate methods, RelNet-ASP
achieves the lowest TAP score. Therefore, RelNet-ASP achieves a good balance
between the two when considering both runtime performance and accuracy.

Table 6.2 illustrates the performance of RelNet-ASP w.r.t. different underlying
ASP counters. The table demonstrates that ApproxASP outperforms other underlying
approximate answer set counters in terms of performance. Furthermore, RelNet-ASP,
in conjunction with exact answer set counters (e.g., Ip2sat+SharpSAT-TD and

aspmc+SharpSAT-TD), is able to output the ground truth of network reliability,
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Figure 6.2: The performance comparison of RelNet-ASP with baselines.

Exact methods Approximate methods |

ProbLog SSP Cut BDD GBAS DKLR Huber22 RelNet-ASP

Solved (710) 164 100 38 92 635 460 567 o987
Tolerance (avg) 0 0 0 0 0.423  0.078  0.132  0.036
TAP (avg) 428 3133 5583 3442 3198 2972 2853 2262

Table 6.1: The performance of RelNet-ASP with different reliability estimators.

indicating the validity of RelNet-ASP as an estimator for network reliability.

‘ RelNet-ASP ‘
aspmc Ip2sat \
SharpASP  #SAT  ApproxMC #SAT  ApproxMC  ApproxASP
Solved (710) 30 91 214 78 474 587
Tolerance (avg) 0 0 0.065 0 0.076 0.036
TAP (avg) 5372 3630 2568 3982 2452 2262

Table 6.2: The performance of RelNet-ASP w.r.t. different underlying ASP counters.
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Chapter 7

Counting Problems on Boolean Net-
works

Our objective is to propose, formulate, and evaluate counting problems over
Boolean Networks (BN). More specifically, we formulate six meaningful problems
related to counting minimal trap spaces and fixed points in BNs (see Section 2.7
for definitions). These counting problems capture core tasks such as counting all
minimal trap spaces or fixed points, counting those that satisfy a given property
(e.g., a phenotype), and counting solutions under perturbations. We subsequently
propose novel and efficient methods to solve the counting problems by exploiting
the expressive power of Answer Set Programming. Following existing ASP counting
literature, our ASP-based reduction leverages the approximate answer set counter
ApproxASP. Our extensive experimental evaluation on a diverse benchmark dataset
demonstrates that ApproxASP efficiently estimates the number of minimal trap

spaces and fixed points, and ApproxMC efficiently estimates fixed point counts.

7.1 Related Work

ASP-based Computation of Fixed Points and Minimal Trap Spaces. Sev-
eral ASP encodings have been proposed to characterize fixed points and minimal
trap spaces in BNs. In many cases, an ASP encoding for fixed points is derived from
its minimal trap space counterpart by adding integrity constraints to capture the
specific properties of fixed points [202, 204]. The first ASP encoding that requires
the computation of prime implicants for each Boolean function was proposed and
implemented in [144]. A major bottleneck of this encoding is that computing even a

single prime implicant is NP-hard and the total number of prime implicants can be
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exponential in the number of function inputs [49]. Subsequent encodings [178, 202,
204] that were proposed to overcome this bottleneck still suffer from scalability and
efficiency issues, particularly for very large and complex models, primarily because
they require the disjunctive normal forms of all the Boolean functions of the original
BN. For fixed points, the ASP encoding by Trinh et al. [203] (called £ASP) uses a
negation normal form for each Boolean function, which is much more efficient to
obtain. This encoding was later generalized for minimal trap spaces [201] (called
tsconj); however, when dealing with unsafe formulas that might yield incorrect

solutions, it still requires a disjunctive normal form to ensure the correctness.

BN Encoding of Normal Logic Programs. The theoretical work by Inoue [120]
was among the first to establish a connection between ASP and BNs. It defines a BN
encoding for finite ground normal logic programs, which relies on the notion of the
Clark’s completion [51], and points out that the two-valued models of the Clark’s
completion of a finite ground normal logic program one-to-one correspond to the
fixed points of the encoded BN. The subsequent work [121] points out that the strict
supported classes of a finite ground normal logic program one-to-one correspond to
the synchronous attractors of the encoded BN. Trinh et al. [205] related the regular
models in a finite ground normal logic program and the minimal trap spaces in the
respective BN, and further applied these theoretical results to explore graphical

conditions for the existence, uniqueness, and number of regular models.

SAT Characterization of Fixed Points. The set of fixed points of a BN f can
be characterized as the set of satisfying assignments of the propositional formula
Nvevar(p) (v <> fu) [58]. Hence, we can apply #SAT tools [47, 188, 198] to counting
the number of fixed points of a BN. To the best of our knowledge, to date, there is

no SAT characterization for the set of minimal trap spaces of a BN.

Answer Set Counting. For general ASP programs, #ASP is #-coNP-complete [82],
while #ASP is #-P-complete for normal ASP programs, which follows from standard
reductions [126]. The projected answer set counting #PASP is simply 35-complete if
the set of projection atoms is empty; otherwise, the complexity is # - Y5-complete [75].

Fichte et al. [75, 82] exploited the tree decomposition-based technique for counting
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answer sets. Kabir et al. [133] introduced the hashing-based approximate counting

technique for answer set counting (Chapter 5).

7.2 Problem Formulations

In this section, we introduce several counting problems related to minimal trap
spaces and fixed points in Boolean networks (BNs). We begin with a straightforward
counting variant, then propose a specialized variant that requires solutions to satisfy
a specific property, and finally present a more complex variant focused on phenotype
measurement in BNs under perturbations. To highlight the biological utility of these

theoretical problems, a brief case study is also given in subsection 7.4.2.

7.2.1 Counting Minimal Trap Spaces and Fixed Points

We introduce two fundamental counting problems for Boolean networks (BNs):
one that counts the number of minimal trap spaces (Definition 3) and another one
counts the number of fixed points (Definition 4). These problems address the basic

question: How many minimal trap spaces or fixed points does a given BN have?

Definition 3 (C-MTS-1). Given a BN f, compute the number of minimal trap
spaces of f.

Definition 4 (C-FIX-1). Given a BN f, compute the number of fixed points of f.

In BN research, both counting problems — C-MTS-1 and C-FIX-1 — are valuable
when full enumeration is infeasible, as in gene regulatory network models with many
source variables [2, 201, 203]. They are also useful when divergent solutions are
sought [50]. Notably, the fixed point counting problem can enhance methods for
enumerating asynchronous attractors by enabling the selection of a smaller candidate
set, thereby potentially speeding up the filtering process [206]. Finally, both C-MTS-1
and C-FIX-1 can lay the groundwork for probabilistic reasoning in BNs [189].

7.2.2 Counting with Satisfying Properties

We examine a specialized variant of problems C-MTS-1 and C-FIX-1, focusing

on counting minimal trap spaces (Definition 5) and fixed points (Definition 6) that
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satisfy a specified property. This formulation addresses the question: How many
minimal trap spaces (or fixed points) in a BN exhibit a given property or assumption?

In systems biology, BNs are used to model biological phenotypes, which reflect
an organism’s functional characteristics [154]. Several definitions of phenotype in
BNs have been proposed [29, 145, 146]; in this work, we adopt one of the most
widely used notions. Given a BN f, we define trait as a statement of the form
(v <> e), where v € Var(f) and e € B,. Note that v <+ * is evaluated true if and
only if v = . A phenotype [ is then defined as the conjunction of a set of traits. A
sub-space m satisfies a phenotype (8 (denoted by m = /) if, upon replacing each
variable v €  with its value m(v), the resulting formula evaluates to true under
propositional semantics. Unlike minimal trap spaces, fixed points require that all
variables take Boolean values (e € B), and hence phenotypes involving ‘" are not
meaningful in this context.

In our problem formulation, the property of interest is a desirable phenotype. In
systems biology, a minimal trap space satisfying a phenotype suggests the phenotype’s

potential emergence in vivo.

Definition 5 (C-MTS-2). Given a BN f and a phenotype 3, compute the number
of minimal trap spaces of f that satisfy (5.

Definition 6 (C-FIX-2). Given a BN f and a phenotype 3, compute the number of
fixed points of f that satisfy .

Example 7.1. Consider again the BN f shown in Example 2.3. It has a unique
minimal trap space my = 00, which is also its only fixed point of f. Hence, the
answer to C-MTS-1 (resp. C-FIX-1) is 1. Considering the phenotype 5 = (b <> %),
the answer to C-MTS-2 is 0.

7.2.3 Counting Under Perturbations and Robustness

We consider one of the main contributions of our work to be the identification
of new, relevant counting problems (other than C-MTS-2 and C-FIX-2, which
were previously known): C-MTS-3 and C-FIX-3. To formalize these problems, we

introduce the concept of a perturbation.
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Consider a BN f. A perturbation o [196] on a set X C Var(f) of perturbable
variables is defined as a mapping from X — B,. In practice, X can be any subset
of variables whose perturbation is biologically meaningful. Since each variable
in X can assume one of three values under perturbation, there are 31*! possible
perturbations. For each v € X, setting o(v) = 0 forces f, = 0 (knockout perturbation),
setting o(v) = 1 forces f, = 1 (over-expression perturbation), and setting o(v) =
leaves f, unchanged. Consequently, the perturbed BN, denoted f7, is defined by
Var(f?) = Var(f) and, for every v € Var(f7),

o(v) ifve X and o(v) # *
fo otherwise

Note that, the value x is used to distinguish imperturbable variables and perturbable
variables that are unchanged under a certain perturbation.

In biological systems, a perturbation refers to any disturbance that disrupts
the normal functioning of a BN. Such disturbances may arise from genetic muta-
tions [189], external factors such as medications [31], or other influences [170]. These
perturbations can substantially alter the phenotypes exhibited by a BN, making it
crucial to quantify their effects on network behavior. In systems biology, this impact
is commonly assessed in terms of robustness [143], which motivates our definitions

of problems C-MTS-3 and C-FIX-3.

Definition 7 (C-MTS-3). Given a BN f, a set of perturbable variables X, and a
target phenotype [, determine the number of perturbations o on X such that the

perturbed BN f° exhibits at least one minimal trap space that satisfies [3.

Definition 8 (C-FIX-3). Given a BN f, a set of perturbable variables X, and a
target phenotype 3, determine the number of perturbations o on X such that the
perturbed BN f° exhibits at least one fixed point that satisfies 3.

Leveraging the results of C-MTS-3 (or C-FIX-3 if focusing solely on fixed points),
we define the robustness of a phenotype as the fraction of perturbations that preserve
the phenotype relative to the total number of perturbations (3!*1). In other words,
robustness measures the probability that a phenotype remains active following

a random, admissible perturbation is applied to the network. This measure of
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phenotype robustness can inform the selection of specific perturbations and guide
targeted treatment strategies [29, 200]. A small case study on an interferon model

with 121 variables presents these concepts more practically in subsection 7.4.2.

Example 7.2. Consider BN f given in Example 2.3. Consider X = {b} denote the
set of perturbable variables and define the set of desirable phenotype as f = (a <>
O0Ab <> 0). There are three possible perturbations: o1 = {b = 0}, o9 = {b = 1},
and o3 = {b = x}. The perturbation o1 represents the knockout perturbation of
variable b and sstg(f?) is given in Figure 2.1b. It is straightforward to observe
that f' has two minimal trap spaces 00 and 10. In constrast, the BN f°2 has one
minimal trap space 01, which does not satisfy the given phenotype. The BN fo3
equals f and has one minimal trap space 00. Therefore, for BN f, phenotype 8 and
perturbable variables X, the answer to C-MTS-3 is 2 and the perturbation robustness
of phenotype  in BN f w.r.t. X is2/3.

On the impact of precision. While these problems are defined ezactly, in practice
their results mainly serve as a means of comparison. For example, the results of
C-MTS-2 could be used to compare the abundance of two biological phenotypes.
Then the exact count may not be important, as long as the two phenotypes can be
compared reliably. As such, these problems are particularly suitable for approximate
counting. This also impacts the choice of method parameters (e and 0), as in practice,
even low precision (as used in our experiments) can be sufficient to distinguish
between significantly different phenotypes. For closely matched results, the precision

can be then increased as needed.

7.3 Methodology

Given a BN f, our approach is to construct an ASP program P such that
the answer sets of P one-to-one correspond to the minimal trap spaces (or fixed
points) of f. This reduction allows us to leverage existing answer set counters to
efficiently count the answer sets of P. For C-MTS-1 and C-FIX-1, we simply use
the ASP encodings of tsconj and fASP, respectively. For C-MTS-2 and C-FIX-2,
we complement the encoding of the given phenotype. For C-MTS-3 and C-FIX-3,
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we propose a new perturbation encoding. Now, we begin by briefly reviewing the

tsconj and fASP encodings.

7.3.1 tsconj and fASP Encodings

We first present the common components of the two encodings, followed by their
differences. The ASP encodings represent sub-spaces using atoms p(v) and n(v),
indicating whether variable v is fixed to 1, 0, or left free. The goal is to translate BN
trap space and fixed point properties into ASP rules whose answer sets correspond
to these configurations.

Given a BN f, the encodings compute an ASP program P as follows: for each
variable v € Var(f), two atoms p(v) and n(v) are introduced to indicate positive
and negative assignments of the variable v, respectively. Additionally, for every
v € Var(f), one rule of the form: p(v) V n(v) < T is added to ensure that each
answer set corresponds to a sub-space of f. The translation from an answer set M to
a sub-space m is defined as follows: for each v € Var(f), we have (i) m(v) = 1 if and
only if p(v) € M An(v) & M, (ii) m(v) = 0 if and only if p(v) &€ M An(v) € M, and
(iii) m(v) = * if and only if p(v) € M An(v) € M. Recall that a trap space of f can
be characterized by Ayevar(p) (v < fo) A (=0 <= = f,) [201]. For every v € Var(f), two
ASP rules — (i) v(v) <= v(NNF(f,)) and (ii) v(—v) <= v(NNF(=f,)) — are added
to P to express the characterization, where NNF(®) denotes a negation normal form

of a Boolean formula ® and ~ is a procedure defined as follows:

7(v) = p(v), (=) = n(v),v € Var(f),

WA @) =a) A Alan) AV ay) = aux,
1<5<5J 1<5<J

where aux;, is a new auziliary atom, k is a global counter starting from 1 and shall
be increased by 1 after each new auxiliary atom is created, and for each j, the rule
aux < v(a;) is added to P.

For the correctness of the tsconj encoding, Trinh et al. [201] defined a syntactic
safeness condition for a Boolean formula ®: & is considered safe if it does not contain
any conjunction of two subformulas ®; and ®, such that there exists a variable x
appearing in ®; with =2 appearing in ®,. When both f, and —f, are safe for every

v € Var(f), then the set of answer sets of P one-to-one corresponds with the set
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of minimal trap spaces of f. When a Boolean formula ® (f, or —f,) is unsafe, the
disjunctive normal form of ® is used instead, which is always safe by definition.

There is no notion of “safeness” in the fASP encoding. Rather an additional rule
1 <« p(v),n(v) is added to P, for every v € Var(f) such that the variable v # *.
The answer sets of P one-to-one correspond to the fixed points of f.

Following on, given a BN f, we use the notations P-tsconj(f) and P-fASP(f) to
denote the encoded ASP programs of f, according to the tsconj and £ASP encodings,
respectively. ASP offers a direct declarative way to characterize minimal trap spaces
and fixed points through stable model semantics, giving it an advantage over other

approaches for computing them.

7.3.2 Methods for Problems C-MTS-1 and C-FIX-1

We make use of tsconj and fASP encodings for C-MTS-1 and C-FIX-1, respec-
tively. The choice of encodings is due to following two reasons: first, these encodings
rely on less expensive representations — specifically, negation normal forms (ref. Sec-
tion 7.1). Second, they establish a one-to-one correspondence between the minimal
trap spaces (or fixed points) of the original BN and the answer sets of the encoded
ASP program, whereas other encodings yield a one-to-one correspondence with the
subset-minimal (or subset-maximal) answer sets [10], which prevents the direct use

of existing ASP counters.

7.3.3 Methods for Problems C-MTS-2 and C-FIX-2

We add the encoding of phenotype to the encodings of tsconj and fASP to
solve counting problems C-MTS-2 and C-FIX-2, respectively. Given a BN f and a
phenotype 3, we compute an ASP program ToASP(3) to capture the phenotype 3
by invoking Algorithm 6. The algorithm exploits atoms introduced in the tsconj
encoding to interpret the phenotype 5. The main idea of Algorithm 6 is exploiting
faceted answer set navigation (see Subsection 2.2.5) to constrain the search space
of answer sets [80]. We prove that the minimal trap spaces of f satisfying the
phenotype [ one-to-one correspond to the answer sets of P-tsconj(f) U ToASP(/3)
(Theorem 6).
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Algorithm 6 ToASP(p)
Input: Phenotype (8
Output: ASP program @)

1: Q — (Z)

2: for each (v < ¢) € § do

3 if e =1 then

4 Q.add(L < ~p(v), 1 < n(v))

5: else if ¢ = 0 then

6

7

8

9

(Q.add(L «+ p(v), 1 <« ~n(v))
else if e = x then
(Q).add(L < ~p(v), 1+ ~n(v))

: return @)

Theorem 6. Given a BN f and a phenotype 3, the minimal trap spaces of f
satisfying B one-to-one correspond to the answer sets of P-tsconj(f) U ToASP(f).

Proof. To prove the correctness of Theorem 6, we reuse the correctness proof of
Theorem 2 of [201], which establishes that the answer sets of P-tsconj(f) one-to-one
correspond to the minimal trap spaces of f. Let us recall the translation between an
answer set M of P-tsconj(f) and its respective minimal trap space m of f: for each
variable v € Var(f), m(v) = 1 if and only if p(v) € M An(v) & M, m(v) = 0 if and
only if p(v) € M An(v) € M, and m(v) = * if and only if p(v) € M An(v) € M.

We employ the theories of faceted answer set navigation [80] to prove the
correctness of Theorem 6. According to faceted navigation, for a program P and an
atom a € atoms(P), adding the integrity constraint { L <— a} to program P restricts
the search space of P, where no answer set contains the atom a. Conversely, adding
the integrity constraint { L <— ~a} to program P ensures that every answer set in
the modified program contains the atom a.

We prove the correctness of our encoding for each trait (v <» e) € 5. We show that
Algorithm 6 selects facets in such a way that the answer sets of P-tsconj(f)UToASP(/3)
one-to-one correspond to the minimal trap spaces satisfying 5 of f. When (v <> 1) €
S (line 4 in Algorithm 6), two constraints are added to ToASP(/3) to ensure that
every answer set contains the atom p(v) and none contains the atom n(v). These
constraints effectively assign the value 1 to variable v. When (v <» 0) € 8 (line 6 in
Algorithm 6), two added constraints ensure that every answer set contains the atom

n(v) and none contains p(v), thereby assigning the value 0 to variable v. When
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(v <> x) € B (line 8 in Algorithm 6), two added constraints ensure that every answer
set contains both p(v) and n(v). These constraints effectively assign the value x to
variable v.

Combining all the cases of Algorithm 6, we can claim the correctness of our encoding.
O

For C-FIX-2, we can apply the fASP encoding and Algorithm 6 similarly. Note
that in the counting problem C-FIX-2, the term e is either 0 or 1, for each (v <>
e) € B, since fixed points require all variables to be fixed. We formally prove the

correctness of our proposed method for C-FIX-2 in Theorem 7.

Theorem 7. Given a BN f and a phenotype (3, the fixed points of [ satisfying
one-to-one correspond to the answer sets of P-fASP(f) U ToASP(5).

Proof. The proof technique of Theorem 6 can be similarly extended for fixed point
counting with the program P-fASP(f). O

Example 7.3. Consider the BN [ of Example 2.3. The program P-tsconj(f) is as
follows:

p(a) Vn(a) < T p(a) < p(a),n(b) n(a) < aux;  aux; < n(a) aux; < p(b)
p(b) Vn(b) <= T p(b) «=pla)  n(b) < n(a)

The program P-tsconj(f) has a unique answer set {n(a),n(b),auxy} corresponding to
the unique minimal trap space 00 of f. Consider the phenotype B = (b <> %), the BN

f has no minimal trap space satisfying  (see Example 7.1), thus C-MTS-2 returns
0. Following the procedure outlined above, the ASP program ToASP(3) is as follows:

1 <+ ~p(b) 1 <+ ~n(b)

Indeed, the program P-tsconj(f) U ToASP(/3) has no answer set.

7.3.4 Methods for Problems C-MTS-3 and C-FIX-3

Given a BN f, a phenotype 3, and a set of perturbable variables X, one possible
approach to solving these problems is to introduce new atoms to represent possible

perturbations over perturbable variables, then correspondingly to intervene in the
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encoded ASP program obtained by applying the encodings proposed for C-MTS-2
and C-FIX-2, and finally to apply projected counting restricted to these new atoms.
Instead, we propose a more convenient approach that reduces C-MTS-3 (resp.

C-FIX-3) to C-MTS-2 (resp. C-FIX-2) along with projected answer set counting.

Definition 9. Consider a BN f and a set of perturbable variables X C Var(f), we
construct a new BN g such that for every v € Var(f), if v € Var(f) \ X, then the
variable v € Var(g) and g, = f,, and if v € X, then three variables v,v* v° € Var(g)

and

Gy = 0" A (v°V fo),
Gok = Uka

Gpo = 0° A —0F.

Instead of modifying the ASP encoding to model perturbations, we construct
a perturbed version of the original BN, thereby preserving the semantics of the
original encodings. For each perturbable variable v € X', we introduce two new
variables in g: v¥, encoding whether v is knocked out, and v°, encoding whether it

is over-expressed. By construction:
e If v* =1, then v° = 0 and v = 0, modeling a knockout of v.
o If v* =0 and v° = 1, then v = 1, modeling over-expression.
o If v* =0 and v° = 0, then v follows its update function f, (v is unperturbed).
e The case v¥ = 1 and v° = 1 is infeasible due to the constraint g, = v° A —v".

Since Var(f) C Var(g), any phenotype 5 defined over f remains valid in g. The
minimal trap spaces (resp. fixed points) of g correspond to those of f under all
possible perturbations over X. Thus, the minimal trap spaces (resp. fixed points)
of g that satisfy the phenotype [ represent the perturbed solutions of f that also
satisfy 3. Crucially, for each perturbation, multiple satisfying minimal trap spaces
(or fixed points) are counted once, enabling us to count the number of satisfying
perturbations. Hence, the counting problem C-MTS-3 (resp. C-FIX-3) reduces to
the projected version of C-MTS-2 (resp. C-FIX-2) over the newly defined BN g.
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We now discuss how we solve C-MTS-3 and C-FIX-3 by applying projected
answer set counting. We focus on the case for minimal trap spaces, and the case
of fixed points is trivially similar. Following Theorem 6, the set of answer sets of
P-tsconj(g) U ToASP(() represents the set of minimal trap spaces of g satisfying
the phenotype . Let Q = U,ea{p(v),n(v)} denote the set of perturbation-related
variables, where A = U,cx{v",v°} be the set of ASP atoms used in the encoding. It
follows that the number of answer sets of P-tsconj(g) U ToASP(/3), projected onto the
set €2 is equal to the number of perturbation settings (i.e., assignments to variables

in X') under which g admits a minimal trap space satisfying /3.

Theorem 8. Given a BN f, a set of perturbable variables X C Var(f), a phenotype
B, and Q = Upea{p(v),n(v)}, where A = Uyer{v*,v°}, then C-MTS-3 can be
computed as #PASP(P-tsconj(g) U ToASP(3),(2), where g is the new BN according
to Definition 9.

Theorem 9. Given a BN f, a set of perturbable variables X C Var(f), a phenotype 3,
and Q = Upea{p(v),n(v)}, where A = U,cr{v*,v°}, then C-FIX-3 can be computed
as #PASP(P-fASP(g) U ToASP(3),2), where g is the new BN following Definition 9.

To prove Theorems 8 and 9, we prepare the following preliminaries.
Definition 10. The total order <; on B, is defined by 0 <; x <; 1.

Definition 11. The partial order <, on B, is defined by 0 <, %, 1 <, %, and it

contains no other relation.

Definition 12. Consider a BN f, a sub-space m of f, and a Boolean expression e
over Var(f). The value of e under sub-space m w.r.t. the Kleene three-valued logic,

denoted as m(e), is recursively defined as follows:

e if e € B,
m(a) if e =a,a € Var(f)
m(e) = —vrn(el) z'fe = T1e1

min<,(m(ey),m(e2)) ife=e1 Aes

maz<,(m(er),m(es)) ife=e1V ey




where =1 = 0,-0 = 1, = = %, and min<, (resp. maz<,) is the function to get the

minimum (resp. maximum) value of two values w.r.t. the order <;.

Theorem 10 (Theorem 1 of [144]). Consider a BN f and a sub-space m of f. A
sub-space m is a trap space of f iff m(f,) <s m(v) for every v € Var(f).

Corollary 7.1. Consider a BN f and a sub-space m of f. A sub-space m is a

minimal trap space of f iff m is a <s-minimal trap space of f.

Corollary 7.2. Consider a BN f and a sub-space m of f. A sub-space m is a fixed
point of f iff m is a trap space of f and m(v) # x for every v € Var(f).

Now, we show the formal proof of Theorem 8.

Lemma 7.1. Consider a BN f and a set of perturbable variables X C Var(f). Let g
be the BN obtained from f, according to Definition 9. Let A be the set U,cx{v", v°}.

If m is a minimal trap space of g, then m(v) # x for every v € A.

Proof. Let m be a minimal trap space of g. Assume that there exists v¥ € A such
that m(v¥) = % or v° € A such that m(v°) = x. We consider two cases as follows.

Case 1: m(v*) = %. Let m’ be a sub-space of g such that m/(u) = m(u),
for every u € Var(g) \ {v*} and m/(v*) = 0. We have m'(gx) = m/(v¥). The
variable v only affects v° and v. Regarding v°, we have m/(g,) = m'(v° A
—*) = mine, (m’(v°), ~m/(v¥)) = mine, (m'(v°),1) = m/(v°). Regarding v, we
have m/(g.) = m/(~o A (10 V £,)) = ming, (= (o%), maxe, (m'(v°), m(£,)) =
min, (1, mase, (m'(6%), m'(£,)) = maxe, (m'(0°), m'(f2)) = mae, (m(e°), m(f,).
Following Theorem 10, m(g,) <, m(v). We have m(g,) = m(=v* A (v° V f,)) =
mine, (—=m(v*), maxc, (m(v°), m(f,))) = mine, (x, max<, (m(v°), m(f,))). Since m(v) <,
max<, (m(v°), m(f,)) implies m(v) <5 m(g,) which is a contradiction, we derive
that max<,(m(v°®), m(f,)) <s m(v). This implies m’(g,) <s m(v) = m/(v). For any
u € Var(g) \ {v,v*,v°}, m'(g.) = m(g.) <s m(u) = m/(u). Hence, m’ is trap space
of g and m’ <, m, which is a contradiction.

Case 2: m(v°) = . Let m’ be a sub-space of g such that m/(u) = m(u)
for every u € Var(g) \ {v°} and m/(v°) = 0. We have m/(g,o) = m/(v° A —0F) =
mine, (m/(v°), =m’(v*)) = minc, (0, =m’(v*)) = 0 = m/(v°). The variable v° only af-

fects v. We have m’(g,) = m/(=v*A(v°V f,)) = ming, (—m’ (vF), max<, (m/(v°), m'(f,))) =
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i, (-’ (o), masce, (0, m'(£,)) = min, (' (v), ! (f,)) = ming, (~m(uF), m(f,).
Following Theorem 10, m(g,) <, m(v). We have m(g,) = m(=v* A (v° V £,)) =
mine, (—=m(v*), max<,(m(v°), m(f,))) = mine, (=m(v*), max<, (x,m(f,))). Suppose
that m'(v) = m(v) <, mine, (=m(v*),m(f,)). If m(f,) = 0, then m(v) <, 0 which
contradicts to the definition of <;. Hence m(f,) # 0, leading to max<, (x,m(f,)) =
m(f,). Then m(v) <, minc,(~m(v*), m(f,)) = m(g,), which is a contradiction.
Hence, min<, (—=m(v*), m(f,)) <, m’(v). This implies that m/(g,) <, m/(v). For any
u € Var(g) \ {v,v°}, m'(g,) = m(gu) <s m(u) = m/(u). Hence, m’ is trap space of g
and m’ <, m, which is a contradiction.

Combining Case 1 and Case 2, we can conclude that for m(v) # = for every

v e A. O]

Lemma 7.2. Consider a BN f and a set of perturbable variables X C Var(f). Let g
be the BN obtained from f, according to Definition 9 and A be the set U,cx{v", v°}.
Let m be a trap space of g such that m(v) # % for every v € A. Let o be the
perturbation of f such that o(v) = 1 if and only if m(v*) = 0 and m(v°) = 1,
o(v) = 0 if and only if m(v*) = 1 and m(v°) = 0, and o(v) = x if and only if
m(v*) = 0 and m(v°) = 0. Then m' is a trap space of f° where m'(v) = m(v) for

every v € Var(f).

Proof. Assume that there exists v € X such that m(v*) = m(v°) = 1. Since m is
a trap space of g, m(gy) <, m(v°). We have m(g,0) = m(v° A —v*) = 0, whereas
m(v®) = 1, leading to 0 <, 1, which contradicts to the definition of <;. Hence, the
case of m(v¥F) = m(v°) = 1 is impossible for every v € X. Since m(v) # * for every
v € A, o is well specified.

Recall that Var(g) = Var(f) UA and Var(f) = Var(f?). Consider v € Var(f?). If
v & X, we have m/(f7) =m/(f,) = m'(g,) = m(gy) <s m(v) =m/(v). If v € X, we
have the following cases:

Case 1: m(vF) = 0 and m(v°) = 0. Then o(v) = *, thus m’(f7) = m'(f,). We
have m(g,) = m(=vF A (v° V £,)) = m(f,) <s m(v) = m/(v). Since m/(f,) = m(f,),
it follows that m/(f7) <, m/(v).

Case 2: m(v¥) = 1 and m(v°) = 0. Then o(v) = 0, thus m/(f) = 0. We have
m(g,) = m(=v* A (v°V f,)) = 0 <, m(v) = m'(v). Hence, m'(f7) <, m/(v).
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Case 3: m(v*) = 0 and m(v°) = 1. Then o(v) = 1, thus m/(f?) = 1. We have
m(g,) = m(=vF A (v°V £,)) =1 <, m(v) = m/(v). Hence, m/'(f7) <, m'(v).
Now we can conclude that m/(f7) <, m/(v) for every v € Var(f?). Hence, m’ is

a trap space of f7. n

Proof of Theorem 8

Proof. First, we consider a perturbation o: X — B, of BN f. Let ma: A — B be
a mapping such that for every v € X, o(v) = 1 if and only if ma(v*) = 0 and
ma(v°) = 1, o(v) = 0 if and only if ma(v*) = 1 and ma(v°) = 0, and o(v) = *
if and only if ma(v*) = 0 and ma(v°) = 0. Recall that Var(g) = Var(f) U A and
Var(f) = Var(f?). Let m be a minimal trap space of f7 and m |= . Let m’ be a
sub-space of g such that m/(v) = m(v) if v € Var(f) and m/(v) = ma(v) if v € A.
We show that m’ is a minimal trap space of g and m' = 3 (1).

Consider v € X, we have m’'(g,x) = m/(v*). If m’(v*) = 0, then m/(v° A —vk) =
m'(v°). If m/(v*) = 1, then m’(v°) = 0 due to the definition of ma, leading to
m/(v° A k) = 0 = m’(v°). Hence, we can derive that m/(gy,) = m/(v° A —vF) =
m'(v°). Regarding m/(g,) = m/(—v* A (v° V f,)), we have the following cases:

Case 1: o(v) = . Then m/(v¥) = 0 and m/(v°) = 0. We have m/(g,) = m/(f,) =
m(f,) = m(f" <s m(v) =m/(v).

v) . Then m/(v*) = 0 and m’(v°) = 1. We have m/(g,) = 1

Then m'(v¥) = 1 and m/(v°) = 0. We have m/(g,)
m(f7) <s m( ) = ( ). Consider v € Var(f) \ X. We have m/(g,) = m/(f
m(fo) =m(f7) <s m(v) =m'(v).

Now, we can conclude that m’ is a trap space of g. Assume that m’' is not

0
v)

minimal. Then there is a trap space n of g such that n <, m/. Since m/(v) # * for
every v € A, n(v) = m/(v) for every v € A, leading to n(v) # * for every v € A.
Following the Lemma 7.2, n’ is a trap space of f? where n/(v) = n(v) for every
v € Var(f). Since n(v) = m/(v) for every v € A, we have n’ <, m, which contradicts
to the <,-minimality of m w.r.t. f. Hence, m’ is a minimal trap space of ¢g. In

addition, since (8 only contains the variables in Var(f), it is trivial that m’ = .

101



Second, we consider a minimal trap space m of g such that m = 3. By Lemma 7.1,
m(v) #  for every v € A. The case of m(v*) = m(v°) = 1 is impossible because
if it holds, then m(g,) = m(v° A —v¥) = 0 <, m(v°) = 1, which is a contradiction.
Let o be the perturbation of f such that o(v) = 1 if and only if m(v*) = 0 and
m(v°) =1, o(v) = 0 if and only if m(v*) = 1 and m(v°) = 0, and o(v) = « if and
only if m(v*) = 0 and m(v°) = 0. Let m’ be a sub-space of f such that m/(v) = m(v)
for every v € Var(f). We show that m' is a minimal trap space of f7 and m’ |= 3
(2).

By Lemma 7.2, m’ is a trap space of f?. Assume that m’ is not minimal. Then
there is a minimal trap space n of f7 such that n <, m/. Let n’ be a sub-space of
g such that n/(v) = m(v) for every v € A and n'(v) = n(v) for every v € Var(f).
By following the same reasoning for (1), we have n’ is a trap space of g. However,
n’ <, m, which contradicts to the <;-minimality of m w.r.t. g. Hence, m’ is a
minimal trap space of f7. In addition, since 5 only contains the variables in Var(f),
it is trivial that m’ = .

From (1) and (2), we can conclude that, given f, X, and £, the result of the
counting problem C-MTS-3 is equivalent to the number of minimal trap spaces of
g that satisfy § where multiple minimal trap spaces with the same values on the
variables in A are only counted once. By Theorem 6, the answer sets of P-tsconj(g)U
ToASP(3) one-to-one correspond to the minimal trap spaces of g satisfying 5. The
set € includes the atoms of P-tsconj(g) U ToASP(3) corresponding to the variables in
A of g. It follows that the number of answer sets of P-tsconj(g) U ToASP(/3) projected
to € is equal to the number of minimal trap spaces of g satisfying 3 projected to A.
This implies that C-MTS-3 can be computed as the projected answer set counting
query #PASP(P-tsconj(g) U ToASP(5), Q2). O

Proof of Theorem 9

Proof. The proof technique of Theorem 8 can be similarly extended for C-FIX-3
with the program P-fASP(g). O

Example 7.4. Consider again FExample 7.2. Following Definition 9, we obtain
the BN g: Var(g) = {a,b,b*,t°}, go = a A b, gy = b*, go = b° A =b*, and
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gy =—b" A (b°Va).

The ASP program P-tsconj(f) is as follows:

pa)Vn(a) <~ T pla) <= p(a),n(b)  n(a) «=auxy  aux; <=n(a)  aux; < p(b)
p(b) Vn(b) T

p(b) < n(b"), aux, auxy < p(b°) auxy < p(a)

n(b) < auxs auxz < p(b") auxz < n(b°),n(a)

p(t") V() =T p(t*) = p(t")  n(b") « n(0")

p(b?) Vn(b?) T p(b°) «+ p(b°), n(b") n(b°) < auxy auxy < n(b°) auxy < p(b¥)

The ASP program ToASP(8) is as follows:

1+ p(a), 1+ ~n(a)
1« p(b), 1 < ~n(b)

Let Q = {p(b*),n(b%), p(b°),n(b°)}. Then C-MTS-3 can be computed as #PASP(P-tsconj(g)U
ToASP(3),2). Indeed, #PASP(P-tsconj(g) U ToASP(5), ) returns 2, which is con-

sistent with the result shown in Example 7.2.

7.4 Experimental Evaluation

This section presents the experimental evaluation of the presented methods. We
use existing minimal trap space and fixed point computation tools as baselines—
namely, AEON [28], k++ADF (ADF) [163], and clingo [90]. The ADF tool is
applicable here due to the equivalence between ADFs and BNs [18, 114], which
supports only C-MTS-1 and C-FIX-1. Both k++ADF and Clingo count minimal
trap spaces and fixed points via enumeration on the ADF and the encoded ASP
respectively, and AEON via BDD-based encoding. For the fixed point problem
variants, we further considered the propositional model counter [188] (GANAK) and
the approximate model counter [215] (ApproxMC), using the translation to CNF
(see Section 7.1). However, note that these techniques cannot be directly used for

minimal trap space counting. For approximate answer set counting, we employed the
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hashing-based approximate answer set counter ApproxASP [133] with parameters
e = 0.8 and 6 = 0.2. Following prior work on counting [135], we provided ApproxASP
with an independent support (see Subsection 2.2.6) of a disjunctive ASP program
exploiting Padoa theorem [175]. We computed the independent support of each
program with a time limit of 1000 seconds. Since the baselines require different input
formats, we excluded the BN conversion time from the reported runtimes. We also
tested the tree decomposition-based answer set counter DynASP [82]; however, we
did not include it in the final analysis because it has been significantly outperformed
by the remaining baselines. We also compared with sharpASP-SR (Chapter 4)
for C-MTS-1; however, its performance is only slightly better than that of clingo.
Finally, note that we could not include #SAT-based ASP counters aspmc [66]
and sharpASP [132] as baselines, since these counters are designed for normal logic
programs, while tsconj and £ASP encodings produce disjunctive ASP programs. The

tool implementation is available at https://github.com/meelgroup/bn-counting.

Benchmark Information. We compiled our benchmark set from prior studies
on minimal trap spaces and fixed points in BNs [177, 201, 203]. The set comprises
645 BN instances—245 real-world models and 400 randomly generated—with up
to 5,000 variables. The real-world Boolean models range up to 1076 variables, out
of which up to 223 are source variables. However, the median network size in this
dataset is less than 100 variables. As such, we also consider larger random Boolean
networks ranging between 1,000 and 5,000 variables. These 645 instances are used
directly as inputs for benchmarking the C-FIX-1 and C-MTS-1 problems. All source
variables across all networks are left unrestricted, meaning they can take the value 0
or 1, thereby maximizing the number of admissible trap spaces.

To evaluate counting problems C-MTS-2, C-FIX-2, C-MTS-3, and C-FIX-3, we
pseudo-randomly fixed three variables to represent the target phenotype and selected
up to 50 perturbable variables (yielding as many as 3°° possible perturbations). To
evaluate C-FIX-2 and C-MTS-2, we augment each network with a pseudo-random
phenotype specification. Here, the specification is chosen as follows: we first compute
an arbitrary minimal trap space using tsconj. We then randomly select the values
of three fixed variables — excluding all the source variables of the network. The

conjunction of these values represents the tested phenotype. This process ensures
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that for each Boolean network, problem C-MTS-2 always has at least one valid
minimal trap space solution (existence of a fixed point solution cannot be guaranteed
regardless of the chosen phenotype). Note that in real world scenario, phenotypes
are typically not published in machine-readable format. Our benchmark preparation
maintains the biological interpretability by deriving the phenotype from a known trap
space, linking it to an existing biological feature of the network. Finally, to evaluate
C-FIX-3 and C-MTS-3, we use the same phenotype but also pseudo-randomly select
up to 50 perturbable variables, excluding both the source variables and those fixed
by the phenotype. For networks with less than 50 such candidates, we simply select
all viable variables as perturbable. We then use the transformation proposed in
Definition 9 to construct a new variant of each benchmark network in which the
selected variables can be perturbed. Each such perturbed network, together with the
phenotype, represents the input for C-FIX-3 and C-MTS-3. As for the chosen size,
only a few variables are sufficient to identify phenotypes: e.g., in [84], only 10-200
entities are needed out of 10,000. Since our tests are often significantly smaller, we
scaled down the phenotypes accordingly. The benchmark set and experimental log
files are available at https://zenodo.org/records/19665913.
Environmental Settings. All experiments were conducted on a high-performance

computing cluster, with each node consisting of Intel Xeon Gold 6248 CPUs. Each
benchmark instance was allocated one core, with runtime and memory limits set to

5000 seconds and 8 GB respectively, for all the tools considered.

7.4.1 Experimental Results

C-MTS-1 and C-FIX-1. The results for C-MTS-1 and C-FIX-1 are shown in
Table 7.1 and Table 7.2, respectively. Each table reports the number of instances
solved (i.e., instances for which a count was successfully returned) by each tool
and their corresponding PAR2 scores [21] (PAR2 score is a runtime metric that
also penalizes benchmark timeouts). Here, approximate counting (ApproxASP
and ApproxMC) clearly outperform all existing solutions. Note that for C-FIX-1,
ApproxASP and ApproxMC are roughly comparable, but ApproxASP is faster on
simpler instances.

It is worth noting that unsafe formulas are quite rare in 245 real-world models,
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which is consistent with the observation in [201]. All 400 randomly generated models

have no unsafe formulas because of the nature of the generation [201].

AEON ADF clingo ApproxASP
#Solved 179 200 211 364
PAR2 7255 6923 6742 4448

Table 7.1: The performance comparison of different counters on C-MTS-1.

AEON ADF clingo GANAK ApproxMC ApproxASP
#Solved 247 217 227 317 420 413
PAR2 6172 6656 6493 5269 3801 3760

Table 7.2: The performance comparison of different counters on C-FIX-1.

C-MTS-2 and C-FIX-2. The results for C-MTS-2 and C-FIX-2 are shown in
Table 7.3 and Table 7.4, respectively, using the same metric (solved instances and
PAR2 score) as Table 7.1 and Table 7.2. Here, the relative performance of individual
tools mirrors that observed for C-MTS-1 and C-FIX-1. However, all tools solved
more instances overall, largely due to the inclusion of the phenotype property, which
typically reduces the number of solutions. Since phenotype properties are generally
much simpler than the update functions describing network dynamics, we expect

them to simplify the counting problem—often substantially.

AEON clingo ApproxASP
#Solved 231 308 464
PAR2 6428 5237 2919

Table 7.3: The performance comparison of different counters on C-MTS-2.

AEON clingo GANAK ApproxMC ApproxASP
#Solved 252 236 333 438 429
PAR2 6099 6360 5030 3527 3499

Table 7.4: The performance comparison of different counters on C-FIX-2.
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C-MTS-3 and C-FIX-3. The results for problems C-MTS-3 and C-FIX-3 are
presented in Tables 7.5 and 7.6, respectively. This benchmark confirms the leading
performance of ApproxASP in minimal trap space and fixed point counting as it was
able to solve 644/645 and 645/645 problem instances for C-MTS-3 and C-FIX-3,
respectively. Here, ApproxASP significantly outperforms even ApproxMC, and
outperforms all other tools by a factor of 2x or more. In contrast to C-MTS-2 and
C-FIX-2, where all tools benefited from a reduced number of solutions, the presence
of perturbations in this setting generally increases both the number of solutions
and the underlying complexity of BNs. The key performance differentiation lies in
the tools’ ability to handle projected counting. For this problem, the independent
support for XOR constraints is derived from the BN perturbable variables. Since this
is only a subset of the network variables, the independent support size is relatively
small, reducing the size of the XORs. This results in the superior performance of
ApproxASP and ApproxMC. Note that in these countings, the number of perturbable

variables is at most 50 and the count is upper-bounded by 3.

AEON clingo ApproxASP
#Solved 148 84 644
PAR2 7725 8711 283

Table 7.5: The performance comparison of different counters on C-MTS-3.

AEON clingo GANAK ApproxMC ApproxASP
#Solved 248 99 286 600 645
PAR2 6176 8476 5757 2481 150

Table 7.6: The performance comparison of different counters on C-FIX-3.

A detailed experimental analysis is given in Chapter E.

7.4.2 Phenotype Robustness Analysis: A Case Study

Model no. 118 in the BBM dataset [177] represents an interaction network related
to the activation of the so-called Interferon 1, a biochemical species closely tied

to immune response present in T-cells. The model was initially derived using [2]
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Table 7.7: Phenotype robustness analysis for the Interferon 1 model.

ISG | PCK | IFN | C-MTS-3 | Robustness ()
1 - - 3486784401 1.000
- 1 - 2114072298 0.606
- - 1 ] 2313362673 0.663
0 0 0 478296900 0.137
1 0 0 621785970 0.178
0 1 0 478296900 0.137
0 0 1 813104730 0.233
1 1 0 782989740 0.224
1 0 1 1096362783 0.314
0 1 1 813104730 0.233
1 1 1 1409735826 0.404

and then later tuned by domain experts to correctly capture relevant biological
phenotypes. It consists of 121 variables, of which 55 are “inputs”, meaning they are
not regulated by other variables.

The model defines three phenotype variables, ISG (ISG expression antiviral
response phenotype), PCK (Proinflammatory cytokine expression inflammation
phenotype), and IFN (Type 1 IFN response phenotype). As these are separate output
variables of the network, each trap space can exhibit any combination of active and
inactive phenotype variables.

Since the model defines response of T-cells to immunological stimuli and envi-
ronmental factors, it is important to understand how these mechanisms respond to
potential permanent perturbations, either due to genetic mutations or therapeutic
treatments. Here, we provide an overview of the model phenotypes through the lens
of phenotype robustness.

For simplicity, we selected 20 variables of the model as potential perturbation
targets. In reality, this choice would be further influenced by known genetic risk
factors or drug targets. Consequently, this choice results in 3% = 3486784401
admissible perturbations in our Boolean system. We then consider two phenotype
variants: First, where a single phenotype variable is expected to be 1 and the
remaining phenotype variables are unconstrained (i.e. they can be 0, 1, or %),
yielding three combinations. And second, more specific one, where each phenotype
variable is fixed to either 1 or 0, yielding eight combinations.

The results for C-MTS-3 and the subsequent robustness computation are given
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in Table 7.7. The first three columns describe the desired phenotype (— meaning
the value is unconstrained). The C-MTS-3 column lists the number of perturbations
for which said phenotype appears in the network. Finally, robustness r indicates
what portion of the possible perturbations still enable the corresponding phenotype.

Here, we can notice several biologically interesting outcomes:

o Regardless of perturbation, the network always exhibits a trap space with the
ISG phenotype. The remaining phenotypes are usually also present (r = 0.606
and r = 0.663), but are significantly less robust than [SG. This indicates that
(assuming favorable environmental conditions), expression of ISG as a response

to viral activity is robust and cannot be disrupted by a perturbation.

o Among the fully defined phenotypes, 010 and 000 are the least robust while 111
is the most robust. This shows the general tendency of T-cells to reliably and
consistently respond to immunological stimuli, as the 111 phenotype indicates

the maximal level of immunological activity.

o Even though ISG is the most robust phenotype when taken in isolation,
phenotypes with active IF'N generally achieve higher robustness when other

phenotypes are required to be inactive.

Such outcomes serve several functions: First, they can be used to validate (or
refute) assumptions about the biological tendencies of the studied system. Second,
if observations do not match model predictions, better quantitative understanding
can provide possible sources of further model refinement. Third, this knowledge
can enable us to better (more reliably or efficiently) select a phenotype that should
be targeted by a treatment among several related but distinct cellular phenotypes.
Finally, note that the number of solutions in each case is significantly higher than
what would be countable using standard enumeration, underscoring the importance

of dedicated counting methods, and approximate counting in particular.
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Chapter 8

Lower Bounding Minimal Model
Counts

Our objective is to develop methods to estimate a lower bound for the number
of minimal models (see definitions in Subsection 2.1.5) of a given propositional
formula. For this sake, we integrate knowledge compilation and hashing-based
techniques with minimal model reasoning, thus facilitating the estimation of lower
bounds. At the core, the proposed methods conceptualize minimal models of a
formula as answer sets of a target ASP program. Additionally, our proposed methods
depend on the efficiency of well-engineered ASP systems. Our approach utilizing
knowledge compilation effectively counts the number of minimal models or provides
a lower bound. Besides, our hashing-based method offers a lower bound with a
probabilistic guarantee (see definitions in Subsection 2.4.2). The effectiveness of our
proposed methods has been empirically validated on datasets from model counting
competitions and itemset mining. Our methods perform better compared to existing

minimal model reasoning systems.

8.1 Related Work

Given its significance in numerous reasoning tasks, minimal model reasoning
has garnered considerable attention from the scientific community. Minimal models
of a Boolean formula F' can be computed using an iterative approach with a
SAT solver [155]. The fundamental principle is as follows: for any model a €
MinModels(F"), no model of F' can exist that is strictly smaller than «; thus, F' A -«
yields no model. Conversely, if I’ A =« returns a model, it is strictly smaller than a.

Minimal models can be efficiently determined using unsatisfiable core-based
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MaxSAT algorithms [5]. This technique leverages the unsatisfiable core analysis
commonly used in MaxSAT solvers and operates within an incremental solver to
enumerate minimal models sorted by their size. In parallel, another line of research
focuses on the enumeration of minimal models by applying cardinality constraints
to calculate models of bounded size [70, 158]. Notably, Faber et al. [70] employed an
algorithm that utilized an external solver for the enumeration of cardinality-minimal
models of a given formula. Upon finding a minimal model, a blocking clause is
integrated into the input formula, ensuring that these models are not revisited by
the external solver.

There exists a close relationship between minimal models of propositional formula
and answer sets of ASP program [23]. Beyond solving disjunctive logic programs
(as detailed in Chapter 2), minimal models can also be effectively computed using
specialized techniques within the context of ASP, such as domain heuristics [92] and
preference relations [38].

Due to the intractability of minimal model finding, research has branched into
exploring specific subclasses of positive CNF formulas where minimal models can
be efficiently identified within polynomial time [14, 24]. Notably, a Horn formula
possesses a singular minimal model, which can be derived in linear time using unit
propagation [24]. Ben-Eliyahu and Palopoli [25] developed an elimination algorithm
designed to find and verify minimal models for head-cycle-free formulas. Angiulli
et al. [15] introduced the Generalized Elimination Algorithm (GEA), capable of
identifying minimal models across any positive formula when paired with a suitably
chosen eliminating operator. The efficiency of the GEA hinges on the complexity
of the eliminating operator used. With an appropriate eliminating operator, the
GEA can determine minimal models of head-elementary-set-free CNF formulas in
polynomial time, which is a broader superclass of the head-cycle-free subclass.

Graph-theoretic properties have been effectively utilized in the reasoning about
minimal models. Specifically, Angiulli et al. [15] demonstrated that minimal models
of positive CNF' formulas can be decomposed based on the structure of their
dependency graph. Furthermore, they introduced an algorithm that leverages
model decomposition, utilizing the underlying dependency graph to facilitate the
discovery of minimal models. This approach underscores the utility of graph-theoretic

concepts in enhancing the efficiency and understanding of minimal model reasoning.
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To the best of our knowledge, the literature on minimal model counting is
relatively sparse. The complexity of counting minimal models for specific structures
of Boolean formulas, such as Horn, dual Horn, bijunctive, and affine, has been
established as #P [60]. This complexity is notably lower than the general case
complexity, which is # - co-NP-complete [142].

8.2 Estimating Minimal Model Count

In this section, we introduce our proposed methods for determining a lower
bound for the number of minimal models of a Boolean formula. We detail two
specific approaches aimed at estimating this number. The first method is based
on the decomposition of the input formula, whereas the second method utilizes a

hashing-based approach of approximate model counting.

8.2.1 Formula Decomposition and Minimal Model Counting

Considering a Boolean formula F' = I} A F,, we define the components F} and
F; as disjoint if no variable of F' is mentioned by both components F} and F; (i.e.,
Var(Fy) NVar(Fz) = 0). Under this condition, the models of F' can be independently
derived from the models of F; and F; and the vice versa. Thus, if I} and F, are
disjoint in the formula F' = F} A Fy, the total number of models of F' is the product
of the number of models of F; and F,. This principle underpins the decomposition
frequently applied in knowledge compilation [149].

Building on the concept of the knowledge compilation techniques, we introduce
a strategy centered on formula decomposition to count minimal models. Unlike
methods that count models for each disjoint component, we enumerate minimal
models of F' projected onto the variables of disjoint components. Our approach
incorporates a level of enumeration that stops upon enumerating a specific count
of minimal models, thereby providing a lower bound estimate of the total number
of minimal models. Our method utilizes a straightforward “Cut” mechanism to

facilitate formula decomposition.

Formula Decomposition by “Cut” A “cut” C within a formula F' is identified as

a subset of Var(F') such that for every assignment 7 € 2€, F|, effectively decomposes
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into disjoint components [149]. This concept is often used in context of model
counting [147]. It is important to note that models of F'|. can be directly expanded

into models of F'.

Challenges in Knowledge Compilation for Counting Minimal Models
When it comes to counting minimal models, the straightforward application of unit
propagation and the conventional decomposition approach are not viable [131]. More
specifically, simple unit propagation does not preserve minimal models. Additionally,
the count of minimal models cannot be simply calculated by multiplying the counts of
minimal models of its disjoint components. An example provided below demonstrates

these inconsistencies.

Example 8.1. Consider a formula F'={aVbVc,maV -bVd,—aV bV e}.

(i) With the assignment 7, = {e}. Then {a} becomes a minimal model of F|,,.
However, the extended assignment 7 U{a} is not a minimal model of F.

(ii) Considering a cut C = {a,b} and the partial assignment 7o = {a,b}, then F|,,
is decomposed into two components, each containing the unit clauses {d} and {e},
respectively. Despite this, the combined assignment o U {d,e} = {a,b,d, e} is not a

minimal model of F, as a strictly smaller assignment {a,d, e} also satisfies F.

Traditional methods such as unit propagation and formula decomposition cannot
be straightforwardly applied to minimal model counting. Importantly, every atom
in a minimal model must be justified (this notion of justifiedness is similar to the
notion of justification discussed in Chapter 4). In Example 8.1, (i) the variable
e is assigned truth values without justification, leading to an incorrect minimal
model when the assignment is extended with the minimal model of F|. (ii) The
formula is decomposed without justifying the variables a and b, resulting in incorrect
minimal model when combining assignments from the other two components of
Flapy- Therefore, for accurate minimal model counting, operations such as unit
propagation and formula decomposition must be applied only to assignments that
are justified. Consequently, a knowledge compiler for minimal model counting must
frequently verify the justification of assignments. It is worth noting that verifying

the justification of an assignment is computationally intractable.

113



Minimal Model Counting using Justified Assignment We introduce the
concept of a justified assignment 7, based on a given assignment 7. Within the
minimal model semantics, any assignment of false is inherently justified. Therefore,
we define justified assignment 7* as follows: 7" = 7| (yevar(F)|r(v)=0} (the justification
definition has similarity with the justification we have discussed in Chapter 4).

By applying unit propagation of 7*, instead of 7, every minimal model derived
from F|,« can be seamlessly extended into a minimal model of F. While F|,

effectively decompose into multiple disjoint components, the justified assignment 7*

does not necessarily lead to effectively F'|~ decomposing into disjoint components.

A basic approach to counting minimal models involves enumerating all minimal
models. When a formula is decomposed into multiple disjoint components, the
number of minimal models can be determined by conducting a projected enumeration
over these disjoint variable sets and subsequently multiplying the counts of projected

minimal models. The following corollary outlines how projected enumeration can be

employed across disjoint variable sets to accurately count the minimal models.

Corollary 8.1. Let F' be decomposed into disjoint components Fy,..., F}, with
each component F; having a variable set V; = Var(F;), for i € [1,k]. Suppose
V =Var(F) =, V;. Then, [MinModels(F)|= [1F_,|MinModels(F),y;|.

Algorithm: Counting Minimal Models by Projected Enumeration We
introduce an enumeration-based algorithm, called Proj-Enum, that leverages justified
assignments and projected enumeration to accurately count the number of minimal
models of a Boolean formula F'. The algorithm takes in as input a Boolean formula
F and a set of variables C, referred to as a “cut” in our context. To understand how
the algorithm works, we introduce two new concepts: MinModelswithBlocking(F', 3)
and ProjMinModels(F, 7, X'). MinModelswithBlocking(F, B) finds o € MinModels(F")
such that V7 € B,o [~ 7; here, B is a set of blocking clauses and each blocking
clause is an assignment 7. ProjMinModels(F, 7, X) enumerates the set {0 x|o €
MinModels(F'), o |= 7}, where 7 serves as the conditioning factor and X serves as
the projection set. The algorithm iteratively processes minimal models of F' (Line 2),
starting with an initially empty set of blocking clauses (B = )). Upon identifying a

minimal model o, the algorithm projects o onto C, denoting the projected set as 7.
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Subsequently, Algorithm 7 enumerates all minimal models ¢ € MinModels(F") that
satisfy o = 7.

To address the inefficiency associated with brute-force enumeration, the algorithm
utilizes the concept of justified assignment and projected enumeration (Line 5).
Corollary 8.1 establishes that the number of minimal models can be counted through
multiplication. The notation Components(F’) (Line 4) denotes all disjoint components
of the formula F'. Tt is important to note that if F'|,« does not decompose into more
than one component, then the projection variable set X defaults to Var(F'), which
leads to brute-force enumeration of non-projected minimal models. Finally, we add

7 to B (Line 7) to prevent the re-enumeration of the same minimal models.

Algorithm 7 Proj-Enum(F, C)

1: Count <0, B+ 0

2: while J0 € MinModelswithBlocking(F, B) do

3: T &= 0y, d<+1

4 for each comp € Components(F|.+) do

5 d = d x |ProjMinModels(F’, T, Var(comp))|
6: Count < Count + d
7
8:

B.add(7)

return Count

Implementation Details of Proj-Enum. We implemented Proj-Enum using Python.
To find minimal models using MinModelswithBlocking(F, B), the algorithm invokes
an ASP solver on DLP(F') (see notations in Subsection 2.8.1). We used Clingo as
the underlying ASP solver. Each assignment 7 € B is incorporated as a constraint [9],
which ensures that minimal models of F' are preserved (see Observation 1). To
compute ProjMinModels(F, 7, X'), Algorithm 7 employs an ASP solver on DLP(F),
using X as the projection set. Additionally, it incorporates each literal from 7 as
a facet (see Subsection 2.2.5) into DLP(F) [4] to ensure that the condition 7 is
satisfied. We noted that the function ProjMinModels(F, 7, X') requires more time to
enumerate all minimal models. To leverage the benefits of decomposition, we enu-
merate upto a specific threshold number of minimal models (set the threshold to 10°
in our experiment) invoking ProjMinModels(F, 7, X'). Consequently, our prototype
either accurately counts the total number of minimal models or provides a lower

bound. Employing a tree decomposition technique [108], we calculated a cut of the
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formula that effectively decompose the input formula into several components. In

our implementation, we computed the cut with a time limit of 100 seconds.

Analysis of Proj-Enum.

Lemma 8.1. For Boolean formula F' and a cut C, the minimal models of F' can be

computed as follows: MinModels(F') = U, coc ProjMinModels(F, 7, Var(F')).

Proof. Corollary 8.1 demonstrates that minimal models can be computed through
component decompositions. By taking the union over 7 € 2°, we iterate over all
possible assignments of C. Consequently, Proj-Enum algorithm computes all minimal
models of F' by conditioning over all possible assignments over C. Therefore, the

algorithm is correct. O]

8.2.2 Hashing-based Minimal Model Counting

The number of minimal models can be approximated using a hashing-based model
counting technique, which adds constraints that restrict the search space. Specifically,
this method applies uniform and random (see Subsection 2.3.2) XOR constraints to a
formula F', focusing the search on a smaller subspace [105]. A particular XOR-based
model counter demonstrates that if ¢ trials are conducted where s random and
uniform XOR constraints are added each time, and the constrained formula of F is
satisfiable in all ¢ cases, then F' has at least 2°~“ models with high confidence, where
« is the precision slack [104]. Each XOR constraint incorporates variables from
Var(F'). Similar to ApproxASP (Chapter 5), our approach to minimal model counting
fundamentally derives from the strategy of introducing random and uniform XOR
constraints to the formula. In the domain of approximate model counting, the XOR
constraints consist of variables from a subset of Var(F), denoted as X within our
algorithm, which is widely known as independent support [48, 192].

Algorithm 8 outlines a hashing-based algorithm, named HashCount, for determin-
ing the lower bound of minimal models of a Boolean formula F'. This algorithm takes
in a Boolean formula F', an independent support X', and a confidence parameter 9.
During its execution, the algorithm generates total |X|—1 random and uniform XOR

constraints, denoted as Q°, where i ranges from 1 to |X|—1. To better explain the op-
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eration of the algorithm, we introduce a notation: MinModels(F™) represents the min-
imal models of F satisfying first m XOR constraints, Q!, ..., Q™. Upon generating
random and uniform XOR constraints, the algorithm finds the value of m such that
IMinModels(F™)|> 0 (meaning that 3o € MinModels(F),o = Q' A ... A Q™), while
IMinModels(F™1)|= 0 (meaning that 7 ¢ € MinModels(F),oc = Q' A ... A Q™)
by iterating a loop (Line 7). The loop terminates either when a Timeout occurs or
when it successfully identifies the value of m. If the Timeout happens, the algorithm
assigns the maximum observed value of m (denoted as m) to m*, ensuring that
IMinModels(F™)|> 1 (Line 8), which is sufficient to offer lower bounds. Finally,
Algorithm 8 returns 2™ ~@ as the probabilistic lower bound of |MinModels(F)|.

Algorithm 8 HashCount(F, X, )

L+ —log, (0) +1

2: generate |X'|—1 random constraints, namely @', ..., Q¥
3: hasMinModels[0] < 1, hasMinModels[|X|] < 0

4: loIndex <— 0, hilndex <— |X|,m < 1

5:m<— Lom « |
6:
T
8

9

for i < 1 to |X|—1 do hasMinModels|i] < L

while true do
if Timeout then m* < m break
if do € MinModels(#™) then

10: M < Max(rh, m)

11: if hasMinModels[m + 1] = 0 then m* <— m break
12: for i +— 1 to m do hasMinModels][i] < 1

13: loIndex < m

14: if 2 xm < |X| then m <~ 2 xm

15: else m W

16: else

17: if hasMinModels[m — 1] = 1 then m* < m — 1 break
18: for i < m to |X|—1 do hasMinModels[i] < 0

19: hilndex <— m

20: m (loIndex+m)

2
21: return 2™~

Analysis of HashCount. We adopt the following notation: s* = log, [MinModels(F’)|.
Each minimal model ¢ of F' is an assignment over Var(F'), and according to the

definition of random XOR constraint [103], o satisifies a random XOR constraint
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with probability of 1/2. Due to uniformity and randomness of XOR constraints,
each minimal model of F' satisfies m random and uniform XOR constraints with
probability of 1/2m. In our theoretical analysis, we apply the Markov inequality: if

Y is a non-negative random variable, then Pr[Y > a] < @, where a > 0.

Lemma 8.2. For arbitrary s, Pr[[MinModels(F*) > 1|] < 2;*

Proof. For each o € MinModels(F'), we define a random variable Y, € {0,1} and
Y, = 1 indicates that o satisifies the first s XOR constraints Q!, ..., Q°, otherwise,
Y, = 0. The random variable Y is the summation, Y = >>,cminModels(r) Yo- The
expected value of Y can be calculated as E(Y) = 3=, cminmodeis(r) E(Yo)-

Due to the nature of random and uniform XOR constraints, each minimal model
o € MinModels(F) satisfies all s XOR constraints with probability . It follows that
the expected value E(Y,) = o, and the expected value of Y is E(Y') = M"M‘;w =

2;:. According to the Markov inequality: Pr[|[MinModels(F*) > 1|] < 22: 0

Lemma 8.3. Given a formula F' and confidence ¢, if HashCount(F,d) returns 2°~%,

then Pr[2°=* < [MinModels(F)|] > 1—¢

Proof. Given a input Boolean formula F' and for each m € [1, |X|—1], we denote the
following two events: I,,, denotes the event that Algorithm 8 invokes MinModels(F™)
and F,, denotes the event that [MinModels(F")|> 1. The algorithm HashCount(F §)
returns an incorrect bound when s — a > s* and let use the notation R to denote
that HashCount(F,d) returns an incorrect bound or HashCount(F,d) > 2. The

upper bound of Pr[R] can be calculated as follows:

Pr[R] = Pr[HashCount(F,J) returns 2°°“ and s > s* + q
< Z PriI, N E, < Z Pr[E;]

s>s*+a s>s*+a
2
< Y Pr[[MinModels(F*)|> 1] < Y = According to Lemma 8.2
s>s*+a s>s*ta 2
S;X2§21—a§210g26§5
Thus, Pr[HashCount(F,J) returns 2°°“ and s < s* +a] > 1 — 6. O
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Implementation Details of HashCount The effectiveness of an XOR-based
model counter is dependent on the performance of a theory+XOR solver [191]. In
our approach, we begin by transforming a given formula F' into a disjunctive logic
program DLP(F) and introduce random and uniform XOR constraints into DLP(F)
to effectively partition the minimal models of F. To verify the presence of any
models in the XOR-constrained ASP program, we leverage the ASP+XOR solver
capabilities provided by ApproxASP [133]. To compute an independent support
for HashCount, we implemented a prototype inspired by Arjun [192], which checks
answer sets of a disjunctive logic program in accordance with Padoa’s theorem [175].
In our implementation, we computed an independent support with a time limit of

200 seconds.

8.2.3 Putting It All Together

Algorithm 9 MinLB(F,0)
1. if 70 € MinModels(F’) then return 0

2: if |Cut(F)|< 50 then return Proj-Enum(F, Cut(F))
3: else return HashCount(F, IndependentSupport(F), )

We designed a hybrid solver MinLB, presented in Algorithm 9, that selects either
Proj-Enum or HashCount depending on the decomposability of the input formula.
The core principle of MinLB is that Proj-Enum effectively leverages decomposition
and projected enumeration on easily decomposable formulas. We use |Cut(F')| as
a proxy to measure the decomposability. Thus, if |Cut(F")| is small, then MinLB
employs Proj-Enum on F' (Line 2); otherwise, it employs HashCount (Line 3). In our
implementation, we used a tree-decomposition-based technique to compute the cut,

with a time limit of 200 seconds.
Theorem 11. Pr[MinLB(F,d) < [MinModels(F)|] > 1—4¢

Proof. The proof consists of two cases.
(i) When MinLB calls Proj-Enum (if |C|< 50): in the case, the proof follows
Lemma 8.1.

(ii) MinLB calls HashCount: in the case, the proof follows Lemma 8.3. O
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8.3 Experimental Evaluation

Benchmarks and Baselines Our benchmark set is collected from two different
domains: (i) model counting benchmarks from recent competitions [77] and (ii)
minimal generators benchmark from itemset mining dataset CP4IM!. We used
existing systems for minimal model reasoning as baselines. These included various
approaches such as (i) repeated invocations of the SAT solver MiniSAT [155], (ii)
the application of MaxSAT techniques [5], (iii) domain-specific heuristics [92], and
(iv) solving DLP(F') with ASP solvers, all systems primarily count via enumeration.
These systems either return the number of minimal models by enumerating all of
them or a lower bound of the number of minimal models in cases where they run
out of time or memory. We cannot count minimal models by #SAT-based ASP
counters [132] because of their incapablity of handling disjunctive logic programs.
Experimentally, we observed that, for enumerating all minimal models, the technique
solving disjunctive ASP programs using clingo [91] surpassed the other techniques.
Therefore, we have exclusively reported the performance of clingo in our experimental
analysis. Additionally, we evaluated ApproxASP [133], which offers (¢, d)-guarantees
in counting minimal models. We attempted an exact minimal model counting tool
using a subtractive reduction approach — subtracting the non-minimal model count
from the total model count—we denote the implementation using the notation
#MinModels in further analysis. In our experiment, we ran HashCount with a
confidence 9 value of 0.2 and ApproxASP with confidence § = 0.2 and tolerance
€ = 0.8. The prototype of MinLLB is available at https://github.com/meelgroup/
MinLB; the benchmarks and experimental logfiles are available at https://zenodo.

org/records/19757334.

Environmental Settings All experiments were conducted on a high-performance
computing cluster equipped with nodes featuring AMD EPYC 7713 CPUs, each
with 128 real cores. Throughout the experiment, the runtime and memory limits

were set to 5000 seconds and 16GB, respectively, for all considered tools.

https://dtai-static.cs.kuleuven.be/CP4IM/datasets/
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Evaluation Metric The goal of our experimental analysis is to evaluate various
minimal model counting tools based on their runtime and the quality of their
lower bounds. It is essential to employ a metric that encompasses both runtime
performance and the quality of the lower bound. Consequently, following the TAP
score [3, 134], we have introduced a metric, called the Time Quality Penalty (TQP)

score, which is defined for each tool and instance as follows:

x T, if no lower bound is returned
TQP(t,C) =

1+10g (Cmin-‘rl) .
t+7T x THee (01D otherwise

In the metric, T represents the timeout for the experiment, ¢ denotes the runtime of
the tool, C' is the lower bound returned by the tool, and C,, is the minimum lower
bound returned by any of the tools under consideration for the instance. The TQP
score is based on the following principle: lower runtime and higher lower bound
yield a better score.

To facilitate the comparison of lower bounds returned by two tools, we have
introduced another metric for comparative analysis. If tools A and B yield lower
bounds C'4 and C'g respectively, their relative quality is defined as follows:

~ 1+1log(Ca+1)
1+1og (Cs + 1)

(8.1)

T'AB

If rpp > 1, then the lower bound returned by tool A is superior to that of tool B.

8.3.1 Experimental Results: Model Counting Benchmark

We present the TQP scores of MinLB alongside other tools in Table 8.1. This
table indicates that MinLB achieves the lowest TQP scores. Among existing minimal
model enumerators, clingo demonstrates the best performance in terms of TQP
score. Additionally, in Figure 8.1, we graphically compare the lower bounds returned
by Proj-Enum and HashCount against those returned by Clingo. Here, a point (z,y)
indicates that, for an instance, the lower bounds returned by our prototypes and
clingo are 2% and 2Y, respectively. For an instance, if the corresponding point resides
below the diagonal line, it indicates that Proj-Enum (HashCount, resp.) returns a
better lower bound than Clingo. These plots illustrate that Proj-Enum and HashCount

return better lower bounds compared to existing minimal model enumerators.
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Clingo ApproxASP  #MinModels MinLB (our prototype)
6491 6379 7743 5599

Table 8.1: The TQP scores of MinLB and other tools on model counting benchmark.

350 500 -

4001

Clingo

O 4
150 200 1

100 4

4 X X D
100 200 300 100 200 300 400 500
Proj-Enum HashCount

(a) The lower bound returned by Proj-Enum (b) The lower bound returned by HashCount

Figure 8.1: The lower bound of Proj-Enum and HashCount vis-a-vis the lower bound
returned by Clingo on minimal model counting benchmark. The axes are in log
scale.

8.3.2 Experimental Results: Minimal Generator Benchmark

Table 8.2 showcases the TQP scores of MinLB alongside other tools on the
minimal generator benchmark. Notably, HashCount achieves the most favorable
TQP scores on the benchmark. Additionally, Figure 8.2 graphically compares the
lower bounds returned by Proj-Enum and HashCount against those computed by

Clingo. In the figures, the axes are in log scale.

Clingo ApproxASP  #MinModels MinLB
6944 5713 9705 5043

Table 8.2: The TQP scores of MinLB and baselines on minimal generator benchmark.

For a visual representation of the lower bounds returned by our HashCount and
Proj-Enum, we illustrate them graphically in Figure 8.3. In the plot, a point (z,¥)
signifies that a tool returns a lower bound of at most 2¥ for = instances. The plot
demonstrates that the lower bounds returned by Proj-Enum and HashCount surpass
those of existing systems.

Further experimental analysis is deferred to Chapter F.
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(a) The lower bound returned by Proj-Enum (b) The lower bound returned by HashCount

Figure 8.2: The lower bound returned by Proj-Enum and HashCount vis-a-vis the
lower bound given by Clingo on minimal generators benchmark.
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(a) Model counting benchmark (b) Minimal generators benchmark

Figure 8.3: The lower bounds returned by Proj-Enum, HashCount, and existing
minimal model counting tools. The y-axis show the log of the number of models.
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Chapter 9

Conclusion

The thesis proposed efficient answer set counting techniques and solved real-world
problems exploiting efficient answer set counters. In the first part, we introduce
exact answer set counters sharpASP and sharpASP-SR, leveraging an alternative
definition of answer sets. Firstly, sharpASP adapts component caching-based propo-
sitional model counting to ASP counting without incurring a blowup in the size of
the resulting formula. Secondly, sharpASP-SR is an answer set counter based on
subtractive reduction, leveraging to its ability to rely on the scalability of state-of-the-
art projected model counters. Our experimental evaluation reveals that sharpASP,
sharpASP-SR and their corresponding hybrid counters can handle a greater number
of instances, compared to other techniques.

We present ApproxASP, the first scalable approximate counter for ASP programs
that employs pairwise independent hash functions, represented as XOR constraints,
to partition the solution space, and then invokes an ASP solver on a randomly
chosen cell. To achieve practical efficiency, we augment the state of the art ASP
solver, Clingo, with native support for XORs. Our empirical evaluation clearly
demonstrates that ApproxASP can tackle problems that lie beyond the reach of
existing counting techniques. The empirical analysis, therefore, positions ApproxASP
as the tool of choice in the context of counting for ASP programs.

In the second part, we demonstrate applications of answer set counting. We
introduce a novel approach for estimating network reliability by combining ASP
counting and theories derived from weighted model counting. The proposed tool,
RelNet-ASP, leverages the expressive modeling capabilities of ASP and incorporates
the latest advancements in ASP counting techniques. The experimental evaluation
demonstrates the scalability of RelNet-ASP in terms of accuracy and efficiency,

outperforming existing tools for network reliability estimation. These findings

124



highlight the potential of ASP as a powerful formalism for reliability analysis.

We demonstrate applications of answer set counting in systems biology and
address the problem of counting minimal trap spaces and fixed points in Boolean
networks. We propose novel methods for determining trap space and fixed point
counts using approximate answer set counting, thus entirely avoiding costly enu-
meration. We apply this methodology to three biologically motivated problems: (a)
general counting; (b) counting occurrences of a known biological phenotype, and (c)
projected counting of perturbable variables that ensure the emergence of a known
biological phenotype. Through extensive experiments on a diverse set of benchmarks,
we show that approximate counting substantially improves the feasibility of counting
in this domain, outperforming traditional enumeration-based and exact approaches
whenever applicable.

Leveraging the expressive power of ASP semantics and efficiency of well-engineered
ASP systems, we introduced two innovative methods for computing a lower bound on
the number of minimal models. The first method, Proj-Enum, leveraged knowledge
compilation techniques to provide improved lower bounds for easily decompos-
able formulas. The second method, HashCount, builds on recent advancements in
ASP+XOR reasoning systems of ApproxASP and demonstrated performance that

varies with the size of the independent support.
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Appendix A

Preliminaries: Appendix

Proof of 2.1

Proof. proof of “if” part: Proof idea: Proof by Contradication.
Assume that o € AS(DLP(F)) but o € MinModels(F). As 0 € AS(DLP(F)), then
o = F. Thus we only proof that there is no model ¢’ C ¢ such that ¢’ = F. For
purpose of the contradiction, assume that there is a model o/ C o and ¢’ = F. By
consturction of program DLP(F), as o’ = F, o' = DLP(F'). Note that the reduct
of DLP(F) w.r.t. o and ¢’ are same, more specifically, DLP(F)° = DEP(F)"/ =
DLP(F) because there is no default negation in DLP(F). Thus, ¢/ C o and
o' = DLP(F)?, which contradicts that o is an answer set of DLP(F).

proof of “only if” part: The proof is trivial. If ¢ € MinModels(F') and o ¢
AS(DLP(F')), then there is another ¢’ C ¢ and o’ = DLP(F'), which contradicts

that o is a minimal model because o’ = F. O]

Proof of Lemma 2.2

Proof. ‘if” part proof: Let I = {d'1,...,d’x} € Z be a minimal generator of D and
C(I,D) = {t",...,t'n}. Weproof that o = {p ... Dyl - - ,qy }is a minimal
model of MG(D). By definition of MG(D), ¢ is a model of MG(D). Now we show
that o is a minimal model of MG(D). We proof it by contradiction and assume that
there is model ¢’ = MG(D) and ¢ is strictly smaller than o. As I is a minimal
generator, there is no I’ C I such that C(I, D) = C(I’, D). Thus, there is at least one
t,eo\o ie,t, €C(o,D)and t', & C(c',D). By definition of MG(D), t',, occurs

exactly in one clause of MG(G) and let us denote the clause by notation Cy . The
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literal ¢, is justified in minimal model M, thus Va € (Z\ I t'u)’ Pa & M, which follows
that the clause Cyy is not satisified by o', which contradicts that o’ = MG(D).
‘only if” part proof: Let o be a minimal model of MG(D) and assume that
I, = {alp, € o} is not a minimal generator of D i.e., there is another I’, C I, such
that C(I,,D) = C(I'y, D). By construction of MG(D), C(I,,D) C {q:|¢: € o}. As
o € MinModels(MG(D)), V¢ € o has a justification. Note that the (positive) literal
q; occurs in exactly one clause MG(D), which implies that Va € (Z \ I;),p. & 0.
That turns out C(/,, D) = {¢|q: € o}, which follows that C(I',, D) = C(I,,D) =
{@|l¢: € o}. However, if I'; C I,, then there are two possible cases: (i) either
o' =A{pia € I';} U{q|lgs € 0} = MG(D), that contradicts that ¢ is a minimal
model of MG(D), (ii) or o' = {p.ja € I';} U{q:|¢: € o} F= MG(D) that contradicts
that C(L,, D) = C(I',, D). O
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Appendix B
Further Analysis: sharpASP

We now delve into the internals and form two groups of benchmarks:

e Group 1 instances where sharpASP(STD) runs faster than 1p2sat+STD and
aspmc+STD, which highlights the scenarios where the sharpASP(STD) algo-
rithm is more efficient than 1p2sat+STD and aspmc+STD

e Group 2 instances where Ip2sat+STD and aspmc+STD run faster than
sharpASP(STD), which shows the opposite scenario of Group 1.

ol 0
SharpASP(STD) aspmc+STD Ip25at+STD sharpASP(STD) aspmc+STD Ip2sat+STD

(a) BCP time (seconds) (b) #decisions (10-base log). (c) Cache hit (percentage).

Figure B.1: The ablation study of sharpASP(STD), Ip2sat+STD, and aspmc+STD
on Group 1 and Group 2 benchmarks.
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Figure B.2: The runtime performance of different counters on different computational
problems.
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#Decompositions

(a) aspmc+STD (b) lp2sat+STD (c) sharpASP(STD)

Figure B.3: The number of decompositions upto certain decision levels for different
variants of SharpSAT-TD (STD) on Group 1

#Decompositions
#Decompositions

0 o 10 0 30

(a) aspmc+STD (b) Ip2sat+STD (c) sharpASP(STD)

Figure B.4: The number of decompositions upto certain decision levels for different
variants of SharpSAT-TD (STD) on Group 2

Each group consists of 10 instances that had more than 10° answer sets, and therefore
clingo could not enumerate all answer sets. By running the instances on all versions
of SharpSAT-TD, we record the time spent on the procedure binary constraint
propagation (BCP), number of decisions, and cache hit rate for each counter. Taking
each group’s average of each quantity provides a clear and concise way to see how
sharpASP compares with others on average across all benchmarks. The statistical
findings across all counters are visually summarized in Figure B.1.

The strength of sharpASP lies in its ability to minimize the time spent on
binary constraint propagation (BCP) compared to other counters. The significantly
large formula size increases the overhead for BCP in the case of Ip2sat+STD and
aspmc+STD. However, we also observe that sharpASP suffers from high overhead in
the branching phase and high cache misses on Group 2 instances. To find out the
reason for a higher number of decisions, we analyze the decomposibility of Group 1
and Group 2 instances.

Our investigation has shown that, on all variants of SharpSAT-TD, most in-

148



stances of Group 1 start decomposing at nearly the same decision levels. Thus,
sharpASP(STD) outperforms on Group 1 instances due to spending less time on
BCP. We observed that several instances of Group 1 took comparatively more deci-
sions to make to count the number of answer sets on sharpASP(STD). One possible
explanation is that aspmc+STD and Ip2sat+STD assign auxiliary variables, which
have higher activity scores compared to original ASP program variables. Assign-
ing auxiliary variables facilitates Ip2sat+STD and aspmc+STD by assigning fewer
variables. However, sharpASP(STD) outperforms others due to structural simplicity
and low-cost BCP.

Our investigation has also revealed that Group 2 instances are hard-to-decompose
on sharpASP(STD) compared to other counters — necessitating more variable assign-
ments to break down an instance into disjoint components. Since sharpASP(STD)
assigns the original set of variables; it necessitates a larger number of decisions to
count answer sets on hard-to-decompose instances compared to aspmc and lp2sat
based counters. Moreover, the structure of hard-to-decompose instances also wors-
ens the cache performance of sharpASP. However, Ip2sat+STD and aspmc+STD
effectively decompose the input formula by initially assigning auxiliary variables.

To explain why sharpASP can count Group 1 instances efficiently but not
the Group 2 instances, we present a comparative study between sharpASP(STD),
Ip2sat+STD, aspmc+STD. For the comparative study, we visually present the num-
ber of decomposition nodes at different decision levels. Ideally, formula decomposition
avoids model counters from enumerating solutions and lesser decomposability implies
more number of decisions to make to count all solutions.

Figure B.3 shows the number of decompositions upto certain decision levels for
counters Ip2sat+STD, aspmc+STD, and sharpASP(STD) on Group 1 instances. The
graphs are non-decreasing because the number of decompositions upto level ¢ + 1 is
the sum of the number of decompositions upto level £ and number of decomposition
at level ¢/ + 1. These figures show that most of the instances of Group 1 start
decomposing almost at the same decision levels on all variants of SharpSAT-TD.
Thus, sharpASP(STD) outperforms on Group 1 instances due to spending lesser
time on BCP. We observed that several instances of Group 1 took comparatively
more decisions to make to count the number of answer sets on sharpASP(STD).

The possible explanation is that aspmc+STD and Ip2sat+STD assign auxiliary
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variables, which has more activity score compared to original ASP program variables.
Assigning auxiliary variables facilitates Ip2sat+STD and aspmc+STD by assigning
a lesser number of variables. However, sharpASP(STD) outperforms others due to
structural simplicity and low-cost BCP.

Figure B.4 shows the number of decompositions upto certain decision levels
for counters lp2sat+STD, aspmc+STD, and sharpASP(STD) on Group 2 instances.
These plots show that Group 2 instances are hard-to-decompose on sharpASP(STD)
compared to other counters — requiring more variable assignments to make to
decompose an instance into disjoint components. As sharpASP(STD) assigns the
original set of variables, sharpASP(STD) makes a large number of decisions to count
answer sets on hard-to-decompose instances compared to aspmc and Ip2sat based
counters. Moreover, the structure of hard-to-decompose instances also worsens the
cache performance of sharpASP. However, Ip2sat+STD and aspmc+STD effectively
decompose the input formula by initially assigning auxiliary variables.

To conclude, we can say that the performance of sharpASP depends on the
structural hardness and variable branching heuristics employed.

In light of these findings, it is evident that the performance of sharpASP is
critically reliant on the decomposability of input instances and the variable branching
heuristic employed. Notably, sharpASP demonstrates superior performance when
applied to structurally simpler input instances. If a variable branching heuristic
effectively decomposes the input formula by assigning variables within the ASP
programs, sharpASP outperforms alternative ASP counters. Conversely, when the
input formula’s decomposability is hindered, alternative approaches involving the
introduction of auxiliary variables prove to be more advantageous.

The runtime performance of each counter under different computational problems
is shown as cactus plots in Figure B.2. A point (z,y) denotes a counter counts a

total of x instances within a runtime of y seconds.

Compactness of Encodings. We analyze the size of the CNF formula on which
the underlying counting algorithms operate since the size of the input formula
can have a considerable impact on the performance of counting algorithms for
problems of similar nature. Specifically, for sharpASP and ASProb, we measure

the size of the formula as the conjunction of completion and copy operation of an
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Figure B.5: Visualization of the size of input formulas of different ASP counters.
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Figure B.6: The number of answer sets of instances solved by different ASP counters.

ASP program, whereas for aspmc and Ip2sat, we measure the size of the formula
obtained after Ip2sat and aspmc translation, respectively. Figures B.5a and B.5b
represent the comparison of CNF formulas in terms of the number of clauses and
variables, respectively. Our analysis shows that the CNF formula for sharpASP is
significantly smaller than that of aspmc and Ip2sat, and the encoding of sharpASP is

more compact than ASProb, both in terms of the number of variables and clauses.

Number of Answer Sets. We investigate whether sharpASP counts answer sets

via enumerations. The investigation involves a comparative analysis of the number
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of answer sets for each instance solved (i.e., returns the count) by sharpASP and
existing answer set counters. A cactus plot shows the findings of this analysis in
Figure B.6. In the plot, a point (z,y) denotes that a counter solves total x instances,
of which each of the instances has at most 10Y answer sets. The plot demonstrates
that sharpASP can solve instances that cannot be counted via enumeration-based
techniques (e.g., Clingo) due to the large number of answer sets and illustrates the

competitiveness of sharpASP compared to other ASP counters in terms of |[AS(P)|.
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Appendix C
Further Analysis: sharpASP-SR

Performance comparison across different computation problems. We
present the Table C.1 showing the number of instances across different benchmark
classes solved by different ASP counters. The second () and third columns (3='°°)
represents the total number of instances and total number of instances having more
that 1000 loop atoms in each benchmark class, respectively. We observe that there
are two benchmark classes: preferred extension and diagnosis, where the performance
of sharpASP-SR is surpassed by Clingo. Our observations reveal that these instances
tend to have a significantly larger number of loop atoms. More specifically, around

66% of Preferred extension instances and 100% of Diagnosis instances contain > 1000

loop atoms.
> 5221900 Clingo DynASP  Wasp ‘Ssh%r PASP-

2QBF 200 0 179 0 58 181
Strategic 226 0 53 0 0 125
Preferred 217 142 208 2 192 110
PC config 1 1 0 0 0 0
Diagnosis 11 11 11 0 8 6
Random 226 0 80 0 0 213
MTS 244 53 177 87 174 190

708 89 432 825

Table C.1: The performance comparison of different ASP counters across different
benchmark classes. The abbreviation MTS refers to minimal trap space benchmark,
respectively.
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D4 GPMC Ganak
#Solved 697 759 825
PAR2 3856 3463 2939

Table C.2: The performance comparison of alternative #34SAT counting techniques.

Experiments with Alternative Projected Model Counters We conducted
experiments with alternative projected model counters, including D4 [149] and
GPMC [197]. The purpose of this experiment is to evaluate the performance of
sharpASP-SR in combination with other projected model counters. The results
of these experiments, comparing the performance of the alternative counting tech-
niques, are summarized in Table C.2. The results reveal that sharpASP-SR with
GANAK outperforms sharpASP-SR with alternative projected model counters.

154



Appendix D
Further Analysis: ApproxASP

We evaluate the ASP+XOR solver of ApproxASP with zorro [67]. In the evalua-
tion, to generate ASP+XOR programs, we add as much XORs to the ASP program
so that the number of answer sets in a randomly chosen cell is at most pivot p. The
results on ASP+XOR programs are shown in Figure D.1. If a point is below the
diagonal, then ApproxASP (XOR solver) solves it faster. The timeouted instances
are shown beyond the 1000s axis. From the figure, it is clear that the XOR solver of

ApproxASP is significantly faster than zorro.
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Figure D.1: zorro vs ApproxASP (XOR solver) on ASP+XOR programs.
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Appendix E
Further Analysis: Counting BNs

The runtime performance of different tools is depicted in Figure E.1. We also
compare their counts for each solved instance in Figure E.2. In these cactus plots,
a point (z,y) indicates that a tool successfully completes = benchmark instances,
with each instance taking at most y seconds. The plots highlight the superiority of
the hashing-based counting techniques, ApproxASP and ApproxMC. Notably, even
in cases where ApproxASP solves fewer instances than ApproxMC (e.g. C-FIX-1),
it is typically faster on simpler instances, which is also reflected in its PAR2 score.

By examining the number of solutions successfully computed for different tasks,
we observe that only ApproxASP, ApproxMC, and GANAK can reliably count
instances having a large number of solutions (e.g. > 10%Y). Here, BDD-based

counters like AEON perform somewhat better on fixed point problems compared
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Figure E.1: Performance comparison of different counters across all counting prob-
lems.
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Figure E.2: The comparison of the number of solutions (minimal trap spaces or
fixed points) for instances solved by different counters.

to tools using plain enumeration (ADF and clingo), but cannot compete in the
(arguably more complex) trap space problems.

The performance of GANAK and ApproxMC is also severely affected by the time
required to compute their input CNF formulas (ref. Section 7.1). Here, deriving
the CNF problem representation is often considerably more time-consuming than
computing the comparable ASP encoding. Our results reveal that, on average, it
took about 545 seconds to compute the CNF formula for each BN. Moreover, for 39
BNs, the corresponding CNF could not be computed within the 5000-second timeout.
In contrast, the ASP encodings for all BNs—including the more challenging ones

with perturbable variables—were generated within seconds. This demonstrates the
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superior flexibility of the ASP-based approach.

Note that the approximate counters ApproxMC and ApproxASP provide an
(¢, 0)-guarantee. Thus for each solved instance, we computed the observed tolerance,
which is defined as max(Count/|as(p)|, IAS(P)l/count) — 1, where Count is the count
returned by ApproxASP or ApproxMC, and |AS(P)| denotes the answer set count
of program P. On average, ApproxMC and ApproxASP exhibit observed tolerances
of 0.032 and 0.007, respectively. The maximum observed tolerances were 0.39 for
ApproxASP and 0.07 for ApproxMC, both of which are well below the theoretical
bound of € = 0.8.

We evaluated ApproxMC and ApproxASP with a tighter guarantee, setting ¢ =
0.01 and 6 = 0.05. In these setting, ApproxASP solved 244,243,114, 258, 259, 130 for
C-MTS-1, C-MTS-2, C-MTS-3, C-FIX-1, C-FIX-2, and C-FIX-3, respectively, while
ApproxMC solved 263,259,120 for C-FIX-1, C-FIX-2, and C-FIX-3, respectively.
Thus, the higher precision significantly reduces the number of solved instances.

We compared the size of instances solved by different counting techniques across
various counting problems. We observed that, for minimal trap spaces, ApproxASP
solved instances with up to 4000 variables, while tsconj and AEON solved instances
with up to 321 variables. For fixed points, although there were large instances (up to

4000 variables), these have no fixed points, making a direct comparison unfeasible.
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Appendix F
Further Analysis: MinLB

The performance of Proj-Enum and HashCount contingent upon the size of the
cut and independent support, respectively. In this analysis, we explore the strengths
and weaknesses of Proj-Enum and HashCount by measuring their relative quality,
as defined in Equation 8.1, across various sizes of cuts and independent supports,
respectively. This comparative analysis is visually represented in Figure F.1, where
clingo serves as the reference.

In the graphical representations, each point (z,y) corresponds to an instance
where for the size of cut (independent support resp.) is z and the prototype
Proj-Enum (HashCount resp.) achieves a relative quality of y. In the plots, the
horizontal line is across 7 = 1 A relative quality exceeding 1 indicates that the lower
bound returned by Proj-Enum or HashCount surpasses that of clingo. These plots
reveal that Proj-Enum tends to perform well with smaller cut sizes, while HashCount
demonstrates better performance across a range from small to medium sizes of

independent support.
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Figure F.1: The relative quality of Proj-Enum and HashCount vis-a-vis different cut
and independent support size, where clingo is used as the reference baseline.
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