

















Fig. 8. Any gap or hole in the input geometry (top) is automatically filled
by our algorithm (bottom), generating an analysis-ready tetrahedral mesh.

be performed in rational numbers and it is numerically unstable
close to the surface (where we care the most), due to the use of
trigonometric functions.

As a result of this step, both small gaps and large surface holes
will be filled according to the induced winding number field (Figures
8 and 11). Consequently, if the input mesh has holes, our algorithms
produces a tetrahedral mesh whose surface is not completely inside
the € envelope, since the triangles used for hole filling may be
outside.

3.4 Technical Detail

Hybrid Kernel. Implementing the mesh optimization with only
exact rational numbers to store the position of the vertices is not
practical for two reasons: (1) the size of the rational representa-
tion grows every time a vertex is modified (dramatically increasing
the computation time as the algorithm proceeds, especially in the
smoothing step), and (2) rational operations are not supported di-
rectly in hardware, and are much slower than floating point oper-
ations. We implemented our algorithm using an hybrid geometric
kernel, similar in spirit and design to [Attene 2017]. For each vertex,
we store its coordinates in exact rational numbers only if any of
the incident tetrahedra invert after rounding its vertices to float-
ing point representation. This has two major benefits: it avoids the
growth of the rational representations, since it trims their length
as soon as it is possible to round a vertex, and reduces the memory
consumption. Note that this does not affect the correctness of the
algorithm since problematic regions containing almost degenerate
elements will continue to use an exact rational representation.

Voxel Stuffing. While guaranteed to produce a valid mesh for
any input, the algorithm described in Section 3.1 can (and will)
generate poorly-shaped initial cells whose size is different from
what the user prescribed, requiring extensive cleanup in the mesh
improvement step. To reduce running times, we found it beneficial
to preemptively add some proxy points in a regular lattice inside
the bounding box of the input triangle soup. To avoid creating
degenerate cells, we remove proxy points that are within § (§ >
€, default: § = %) from the surface. These points are passed to
the Delaunay tetrahedralization algorithm (Figure 9), producing
a superior starting point that requires fewer local operations to
reach a usable quality. In addition to reducing the timing in the
optimization stage, this step also localizes the BSP construction
around the input surface. We experimentally found that setting the
grid edge length to 2% provides the highest benefit, with b being the
length of the diagonal of the bounding box.
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Fig. 9. Voxel stuffing produces a tetrahedral mesh (middle) of quality com-
parable to a direct BSP-tree construction (right), but reduces the running
times from 3292.3 seconds to 2476.6 seconds.

Fig. 10. A heavily tessellated bridge model from Thingi10k (top, left), is
simplified by our algorithm, while keeping the surface in the envelope (top,
right), and then converted into a tetrahedral mesh (bottom).

Input Simplification. The BSP-tree construction potentially in-
troduces a quadratic number of intersections with respect to the
number of faces. This only happens in rare pathological cases and
it is not an issue for the majority of real-world models, but we did
find two problematic ones over ten thousand in Thingi10k [Zhou
and Jacobson 2016] (one of which is shown in Figure 10). In these
two models, this issue is sufficiently severe to make the BSP tree
mesh larger than 64GB, making our implementation crawl due to
memory swapping. We propose a preprocessing step that, while not
changing the upper bound complexity of our algorithm, resolves
this issue on all meshes we tested it with. The preprocessing tries to:
(1) collapse all manifold edges of the input triangle soup, accepting
the operations that do not move the surface outside of the envelope
and (2) improve the quality of the mesh (in terms of angles) by flip-
ping edges, still keeping the surface in the envelope. This procedure
simplifies regions with low curvature, and effectively reduces the
number of vertices introduced by the BSP tree. We were not able
to construct a synthetic case that breaks this procedure when a
realistic € is provided. We used this procedure for all our results,
since it improves performance also on non-pathological meshes.
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Fig. 11. For an input model with open boundaries (top, left, red lines), we
add a reprojection in the smoothing step to preserve them (top, right). To
improve the surface quality, we apply Laplacian smoothing to the output
faces used to fill the open regions (bottom).

Open Boundaries. If the surface contains an open boundary, using
only the surface envelope is not always sufficient to ensure a good
approximation of the input triangle soup: while unlikely to happen,
the boundary is free to move anywhere inside it, potentially moving
away from the open boundary, while staying inside the envelope. We
address this problem, tracking the open boundaries and reprojecting
its vertices back to it in the smoothing step (Figure 11). We consider
an edge an open boundary if only one triangle is incident to it.

Envelope Test. Our algorithm heavily relies on testing whether a
triangle is contained inside the mesh envelope or not to ensure that
the embedded surface stays within the envelope during optimization
(Section 3.2). An exact solution would be prohibitively expensive for
our purpose [Barton et al. 2010; Tang et al. 2009], and we thus use a
conservative floating point approximation. Since the approximation
error is bounded, our method guarantees that none of the output
surface points is outside the envelope.

We implicitly construct the envelope by measuring point-to-mesh
distance to the unprocessed input mesh, accelerated by an AABB tree
[Lévy 2018; Samet 2005]. To check if an embedded surface triangle
face is inside of the envelope, we sample this face using a regular
triangular lattice with d as the length of the lattice edge. We also
add additional samples on the edges of the face, ensuring a maximal
sampling error of d//3 (Figure 12, left). The triangle is considered
inside if all the samples are closer than é = € — deyr (derr = d/\V3),
which is a conservative envelope. Since the maximal sampling error
is bounded by de,, this ensures a correct result, up to floating point
rounding. This construction allows us to control the computational
cost: a small d means denser sampling and more computational
cost but leads to a wider envelope, allowing our algorithm more
flexibility in relocating the vertices. Our experiments showed that
d =€ (€ = (1-1/V3)e) is a good compromise.

However, the discrete nature of the sampling introduces a subtle
problem: our envelope check is conservative, but not consistent, i.e.
reallocating samples on a face of embedded surface by editing its
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Fig. 12. A triangle face sampled using a triangular lattice has all samples
inside the conservative é-envelope can have points outside the envelope by
at most d/V3 (left). Splitting the triangle into two changes the sampling
pattern (right), and some samples on one of its sub-faces are now outside
the conservative envelope (marked in red).

vertices could make it erroneously classified as outside, since some
samples might land outside the conservative envelope é (but not
outside the user-specified envelope €) (Figure 12, right). This could
prevent the optimization algorithm for improving the quality of
some regions, since operations might be rejected due to the exces-
sively conservative envelope check. This is a rare occurrence, we
observed it on only 3 models over 10k (0.03%).

We propose a robust, yet expensive, solution for these problem-
atic cases: observing that if there are locked elements, enlarging
é by derr guarantees that all elements will be free to move again,
we increase the sampling density to
make enough space for enlarging the en-
velope, so that locked regions are freed . —1| g | der [valic?

—€—

without violating the user-specified en- B e
velope €. Let k an integer representing € = rlk <
the current stage (the initial stage is de- "~ ? valid?
noted by k = 1). In stage k: we (1) set the yes
sampling distance to di = d/k, (2) run € ===

the algorithm, and then (3) enlarge the
envelope for k — 1 times by d,,/k each
time during the geometric optimization l
(see inset). If a model is still invalid (i.e.
the output contains no unroundable vertex) after the geometric
optimization in stage k, we then enter into stage k + 1, rerun the
algorithm with a denser sampling, and repeat this procedure until
it succeeds.

Across the Thingil0K dataset, 9997 models produced valid out-
puts after stage 1, and the remaining 3 models succeed after stage 2.
Since enlarging envelope gives more freedom for moving vertices
and cleaning surface, this method can also help to improve qual-
ity to some degree: we got 99.98% output tetrahedral meshes have
minimal dihedral angle larger than 1 degree with k = 2, while this
percentage is only 99.52% with k = 1.

4 RESULTS

We implemented our algorithm in C++, using Eigen for linear al-
gebra routines, CGAL and GMP for rational computations. The
source code of our reference implementation is available at https:
//github.com/Yixin-Hu/TetWild.

Robustness and Performance. We tested our algorithm and a se-
lection of competing methods over the entire Thingil0k dataset


https://github.com/Yixin-Hu/TetWild
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Table 1. Statistics for the datasets in the paper.

Model Input Output
Id Fig. #V #V Angle AMIPS | Time(m)
255648 3 91550 61506 4.8/41.3 16.1/4.1 48.8
134705 4 66045 2208 5.6/41.4 11.5/4.1 3.0
134705 4 66045 11341 11.7/46.4 7.8/3.7 10.3
134705 4 66045 | 470742  10.3/47.3 11.4/3.7 168.5
114029 6 | 123565 | 118347 10.3/45.4 9.2/3.7 47.2
376252 7 | 980051 31734 11.1/45.8 8.0/3.7 10.9
62526 8 7818 25773 8.9/43.7 9.6/3.9 17.7
38416 9 | 120172 87648  10.2/46.3 8.0/3.7 44.6
996816 10 76111 12663  0.02/45.0 1625.4/4.0 747.7
48354 11 10945 21211  10.5/45.8 8.0/3.7 34
486859 15 14629 15011  10.0/45.3 9.3/3.7 5.3
42155 15 24646 7248 13.3/45.4 7.3/3.7 2.1
78481 15 | 298370 11385 12.7/46.4 7.9/3.7 3.9
551021 15 | 174066 51011 10.2/46.1 9.4/3.7 16.5
488049 15 23036 3574 13.0/43.2 7.8/4.0 1.3
47076 15 768 5491 9.7/44.7 9.6/3.8 1.0
964933 16 148 4991  10.0/44.5 8.3/3.8 1.2
1036403 17 87046 46220  10.5/45.1 8.1/3.8 20.3
1036403 17 87046 | 202846  12.4/50.1 7.7/3.5 162.7
252683 18 | 906835 34721 10.0/44.5 8.2/3.8 14.1
252683 18 | 906835 | 119087 10.1/46.4 8.0/3.7 113.4
78211 19 320 2042 11.3/34.2 9.9/4.6 0.5
78211 19 320 8661 9.3/43.5 10.1/3.9 14.2
63465 20 592 6238  14.1/44.9 8.2/3.8 0.9
76538 21 14169 10098  12.0/44.9 7.9/3.8 3.9
1065032 22 48506 27362 8.5/45.4 9.4/3.8 9.2
1036658 23 4244 3713 12.3/43.7 7.9/3.8 1.4
Bunny 24 11247 38326 7.7/43.8 9.3/3.9 7.2
Bunny 24 11247 87359 9.9/43.0 8.1/4.0 20.8
1505037 25 19218 37782 10.2/44.2 8.0/3.9 16.8

Note: From left to right: Thingi10k model ID, figure where it appears, number of input
vertices, number of output vertices, dihedral angle (min/avg), AMIPS energy (Equation
1) (max/avg), running time in minutes.
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Fig. 13. Comparison of running time.

[Zhou and Jacobson 2016]: we show a few examples in Figure 15,
report aggregate statistics in Table 2, running times in Figure 13, and
output mesh quality in Figure 14. We also report detailed statistics
for all models shown in the paper (with the exception of Figure 1)
in Table 1. We selected their parameters to make the comparison as
fair as possible, and we provide all parameters used in the additional
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Fig. 14. Comparison of generated mesh quality on Thingi10k dataset. For
each software, we show the distribution of 6 common quality measures of
all tetrahedra in 1000 randomly sampled meshes generated from Thingi10k
dataset. Quality measures: dihedral angle, inscribed/circumscribed sphere
radius ratio, conformal AMIPS energy, and normalized Shewchuk’s gradient
error estimate factor ([Shewchuk 2002b]).

material. CGAL. We compared our method with [Jamin et al. 2015]
in 3 scenarios: (1) CGAL with polyhedral oracle with feature protec-
tion, (2) CGAL with polyhedral oracle without feature protection,
and (3) CGAL with implicit surface oracle. (1) and (2) are run using
the standard implementation inside CGAL, enabling and disabling
feature protection (Section 2), respectively. For (3), we passed an
implicit function based on the winding number calculation, used in
our filtering. We provide a signed distance field as oracle (computed
with the AABB tree in [Jacobson et al. 2016]), and use the winding
number [Jacobson et al. 2013] to decide its sign. In all cases, we have
observed lower robustness compared to our algorithm. The qual-
ity is slightly better for our algorithm. CGAL with the polyhedral
oracle is on average 3 to 4 times faster than our algorithm, while
CGAL with implicit oracle is much slower: nearly a third of the
inputs timed out after 3 hours (Table 2). We show a more detailed
comparison of the quality (measured using 6 different criteria) in
Figure 16. Tetgen [Si 2015] is an order of magnitude faster than
our method, but cannot process around half of Thingi10k. It pro-
duces meshes with a quality consistently lower than ours, despite
introducing more elements. DelPSC [Dey and Levine 2008] suffers
from robustness problems, successfully processing only around 38%
of Thingi10k. The quality is consistently lower than ours. Quartet
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Input CGAL - no features DelPSC Quartet

Fig. 15. Comparison with state-of-art tetrahedralization algorithms. The number close to each model is the minimal dihedral angle.
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Table 2. Comparison of code robustness and performance on the Thingi10k dataset

Software Success rate  Out of memory(>32GB) Time exceeded(>3h) Algorithm limitation Average time(s)

CGAL (explicit, w features) 57.2% 5.4% 15.7% 21.7% 160.2
CGAL (explicit, wo features) 79.0% 0.0% 0.0% 21.0% 11.7
CGAL (implicit, wo features) 55.7% 0.0% 32.6% 11.7% 997.3
TetGen 49.5% 0.1% 1.7% 48.7% 323

DelPSC 37.1% 0.0% 31.1% 31.7% 174.8
Quartet 87.2% 0.0% 0.0% 12.8% 15.3

MMG3D 56.2% 1.2% 10.8% 31.8% 2182.3

Ours 99.9"% 0.0% 0.1% 0.0% 360.0

Note: The maximum resource allowed for each model are 3 hours and 32GB of memory. *Our method exceeds the 3h time on 11 models. If 27 hours of maximal running time are
allowed, our algorithm achieves 100% success rate.
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Fig. 16. (Top): With the same meshing parameters (e = b/2000 and ¢ =
b/20), CGAL’s algorithm with and without feature protection (top row) used
more than 4 and 7 times the number of tets than ours (second row right)
respectively. When using roughly the same number of tets, CGAL'’s result
(second row left) struggles to preserve sharp features. (Bottom): Histograms
of various tet quality measures for all tets generated from CGAL and our
algorithm. The dotted lines indicate the ideal quality values computed on a
regular tetrahedron. Note that our results (bottom row) have better quality
in all measures.

[Bridson and Doran 2014] is the most robust competing method,
with a success rate of 88%. It unfortunately struggles to preserve
thin features, and often uses a much higher element count than our
method.

Parameters. Our algorithm requires two parameters: the target
edge length ¢, which controls the density of the output mesh, and the
maximal Hausdorff distance bound €, which controls the geometric

Fig. 17. € controls the density of the output mesh. Input (top), £ = b/20
(middle) and € = /150 (bottom).

faithfulness of the result. For all our experiments (except where
noted otherwise) we used ¢ = b/20 and € = b/1000, where b is
the length of the diagonal of the bounding box of the input. The
parameter ¢ controls the mesh density directly (Figure 17), while €
does it indirectly. Prescribing a small € forces the algorithm to refine
more to enforce the tighter bound. Providing a larger € allows our
algorithm to get close to the user-prescribed lenghts (Figure 18).

Spatially Varying Sizing Field. By replacing the uniform target
edge length ¢ with a spatially varying function £(p), our algorithm
can be extended to create graded meshes. Figure 19 illustrates a
result with target edge length smoothly varying from coarse to fine
in a single model. Note that the output mesh quality remains high
despite the large change in the sizing field.

Surface Repair. Our algorithm can be used as an effective mesh
repair tool for closed surfaces by creating a tetrahedral mesh of
their interior, and then extracting its boundary. Self-intersections
are robustly resolved when constructing the BSP-tree, degeneracies
are removed by the mesh improvement step, surface gaps/holes are
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Fig. 18. € bounds the maximal distance between the input and output mesh.
Input (left), e = b/1000 (middle) and € = b /3000 (right).

F

Fig. 19. Example for spatially varying sizing field using background mesh.
Input (left), output tetrahedral mesh without sizing control (middle), and
output tetrahedral mesh with sizing field applied (right).

MeshFix Ours

Input Self-intersection (red)

Fig. 20. A self-intersecting triangle soup, is cleaned using meshfix by re-
moving the base. Our algorithm instead creates a tetrahedral mesh of its
interior, whose boundary corresponds to a clean triangle mesh of the pawn.

filled based on generalized winding number, and the output surface
is trivially the boundary of a valid volume. While computationally
more expensive than alternative methods that only work on the
surface, our technique can robustly handle extremely challenging
cases. In Figure 20, we compare our method to MeshFix [Attene
2010] on a self-intersecting chess pawn.
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Fig. 21. We test our generated tet meshes by solving a harmonic PDE using
finite element method with linear elements. For each model in Thingi10K, we
compare the computed solution with the ground truth (radial basis functions
with kernel 1/r centered at the red spheres). We show the absolute max
error, relative max error, and relative Ly error histograms (log scale) in the
bottom row.

Fig. 22. Our algorithm can be used to bootstrap quadrilateral remeshing.

Finite Element Method Validation. We demonstrate that our al-
gorithm can be used as a black box to solve PDEs on the entire
Thingil0k dataset. We normalize all our output meshes to fit in
the unit cube and create an analytic volumetric harmonic function
by summing 12 radial kernels (1/r), placed randomly on a sphere
centered at the origin of radius 1.5b. This function is sampled on the
boundary of the mesh and used as a boundary condition for a Pois-
son problem, solved using [Jacobson et al. 2016]. We successfully
solve this PDE over all models, and we report a sample solution
and the histograms of L? and L™ errors with respect to the analytic
solution evaluated on the internal nodes in Figure 21.

Structured Meshing. Structured meshing algorithms [Bommes
etal. 2012] usually rely on an existing clean boundary representation
of the geometry (triangle meshes in 2D and tetrahedral meshes in
3D) to generate a structured mesh. Our algorithm can be used to
convert triangle soups into meshes suitable for remeshing. We show
an example of quadrilateral meshing using [Jakob et al. 2015] in
Figure 22 and of hexahedral-dominant meshing [Gao et al. 2017] in
Figure 23.
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noise =0.1

Fig. 24. Our algorithm is robust to geometrical noise. The numbers denote
the minimal dihedral angle of output meshes.

Noise Stress-Test. We stress test our method under geometrical
noise (Figure 24), by randomly displacing its vertices using Gaussian
noise. Even in this extreme case our algorithm produces meshes
close to the noisy input and have a large minimal dihedral angle.

Meshing for Multimaterial Solids. Our algorithm naturally sup-
ports the generation of tetrahedral meshes starting from multiple
enclosed surfaces by simply skipping the filtering step (Section 3.3),
as shown in Figure 25.

5 LIMITATIONS AND CONCLUDING REMARKS

Our algorithm handles sharp features in a soft way: they are present
in the output, but their vertices could be displaced, causing a straight
line to zigzag within the envelope. While this is acceptable for most
graphics applications, extending our algorithm to support exact

Fig. 25. The volume around a complex mechanical piece is automatically
meshed by our algorithm, preserving the surface of the embedded object.

preservation of sharp features is an interesting research direction
that we plan to pursue. We demonstrated that our algorithm can be
used as a mesh repair tool, but it is, however, limited to closed sur-
faces: extending it to support mesh repair over shells is an interesting
and challenging problem. Our single threaded implementation is
slower than most competing methods: since most steps of our al-
gorithm are local, we believe that a performance boost could be
achieved by developing a parallel (and possibly distributed) version
of our approach.

To conclude, we presented an algorithm to compute approximately
constrained tetrahedralizations from triangle soups. Our algorithm
can robustly process thousands of models without parameter tuning
or manual interaction, opening the door to black-box processing of
geometric data.
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