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..Ϫ̓˜ν ͈δ ˜ ν̗δδ̗ͣͣ˜ν͈ͽͰ?



˜ δ͈ͭΥ̗ͣ ν̗δδ̗ͣͣ˜ν͈ͽͰ
.

Checkerboard Tessellation
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Ϫ̓˜ν ͈δ ˜ ν̗δδ̗ͣͣ˜ν͈ͽͰ?
.

Definition:

A tessellation T of the space En is a countable family of closed sets,
T, called tiles:

T = {T1, T2, . . .}

such that

1. T has no overlaps: T̊i ∩ T̊j = ∅ if i ̸= j
2. T has no gaps:

∪∞
i=1 Ti = En
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̃ͽͭΥͽͰ̗Ͱνδ ͽ̴ ˜ ν̗δδ̗ͣͣ˜ν͈ͽͰ
.

Definition:

Let {T1, T2, . . .} be the set of tiles of tessellation T , partitioned into a
set of equivalence classes by criterionM. The set, P , of
representatives of these equivalence classes is called the protoset
for T with respect toM.

Example:

Criterion: M = {Colour of the tile. Only opposite colours may touch.}

Protoset: P = { , }
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ΥΫͽνͽδ̗νδ ˜͈̋ͭν ν̗δδ̗ͣͣ˜ν͈ͽͰδ
.

Definition:

If T is a tessellation with protoset P , then we say that P admits T .

Example:

We say

P = { , }
admits
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ΥΫͽνͽδ̗νδ ̃˜Ͱ ˜͈̋ͭν ͭϋ ν͈ͣΥ̗ͣ ν̗δδ̗ͣͣ˜ν͈ͽͰδ
.

P = { , }
admits both

and
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ͭ˜ν͈̃̓Ͱ̹ Ϋϋ̗ͣδ ̃ͽΫΫ̗δΥͽͰ̋ νͽ ̴̗̋ͽΫ̗ͭ̋ ΥΫͽνͽδ̗νδ
.

Edge deformations can force matching rules.

P = { , } P = { , }

→

Matching Rules =⇒ Deformed Protoset
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..̋ ̗δ̃Ϋ͈˾͈Ͱ̹ ν̗δδ̗ͣͣ˜ν͈ͽͰδ



Υ̗Ϋ͈ͽ͈͈̋̃νϲ
.

Definition:

A tessellation is said to be periodic if it admits translational
symmetry in two directions.

Definition:

A tessellation is said to be non-periodic if it admits no translational
symmetries.

Periodic Non-Periodic
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ν̗̓ ˜Υ̗Ϋ͈ͽ͈̋̃ Ωϋ̗δν͈ͽͰ
.

Checkerboard protoset,

P = { , }
admits both periodic and non-periodic tessellations.

Periodic Non-Periodic
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ν̗̓ ˜Υ̗Ϋ͈ͽ͈̋̃ Ωϋ̗δν͈ͽͰ
.

Checkerboard protoset,

P = { , }
admits both periodic and non-periodic tessellations.

Some protosets,

P = { , }
admit only periodic tessellations.

Periodic Non-Periodic
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ν̗̓ ˜Υ̗Ϋ͈ͽ͈̋̃ Ωϋ̗δν͈ͽͰ
.

Checkerboard protoset,

P = { , }
admits both periodic and non-periodic tessellations.

Some protosets,

P = { , }
admit only periodic tessellations.

Are there any protosets,

P = {?}
that admit only non-periodic tessellations?

Periodic Non-Periodic

Periodic Non-Periodic
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..̃ Ͱ ˜Υ̗Ϋ͈ͽ͈̋̃ ν̗δδ̗ͣͣ˜ν͈ͽͰ



ν̗̓ Υ̗ͰΫͽδ̗ Ϋ̓ͽͭ˾δ ΥΫͽνͽδ̗ν
.

P = { , }*

* With matching rules
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ν̗̓ Υ̗ͰΫͽδ̗ Ϋ̓ͽͭ˾δ ΥΫͽνͽδ̗ν
.

P = { , }

admits only non-periodic tessellations, called Penrose Tessellations.
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ͰͽͰ-ͣͽ̃˜͈ͣνϲ ͽ̴ ν̗̓ Υ̗ͰΫͽδ̗ ν̗δδ̗ͣͣ˜ν͈ͽͰδ
.

Cannot be constructed through local procedures.

Example:

This arrangement

follows the matching rules.
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ͰͽͰ-ͣͽ̃˜͈ͣνϲ ͽ̴ ν̗̓ Υ̗ͰΫͽδ̗ ν̗δδ̗ͣͣ˜ν͈ͽͰδ
.

Cannot be constructed through local procedures.

Example:

This arrangement

follows the matching rules, but is a mistake!
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..̃ ͽͰδνΫϋ̃ν͈ͽͰ ˾ϲ δϋ˾δν͈νϋν͈ͽͰ



δϋ˾δν͈νϋν͈ͽͰ Ϋϋ̗ͣδ ͽͰ Ϋͽ˾͈ͰδͽͰ νΫ͈˜Ͱ̹̗ͣδ
.

First, consider the Rhombs as joined triangles:

→

→
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δϋ˾δν͈νϋν͈ͽͰ Ϋϋ̗ͣδ ͽͰ Υ̗ͰΫͽδ̗ Ϋ̓ͽͭ˾δ
.

→

→
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δϋ˾δν͈νϋν͈ͽͰ Ϋϋ̗ͣδ ͽͰ Υ̗ͰΫͽδ̗ Ϋ̓ͽͭ˾δ
.

→

→
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δν˜Ϋν Ϫ͈ν̓ ˜ δ̗̗̋: ν͈̓̃͞ Ϋ̓ͽͭ˾ϋδ
.
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˜ΥΥ ϲͣ δϋ˾δν͈νϋν͈ͽͰ Ϋϋ̗ͣδ
.
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˜ΥΥ ϲͣ δϋ˾δν͈νϋν͈ͽͰ Ϋϋ̗ͣδ ˜̹˜͈Ͱ
.
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˜ΥΥ ϲͣ δϋ˾δν͈νϋν͈ͽͰ Ϋϋ̗ͣδ ˜̹˜͈Ͱ ˜Ͱ̋ ˜̹˜͈Ͱ
.
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˜ΥΥ ϲͣ δϋ˾δν͈νϋν͈ͽͰ Ϋϋ̗ͣδ ˜̹˜͈Ͱ ˜Ͱ̋ ˜̹˜͈Ͱ ˜Ͱ̋ ˜̹˜͈Ͱ
.
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˜ΥΥ ϲͣ δϋ˾δν͈νϋν͈ͽͰ Ϋϋ̗ͣδ ˜̹˜͈Ͱ ˜Ͱ̋ ˜̹˜͈Ͱ ˜Ͱ̋ ˜̹˜͈Ͱ ˜Ͱ̋ ˜̹˜͈Ͱ
.
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˜ΥΥ ϲͣ δϋ˾δν͈νϋν͈ͽͰ Ϋϋ̗ͣδ 10 ν͈̗ͭδ
.
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˜ΥΥ ϲͣ δϋ˾δν͈νϋν͈ͽͰ Ϋϋ̗ͣδ 11 ν͈̗ͭδ
.
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..Υ̗ͰΫͽδ̗ ν̗δδ̗ͣͣ˜ν͈ͽͰ ̴̗˜νϋΫ̗δ



̗̋Ͱδ͈νϲ ͽ̴ Υ˜νν̗ΫͰδ
.

Any pattern with diameter d will begin repeating within
3√ϕ
2 d from its perimeter.
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̗̋Ͱδ͈νϲ ͽ̴ Υ˜νν̗ΫͰδ
.
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̗̋Ͱδ͈νϲ ͽ̴ Υ˜νν̗ΫͰδ
.
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̗̋Ͱδ͈νϲ ͽ̴ Υ˜νν̗ΫͰδ
.
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̗̋Ͱδ͈νϲ ͽ̴ Υ˜νν̗ΫͰδ
.
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δϋΫΥΫ͈δ͈Ͱ̹ Ϋͽν˜ν͈ͽͰ˜ͣ δϲ̗ͭͭνΫϲ
.

Penrose Tessellations can admit five-fold rotational
symmetry.

(Impossible for periodic tessellations)
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Ϋ˜ν͈ͽ ͽ̴ ν͈̓̃͞ νͽ ν͈̓Ͱ Ϋ̓ͽͭ˾δ
.

# of

# of

=ϕ
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̃ͽͰ̃ͣϋδ͈ͽͰ
.

Questions?

 github.com/jessebett/PenroseTilingThesis
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github.com/jessebett/PenroseTilingThesis


˾͈˾͈ͣͽ̹Ϋ˜Υ̓ϲ
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