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Abstract—Cryo-electron microscopy (Cryo-EM) is a technique for determining the 3D structure of molecules, especially
macromolecules like proteins. The main computational task is to reconstruct the 3D density of a molecular structure given a series of
2D tomographic projections at random poses. Recent work has applied machine learning to this problem via amortized inference, but
has faced issues with non-convergence due to hard to escape local minima. Prior work has analyzed the problem from the perspective
of the amortization gap, but in a manner agnostic to the underlying geometric structure of the latent space. We instead analyze the
problem as a result of inherent obstructions caused by auto-encoding into a non-trivial topology, and propose a solution using a novel
multimodal normalizing flow based representation of pose space. We demonstrate that our representation escapes obstructions at a
higher rate compared to a state-of-the-art amortized inference model (CryoAl) in simplified scenarios, and has comparable

reconstruction performance on a synthetic dataset.

Index Terms—Cryo-EM, Normalizing Flow, Amortized Inference

1 INTRODUCTION
1.1 Background

RYO-electron microscopy (Cryo-EM) is a recently pop-
C ularized technique for determining the 3D structure of
molecules, particularly macromolecules like proteins. Com-
pared to X-ray crystallography (the traditional structural
imaging technique), it requires less sample material and can
does not need significant preparation like crystallization. In
addition, recent improvements on both the reconstruction
algorithm and microscopy hardware front have allowed
the technique to produce 3D structures with unprecedented
resolution, which has fueled growing interest [2].

The Cryo-EM technique begins by freezing target
molecules in a thin layer of vitreous ice. The layer is then
imaged using a transmission electron microscope (TEM),
resulting in an image containing many (10* - 107) 2D
tomographic projections (micrographs) of the molecule at
random orientations, which are then individually separated.
The final and most computationally challenging task is to
reconstruct the separated micrographs into a 3D potential
density; this is the main focus of our paper.

There are many factors that make this task inherently
challenging. For one, the noise levels in real Cryo-EM
images are often extremely high, as the strength of the
electron beam must be kept low to avoid damaging the
molecule. Another challenge is that unlike a typical tomo-
graphic reconstruction task, the orientations for each image
are unknown and must be estimated. [3]

Traditional state-of-the-art techniques (RELION [4],
cryoSPARC [5]) utilize iterative refinement in the form of
maximum likelihood expectation-maximization (ML-EM).
These require an expensive pose posterior estimation step
for each image in the dataset, making them difficult to scale.
Recent research tackles this problem using machine learn-
ing via amortized inference (cryoAl [6], cryoPoseNet [7]),

replacing the per-image pose estimation component with
a global, model-based estimator. However, these methods
face challenges in consistently converging to the correct
structure, instead sometimes becoming stuck in spuriously
symmetric local minima.

Shekarforoush et al. [8] analyze the cause of these local
minima as a result of the amortization gap, where the
model-based estimator fails to predict the true mode of the
posterior. They solve the problem by using a multi-headed
encoder that predicts multiple pose candidates, as well as
by introducing a 2-stage training process where poses are
refined per-image after a certain point. They demonstrate
faster and more consistent convergence compared to cryoAl,
but don’t incorporate geometric inductive bias (e.g. equiv-
ariance), which could allow for further improvement.

1.2 Contributions

Building upon prior work from Esmaeili et al. [9] and de
Ruijter et al. [10], we analyze the convergence problem as a
result of topological obstructions, which occur intrinsically
when encoding into a non-trivial topology. In the case of
amortized inference, this topology is the group of poses,
SO(3) x R2. For simplicity, we ignore the translation com-
ponent of the pose for the rest of the paper, and only work
with the group SO(3).

We focus on degree obstructions that occur as a result of
the non-simply connected nature of the latent topology. We
propose an experiment to measure the ability of models to
escape these degree obstructions in a simplified scenario,
both when they occur naturally through random initial-
ization or are introduced artificially through adversarial
training.

We then propose a novel modification to the cryoAl
encoder, where the predicted pose is instead represented
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Fig. 1. An overview of our proposed model; the encoder now produces a latent vector that parameterizes a distribution over SO(3) using normalizing

flow, from which we take the mode as our final pose prediction.

Fig. 2. A visualization of how the mode of the distribution can make a
discrete jump with a small change in latent representation. The distribu-
tions seen here are marginalized over the view direction and visualized
using HEALpix [1].

as the mode of a parameterized distribution, similar to the
GroupFlow-VAE architecture proposed by Esmaeili et al.
Using normalizing flow, the parameterized distribution can
be multi-modal, allowing discrete jumps in the global mode
and thus predicted pose to occur (see Fig. 2).

In our simplified experimental scenario, we demon-
strate improved ability to escape degree obstructions over
cryoAl. We also demonstrate comparable reconstruction
performance and similar rates of convergence on a synthetic
pre-catalytic spliceosome dataset.

2 RELATED WORK
2.1

Recent work [6] [7] has applied machine learning to the
problem of cryo-EM reconstruction in the form of amortized
inference; a network is trained to predict optimal pose of the
volume given the image, replacing the expensive posterior
estimation step in previous ML-EM methods. This technique
can be thought of as analogous to training an auto-encoder
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or variational auto-encoder; the pose predictor acts as the
encoder, encoding images into the latent space of poses,
and the volume estimate acts as the decoder, reconstructing
poses back into predicted projections.

Although more efficient, these methods have been ob-
served to exhibit convergence issues, sometimes becoming
stuck in spuriously symmetric local minima. Levy et al.
hypothesize this is due to the inherent mirror ambiguity
of the reconstruction problem, and attempt to mitigate this
issue using a “symmetric” loss, which takes the minimal
reconstruction loss between the image and its 180° rotation.
Although they demonstrate improved convergence, they
are unable to fully eliminate the problem of local minima,
especially for noisy datasets.

Shekarforoush et al. propose that the problem can be
explained by the amortization gap, i.e. the pose predictor
failing to accurately predict the true mode of the poste-
rior implied by the decoder’s volume estimate. From this
perspective, the symmetric loss introduced by cryoAl is
essentially a 2-headed estimator, where the image and its
180° rotation each explore a different region of the posterior,
explaining its ability to improve performance. They intro-
duce CryoSPIN, which extends this to an arbitrary number
of heads. They also introduce a semi-amortized training
scheme, where at some point the model switches to an auto-
decoding stage that refines existing pose predictions per-
image. However, they lose the geometric inductive bias (in-
plane flip equivariance) found in the cryoAl symmetric loss.

de Ruijter et al. instead address the problem by introduc-
ing more geometric inductive bias in the form of stronger
in-plane rotation equivariance. They use equivariant neural
networks to incorporate the bias directly into the encoder,
and extend it from flip equivariance to the C4 (ie. 90°
rotations) and D4 (i.e. 90° + flip) groups. Although they



Fig. 3. The blue domain is an example of a non-simply connected space.
There is no way to continuously transform the loop on the left to the loop
on the right while remaining on the blue domain.

demonstrate improved convergence speed and consistency
compared to cryoAl, they still observe convergence prob-
lems in some scenarios.

2.2 Topological Obstructions

Falorsi et al. [11] introduce the “homeomorphic encoder”,
which is a model that learns a homeomorphic mapping of
an input space to a topologically equivalent latent space.
Amortized inference in cryo-EM can be thought of as an
instance of this, where the latent space topology is described
by the group of poses, SO(3).

Esmaeili et al. demonstrate that training homeomorphic
encoders is inherently difficult due to obstructions at initial-
ization that are inescapable through continuous optimiza-
tion. Of particular relevance to us are degree obstructions,
which occur as a result of the non-simply connected nature
of the latent space.

For some intuition about why these obstructions occur,
recall that the definition of a non-simply connected space
is the presence of distinct classes of loops that can not be
continuously transformed between each other (see Fig. 3).
In the ideal homeomorphic encoder, loops of one class in
the input space would have to be mapped to loops of the
same class in latent space.

The problem arises when the encoder incidentally maps
a loop from one class into a different class at initialization.
Assuming the encoder is continuous in both its parameters
and inputs, a continuous path in parameter space that
brings the mapping back to the correct class would imply
the existence of a continuous deformation between loops of
different classes, which by definition can not exist. There-
fore, under gradient-flow dynamics, the model becomes
trapped in a local minimum.

While the real training process is not actually continuous
due to non-zero learning rate, the necessity of discrete jumps
to escape the defect adds a degree of difficulty, potentially
leading to the convergence problems we see in practice.

To solve this issue, they propose encoding into a latent
vector that parameterizes a distribution on the desired latent
space using normalizing flow. The latent representation is
then chosen to be the mode of the distribution, which they
propose is capable of making discontinuous jumps when
the underlying distribution is multimodal, allowing the
model to escape local minima. They demonstrate improved
performance on synthetic datasets with latent space in SO(2)
and the torus SO(2) x SO(2).

Our method extends their technique to SO(3) and applies
it to amortized pose inference, to the best of our knowledge
is novel.

3 PROPOSED METHOD
3.1 Image Formation Model

The task is to reconstruct the 3D electrostatic potential of the
molecule, which we represent as a density map V : R? — R.
We are given a series of micrographs I;, formed by electron
scattering when the beam hit the molecule at a random pose,
which we represent as R; € SO(3).

Under the weak-phase object model, the micrograph
can be approximately modeled as the 2D tomographic pro-
jection of the density. Since the image is formed using a
microscope, we also have to account its associated PSF, h;.
We also model noise as an additive Gaussian noise variable
€;. For the sake of simplicity, we have ignored the effect of
small translations of the particle in this paper.

PR%[V]:(z,y)%/V(RZ [z y 2]")dz )

3.2 General Pipeline

Much of our architecture is shared with cryoAl, with the
main change being to the latent space representation.

As a brief overview, a VGG-based encoder extracts the
features from a micrograph image, which are then passed to
a fully connected network to produce a latent representation
vector. This is then converted into an element of SO(3)
using our process, which acts as the pose estimate. For the
decoding step, this estimate is fed to an implicit decoder
representation which models the Fourier coefficients of the
volume as a function from R — C. Using the Fourier slice
theorem, we can query this decoder at a central slice to
get the Fourier transform of the simulated projection. We
then apply the PSF of the microscope to match the image
formation process, giving our reconstruction.

3.3 Normalizing Flow Representation

Our representation is the mode of a parameterized distribu-
tion p(z; 0), as suggested by Esmaeili et al.:

2*(0) = arg max, p(z;0) ©)]

, where z € SO(3).

Since finding the mode explicitly is expensive, we use
a Monte-Carlo estimate, sampling K poses and taking the
one with the highest probability. We found K = 200 to be a
good choice for our experiments, although we did not do an
explicit hyperparameter search to determine the best value.

To parameterize the distribution, we use normalizing
flow. In essence, we apply a parameterized, invertible trans-
formation 1" to a base density (in our case, the uniform
distribution on SO(3)) to shape it into our desired distri-
bution. We can formally describe the process of sampling a
value z and its associated log probability logp(z) from the
transformed distribution as follows:

zo ~ Uniform € SO(3) 4
z = T(20;0) ®)
log p(z;0) = log p(z0) — log | Jr(..0)(20)] (6)

, where Jp..g) is the Jacobian of the transform 7°(-; 6).



We utilize the convex gradient transform proposed by
Kohler et al. [12]. They work over the space of quaternions
for convenience, but ensure that the transformation is flip
equivariant (and thus that the distribution is flip invariant),
avoiding the need for additional marginalization when con-

verting back to SO(3).
The transformation is described as:
V.9 (x;0)
q)CG X5 )= ——F— (7)
59 = 9,0 0]

#(x; W, u,b,¢) = u' log(b + cosh(Wx)) + cx'x  (8)

, where W € R>H u e RY | beR, and c € Ry.

The total parameterization of the function can then
be represented as a concatenation of these subparameters,
0 € RSH+1 The positive constraint for parameters u, b, c
is ensured by applying the softmax function to the latter
2H + 1 components in 6.

H is a hyperparameter that describes how expressive the
transform can be. The authors demonstrate that H = 32 is
already capable of modeling highly multi-modal distribu-
tions, so we use that for all of our experiments.

Finally, we compute the on-manifold volume change,
| J7(..6)(20)|, using the procedure from their paper. The off-
manifold Jacobian matrix is computed automatically using
Pytorch, then projected onto the manifold using the tangent
spaces of the input and output vectors. We then compute its
determinant, giving us the volume change.

[Trso)| = det |B] Tr.o)(p) By )

3.4 Prior Loss

We also experiment with the addition of a prior matching
component to the loss to encourage multi-modal behaviour
in the parameterized distribution:

Lpri,m" = B logp(Z*; 0)

This term penalizes modes that are too concentrated,
and encourages the predicted distribution to be closer to
the uniform distribution.

(10)

4 EXPERIMENTAL RESULTS

4.1 Degree Obstruction

4.1.1 Experiment Setup

Since the goal of these experiments is to explore the be-
haviour of the encoder, we replace the decoder with a fixed
volume. In particular, we use the density of the pre-catalytic
spliceosome [13] to match the volume used in our later
reconstruction experiments. For simplicity, we also ignore
the effect of the microscope’s PSE. The task of this simplified
encoder is then to learn the homeomorphism from 2D
projections to poses:

¢: Pr[V] = R (11)

For training the encoder, we use the same reconstruction
loss objective as the actual model.

To explore degree obstructions, we use easy to generate
classes of loops in SO(3) with known degree. For degree
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Fig. 4. Degree 0 and degree 1 loops. The loops are visualized in a
slice of the axis-angle representation sphere, where the orange circle
represents where rotations wrap around (i.e. 7 — —)
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Fig. 5. Visualization of in plane and out of plane degree 1 loops.

0, we use the class of loops defined by circles of radius 1
centered at the origin in axis-angle space. For degree 1, we
use the class of loops generated by a 27 rotation around a
fixed axis (i.e. a line in axis-angle space). We represent these
loops discretely as a sequence of evenly spaced rotations,
L ={R;} ;. We use n = 127 for our experiments.

We also define a method for measuring the degree of
an arbitrary loop. We first define a simple algorithm to
map the loop onto the space of quaternions: iterate through
each rotation R;, converting it to a quaternion g¢;. This
conversion is ambiguous due to the double cover. If this is
the first rotation, make an arbitrary choice. Otherwise, pick
the choice from {g;, —q;} that is closest to ¢;_1.

Then, the degree of a loop can be found by checking
whether g,, or —g,, is closest to g; . If it is g,,, then the loop has
degree 0, otherwise, the loop has degree 1. This is a result of
the simply-connected nature of the space of quaternions.

Finally, we define a notion of loop continuity similar to
the continuity metric by Esmaeili et al.:

di = ||¢i — q((i-2)mod n)+1l (12)

M = maxd; (13)

P,, = ath percentile of {d;} ., (14)
M

Leont = Pigo (15)

For all experiments, we test with loops of degree 1 in
input space. We generate two main loops; one using an
axis with a large in-plane component (i.e. z component),
and another with a small component. This is to test the



hypothesis that the in-plane flip equivariance enforced by
the symmetric loss helps the model escape obstructions with
in-plane rotations. To produce our training data for a given
loop, we simply project the fixed volume at the pose defined
by its discrete rotations:

{LiYio = {Pr.VI}iL (16)

We use two main methods to generate degree obstruc-
tions:

e Random Initialization Randomly initialize the en-
coder until it encodes a degree 0 loop for the degree
1 input. This is closer to how defects would occur in
training, but estimating the degree can be inconsis-
tent if the model is not smooth at initialization.

e Induced via Training Train the encoder directly to
produce a degree 0 loop given the degree 1 input by
minimizing the MSE of rotation matrices.

After producing a degree obstruction, the encoder is
trained for 150 epochs using Adam [14] with a learning rate
of 1 x 10~%. We define the model to have converged if the
encoded loop is of degree 1 and has a loop continuity metric
below 10. We repeat this process for 16 trials to determine
the average convergence rate.

4.1.2 Results

Randomly Initialized Defects Summarized results can be
seen in Tab. 1.

For out-of-plane rotations, our representation escapes
the defects at a significantly higher rate to cryoAl. A minor
improvement is also observed when a component of prior
matching loss is added. Removing the symmetric loss from
cryoAl also greatly degrades performance, as seen by the
complete lack of convergence, suggesting that it plays an
important role in allowing cryoAl to escape from defects.

If the defect is resolved, cryoAl seems to converge to
a lower L.y, than our model, implying better training
behaviour when defects are not present.

For in-plane rotations, we observe a significantly higher
rate of convergence and lower L¢o,: from cryoAl if sym-
metric loss is used. However, performance remains poor if
symmetric loss is not used, supporting our hypothesis that
in-plane equivariance is most relevant for defect loops with
a large in-plane component.

Induced Defects Summarized results can be seen in Tab. 2.

For out-of-plane rotations, our representation escapes
defects at a higher rate than cryoAl, but the difference is less
pronounced than with random initialization. For in-plane
rotations, we observe a similar improvement with cryoAl
if symmetry loss is used, but also a small but noticeable
improvement without symmetry loss. This suggests that the
in-plane problem may be inherently easier to escape, but we
still observe a much larger improvement when symmetry
loss is used, supporting our hypothesis.

4.2 Reconstruction
4.2.1 Experiment Setup

Dataset We use a synthetic dataset of 100 000 128 x 128
simulated micrographs with SNR = 1. We generate this from

Ground
Truth

CryoAl CryoFlow

(B=2e-5)

CryoFlow
(8=0)

Fig. 6. Reconstructions of each model compared to the ground truth
structure. Visualized using ChimeraX

a pre-catalytic spliceosome density map computed from a
ground truth structure [13].

Training Hyperparameters All experiments use Adam with
a learning rate of 1 x 107 for training the encoder and
decoder.

Convergence To measure the tendency of the model to
become stuck in local minima, we train each model for 3
epochs using 8 random initializations and report the num-
ber of runs that reach convergence. Following de Ruijter et
al., we define convergence as achieving an MSE below 0.1,
where the MSE is computed between the aligned predicted
rotation matrices and the ground truth.

Reconstruction Quality We train each model for 60 epochs
to measure its performance at convergence. We use a stan-
dard metric for reconstruction quality, the Fourier Shell
Correlation (FSC) [15], which is a measure of correlation
between spherical shells of the reconstruction and ground
truth in Fourier space. We find the resolution of the recon-
structions using the standard FSC cutoff at 0.5.

4.2.2 Results

Convergence Summarized results can be seen in Tab. 3.

Without a prior matching loss, our model performs
worse than cryoAl, converging less often and producing
worse MSE at convergence. With the addition of a prior loss,
the model performance improves, achieving results similar
to cryoAl, but with a slightly worse MSE at convergence.

This suggests that our explanation of convergence fail-
ures purely in terms of topological defects is incomplete,
as if it was the dominant cause, we might expect a more
pronounced improvement in line with our results on our
toy example.

Reconstruction Quality Reconstructions are visualized us-
ing ChimeraX in Fig. 6. The FSC curves are shown in Fig.
7.

CryoAl produces a higher quality reconstruction, with
better resolution and higher correlations in the FSC at all
frequency shells. This is somewhat in agreement with the
results in our toy experiment, as we observed that our
model converged slower than cryoAl once the topological
obstruction was resolved. We also found that adding a
component of prior matching loss slightly improves recon-
struction quality for our model.

5 CONCLUSION

We introduce a new pose representation defined as the
mode of a parameterized normalizing flow, and show that



TABLE 1
Results on Randomly Initialized Obstructions

Axis Type Models Conv. / Total | Mean Lcont @ Conv.

CryoFlow (8 = 0) 8/16 1.87
Out of Plane | CryoFlow (8 =3 x 107°) 15/16 191
CryoAl 2/16 1.38

CryoAl (no Lsym) 0/16 -
CryoFlow (5 = 0) 15/16 1.43
In Plane CryoFlow (8 =3 x 1075) 13/16 1.61
CryoAl 14/16 1.04
CryoAl (no Lsym) 2/16 5.62

TABLE 2
Results on Induced Obstructions
Axis Type Models Conv. / Total | Mean Lcont @ Conv.

CryoFlow (8 = 0) 12/16 2.12
Out of Plane | CryoFlow (3 =3 x 107°) 14/16 1.87
CryoAl 8/16 1.08

CryoAl (no Lsym) 0/16 -
CryoFlow (5 =0) 14/16 1.50
In Plane CryoFlow (8 =3 x 107°) 16/16 1.47
CryoAl 14/16 1.12
CryoAl (no Lsym) 3/16 1.04

TABLE 3
Convergence Results on Spliceosome Dataset

Models

H Conv. / Total ‘ Avg. MSE @ Conwv.

CryoFlow (8 = 0)

CryoFlow (8 =2 x 1075%)

CryoAl
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Fig. 7. Fourier Shell Correlation curves for trained models. The resolu-
tions are reported using the 0.5 cutoff.

this representation improves a model’s ability to escape
topological defects in a controlled toy setting. We further
demonstrate that our method can reconstruct a 3D density
from a synthetic dataset with quality comparable to cryoAl,
although we do not observe improved convergence behav-

3/8 0.0327
6/8 0.0209
6/8 0.0148
ior.

Future work should better characterize how topological
defects arise and evolve in realistic training scenarios. This
could be done by detecting when defects occur in model
training, or by extending our toy setup with a trainable
decoder to better approximate actual behavior.
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