193 (sorted two-dimensional count) Write a program to count the number of occurrences of a
given item in a given 2-dimensional array in which each row is sorted and each column is
sorted. The execution time must be linear in the sum of the dimensions.

After trying the question, scroll down to the solution.



Let A be the array, let its size be mxn , and let x be the item (these are constants). The
solution will use variables r, a, b, ¢c: nat . Variable r will indicate a row; on that row
there may be some occurrences of item x ; a will indicate the start of these occurrences,
and b will indicate the end of these occurrences. Variable ¢ will accumulate the count
of the occurrences of x . As r decreases from m to O, variables a and b will trace
the envelope of the occurrences of x , as in the following picture.
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The problem is P , defined as
P = ¢ =Z2i:0,.m Zj:0,.nif Ai j=x then 1 else O fi

Define
0 = c = Ci:r,.m Zj:0,.n if Aij=xthen 1 else O fi)
A (Vi:0,.rVj:0,aAij<x) A Viir,.m Vjb,.nx<Aij)
= P
L = (Vj:0,.ac Arj<x)
= (Vj:0,a"Arj<x) A (Ara'=zx v a'=n) A r'=r A b'=b A c'=c
R = Vj:0,.b-Arj<x)

= (Vj:0,.b"Arj<x) A (Arb'>x v b'=n) A r'=r A d'=a A c'=c
Or, alternatively, define

0O = (=0 v Ar(a-1)<x) A (b=0 v Ar(b-1)=<x)

= ¢ =c+Ei:0,.rZj:0,.nif Ai j=xthen 1 else O fi)
L = @=0v Ar(a-1)<x) n (Ara'zx v a'=n) A r'=r A b'=b A ('=c
R = (=0 v Ar(b'-1)<x) A (Arb'>x v b'=n) A r'=r A a'=a A c'=c

Now the refinements:

P < r=m. a=0. b:=0. ¢:=0. Q

QO < ifr=0thenokelse r:=r-1. L. R. c:=c+b—a. Qfi

L <= if a=nthen ok else if A r a = x then ok else a:=a+1. Lfifi

R <= if b=nthen ok else if A r b > x then ok else b:=b+1. Rfifi
For the time, put #:=t+1 before each of the three recursive calls, replace specification P
with ¢ <t + m + 2xn , and replace all the other specifications Q , L ,and R with
asn Absn = ' <t+r+m+2xn—a->b.



