Dimensional Analysis

September-13-10
11:54 PM

Physics is the study of nature at it's most fundamental level.

Dimensional Analysis
Physics concerns quantities with dimensions

Most fundamental dimensions:

Length: L Metre Centimetre | Foot
Time | T Second |Second Second
Mass M Kilogram  Gram Pound

SI Units | CGS Units | Imperial Units

How much does gravity slow down a clock?

4

T—1+
P @

lpl =7= 1= 1h*g¥c?l =1

L\ L7?
() () =1
x+y+z=0
2y+z=0
y=1
z=-2
x=1

T—1+ =1+ gh
f_ (p_ (Cz)
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Square brackets [] around a variable indicate dimensionality:

[d] =L
[v]=L/T
[F] = [ma] = [m][a] = 7>

[6]= % = 1: Angle is a dimensionless quantity
Angle in radians is the ratio to arc length to radius.

S
5 Q_r

In any physics equation, all terms must have the same dimension.
Ex.
1,
x =vt+ Eat
Quantities that are added/subtracted must have the same dimension
xI=L
Mitl=2T =1
viltl =T =

|%at2| =%T =L

Dimensional Analysis allows you to quickly check the validity of any equation.
1
x # vit+ Eatt2
Can derive new equations:
Ex. What is the drag force on an object moving in a fluid?
Intuitively:
More area = more drag

More velocity = more drag
Denser fluid = more drag

F o« pvPAC

IF1 = Ipl®lvIPI1AI°

m kg\* ,m?b

kg x5 =(=5) x(3) xme
=1

b=2

=1
F < pv2A

Quickly determined a general form of the equation. Proportionality constant requires more
calculation.



Significant Figures

September-17-10
9:41 AM

Any measurement of a physical quantity is of limited accuracy.
How do we combine physics quantities to ensure we don't over/under estimate our answers.

Eg. Length of a pencil:

L =81240.02

8.1 is reliably known, 2 is estimated
Know the value is between 8.10 and 8.14

3 significant figures but only 2 reliably known digits.
Round off to 8.1 cm (2 significant figures). Reliable

Addition

Now a 2nd pencil of length 6.235cm is added
L=81+4+6235=81+62=143cm
Retain only the same number of digits to the right of the decimal point as the least accurate term.

Note: 8.1 # 8.100

3.249m — 3.241m = 0.008m = 8mm =+ 8.000mm

Multiplication

3x41 #123

3isreally 3.0+ 0.5

Any number that would round to 3

2.5 x4.05 =10.125

3.5 % 4.15 = 14.525

Average and round to the nearest one's place: 12.325
3x41=12

Use the same number of significant figures as the least accurate quantity in the calculation.

Error when Multiplying:
To multiplyx*y =z

A Ax\? [ Ay,\? Ax\2 [ Ay,\?
T UG ) erar= () ()
Alternatively

(3 +0.5) x (4.1 + 0.05)
=(3i%%)x(4.1i%%)=(12.3i2122030%)

= 123422
(340.5) + (41+0.05) = 7.1+ 0.55

Estimating
Process of guessing an answer to order-of-magnitude accuracy. How many cells are in a human
brain?

How much does a human brain weigh?

The IDEAL Strategy

Interpret
e What is the question asking you?
e What are the applicable concepts?

Develop
e Draw a diagram
¢ Determine the relevant mathematical formulae

Evaluate
¢ Calculate the result using your math skills

Access
¢ Does the answer make sense?
e Significant figures? Dimensions? Overall magnitude?
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Motion in 1 Dimension

September-20-10
9:35 AM

Kinematics
The study of motion without regard to its cause.

Dynamics
The study of the causes of motion.

dx
dt

dv
dt

C\

Displacement: Net change in position (vector)
Velocity: Time rate of change in position (vector)
Distance: Total path length travelled (scalar)
Speed: Magnitude of velocity (scalar)

. A

Average velocity v, = A—f

Instantaneous velocity is the derivative of position with respect to time
dx

Ve

— TU/\UN

dx
v(t) =—=dx = v(t)dt
dt

dx = change in displacement from time t to time t + dt
= velocity at time t multiplied by interval dt
=v(t)dt

Xfinal Xfinal

AX = Xfinai — Xinital = ’ dx = , v(t)dt

Xinitial Xinitial

= accumulated area under v(t) vs. t graph between initial and final times.
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Kinematics Equations

September-22-10
9:34 AM

For Constant Acceleration
1
Ax = vt + Eat2
1
x =x; + vt +—at?

2
P . dav ,
This is a special case when a = ¢ s constant.

In this case v(t) is a straight line

v =v; +alt

1
Xf =X +§(Ui + Uf)t

Ax = vyt

Xp =X +v]?—vi2
F 2a
v = vy + alt

1
Vapy = E(v + vg)

Syntax
Often the initial position/velocity x; /v; is
written as x,/vy.

What is an integral? The infinite summation of infinitely small measures.

Position/Velocity \}
x = Axq + Axy + -+ Axy,
s YV ) VS Y
TAt A ? At, " U,;:
= Z Vg X Aty

J | i |
= ‘ vdt

Acceleration/Velocity

tfinal _
Ay = a(t)dt Ax aciumulated area
tinitial =v;it +=(vf —v;)
For constant a(t) ' % vf B vl-
V = Vinjtial + Aaplt =vit+— (;) t2
2 t

1 2
=yt + Ea‘“’t
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Kinematics Equation Const. Accel

September-24-10
9:28 AM

Equation

v =1+ at
1
x:x0+§(v0+v)t

L
x=x0+v0t+zat

v? = vé + 2a(x — xq)

Contains | #

v,a tnox| 2.7

X,v,t;noa 2.9

X,a, t;nov 2.10

X,v,a,not 2.11
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All of these follow from the definitions:

trinal
WA f (t)dt
a=—®o Av= a
dt
tinitial
trinal

v=—o Ax = f a(t)dt

tinitial



Vectors Operations

September-24-10
10:01 AM

Scalar
A quantity having only magnitude
e.g. Temperature, M ass

Vector
A quantity with both magnitude and direction
e.g. Position, Velocity

Unit Vector
Any dimensionless vector of length 1, denote with a *

For a general vector use an arrow:
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The vector r; describes the position of this point.

¥ < Qmr

.,

0 a0
O is the arbitrary origin

(x,y, z) = Cartesian coordinate system, origin "0"
i,j, k= 3 unit vectors based at O and pointing in the positive (x, y, z) directions respectively =
These are called basis vectors.

Any vector A can be writtenas A = A1 + Ayj + Ak
Ay, Ay, A, are components. Components have units - the basis vectors do now.
The components each have the same dimensions as the vector.

Adding Vectors
H+Ar=r,=2>Ar=r1r —1
Add tip to tail

Vector addition is commutative
A+ B=B+4

Vector addition is also associative:
(A+B)+ C=A+(B+0

Dot Product (inner product)

A=A+ A+ Ak

B = Byi+ Byj+ B,k
=A-B=AB,+A,B,+A,B,= B- A
The dot product of two vectors is a scalar

iri=jj=k-k=1
lj=jk=k-t=
Useful rule:

A-B=0© ALlB

Vector Magnitudes
Al =vA -A= /A,%+A§+A§ =A>0
Al

Cross Product (outer product)

A=A+ Ayj+ Ak

B = Byl + Byj + B,k

= (A4,B, — A;B) )i + (A;By — AxB,)j + (AxBy — AyB)k
The cross product of two vectors is a (pseudo) vector.

Basis vector cross products
IXi=jJX)j=kxk=0
ixj=k

JXk=1

kxi=j

Useful Rule:
AXBo Al B



Motion and Vectors
September-29-10

9:30 AM Position
A &\ r(t) = position vector
Vector from origin to position of particle at time t
=x(Di+y ()]
Ar = displacement vector
B Net change in position from initial to final time
Ar = Tr—T;
= —x)i+ (v — )i
Axi + Ayi
d = distance traveled # Ar
-~
Note: L
Vector is not the same as
magnitude which is not the .
same as average. Velocity
v(t) = velocity vector
4oy
T e ag Ty

v (£)i + vy, (t)]

This is true because i and j are constant.

dr(t) oor(t+ At) —r(t)
v(t) = = lim ————
Ax—0 At

v(t) = speed scalar = magnitude of velocity vector

= W = Vo) - v(6) = [vZ +v2 20

d
v(t) = average speed vector = Ar

We often drop the t when calculating vectors and motion
r=xi+yj+zk

V=0l +vyj + vk

a=ayl+ayj+ak

i,j, k no not have units!

1D: Acceleration induces changes in speed
2D and 3D: Acceleration induces changes the velocity (and usually the speed)
Circular motion necessitates acceleration.

Acceleration perpendicular to the motion does not change the speed

Motion in 3D is just a superposition of the three independent 1D motions

Example
A windsurfer is sailing at 7.2 m/s when a gust of wind lasting 5.5 s blasts her at a 60° angle to the
direction of motion with an acceleration of 1.0 sz

What is her displacement during this time?

m

a, = 1.0 X cos60 = 0.50
a=10— "

$la, =1.0xsin60 = 0.87
N

1 2
rf =rl-+vit+§at

1
Xp = 0472t +5(0.50)t* = 47.2m

1
Yr =0+0t+5(0.87)% = 132m
r=472i+132jm
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Vector Kinematics

September-29-10
9:51 AM

Vector Equations

1
=71+ vt +Eat2
v = v+ at

Scalar Equation

2
_ |‘l.7f| - |‘Ui|2
- 2

a - Ar

Projectile Motion
Constant Gravitational Field: So ignore air resistance, and height small compared to Earth's radius
Split into components, x velocity is constant, y velocity is changing

To find range, solve for t first when 7, (t) = 0 then use this t to calculate 7, (t) which will be the
range.

For a given start angle and returning to the starting height, the range can be described by:
2

Vo .
x = —sin26
g

Uniform Circular Motion
An object moving with a constant speed |v| on a circular path is uniform circular motion.

As r rotates through an angle 0 so des v, so both are similar isosceles triangles

2 2

|Avl  |Ar]  vAt |Avl |Avl v dv v
—_—_—_— Y — = — 5 — = — D — = —
v r r v At r dt r
2

v
a=—

r
Acceleration under uniform circular motion

Acceleration is always towards to centre of the circle
2

a=—rt
r

Where 7 is a unit vector of direction r

T = period of UCP
= distance/speed
2nr

v

f = frequency of UCM
1 v
f =72
Non-Uniform Circular Motion
What if the speed around the circle is not constant?

There is still acceleration perpendicular to the velocity bending the path into a circle:

v?
a =— T T
There is also a tangential acceleration acting in the direction of the motion to speed up the particle.
E.g. For car going down a curved hill, break acceleration due to gravity into radial acceleration
based on the radius of curvature at that point, and tangential velocity increasing the speed of the
car.
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Newton's Laws

October-04-10
9:39 AM

Reference Frame (RF)
Space [rulers for coordinate system, eg (X, y, z)
and time [clock, t]

r(t) =x(t)i+y(t)) +z()k

Newton's Three Laws

Inertia

A body in uniform motion remains in uniform
motion, and a body at rest remains at rest unless
acted upon by a nonzero net force.

. Change

The rate at which a body's momentum changes
is equal to the net force acting on a body.

dp
Free = E
Reaction

If abody A exerts a force on a body B, then B
exerts an oppositely directed force of equal
magnitude on A.

Conservation of Momentum
In an interaction between two bodies

a
E(Zﬁ +p,) =0

Types of Reference Frames
Inertial (IRF)
Newton's Laws hold
¢ Non-rotating
¢ Non-accelerating
e Example: RF attached to
o Isolated body - theoretical idealization
o Non-rotating relative to distant stars (Mach's Principle)

Imagine an object very far from any strong gravitational field and not rotating relative to a
distant star.

Non-Inertial
Newton's Laws do not hold
¢ Rotating and/or accelerating with respect to an IRF
¢ Yields fictitious forces
e Earth is a non-inertial reference frame. Why?
o Interacts with moon, sun
o Rotates on its axis
But, Earth is nearly an IRF because fictitious forces are so small relative to g

¢ Some example non-inertial frames
o Elevator accelerating upwards
o Car turning a corner
o Rotating merry-go-round

Newton's Three Laws

First Law

¢ The natural (force-free) state of motion of any body is that of zero acceleration or constant
velocity. Not zero velocity

¢ We do not need to explain motion.

e What needs explanation is changes in motion - where the 2nd law is relevant.

e Inertia: The tendency of a body to resist changes in motion.

¢ Aside: In general relativity the effect of gravity is not a force but instead a generalization of
the first law: the natural state of any body in the presence of gravity is zero acceleration,
which is the "shortest path" in a "curved spacetime.”

Second Law
e Momentum: Mass X Velocity
e Mass: A measure of resistance a body exhibits to changes in its velocity (inertial mass)
o Intrinsic property of the body - same everywhere.
o Typically constant - but not always (e.g. Rocket ejecting fuel; bomb exploding)
¢ Mass # Weight
o Mass = resistance to acceleration (regardless of whether gravity is present)
o Weight = gravitational force on the body by another body
my _ la,l
my,  ldql
e Force: That which changes the velocity of a body
o Force changes motion; it does not cause it
o 2 Everyday kinds: Field force and Contact force
o Force is a vector quantity with magnitude and direction
dp d(mv) dv

Free = Ge =—ar =™

=ma

=)

Centrifugal | Centripetal

(provided the body's mass stays constant)

¢ All masses can be determined given a known mass and a constant force.
o This force is the Earth's gravitational field

o There is a 1kg standard- all other masses are defined relative to it.

. . m
¢ 1 Newton: The quantity of net force required to accelerate 1 kg by 1 =

Fictitious | Real

e 2nd law is valid only in IRF's
¢ In non-IRFs, must add in "fictitious forces: to get the 2nd law to be valid.
o Observer on rotating disk sees no acceleration, Observer on ground sees UCM
¢ Acceleration depends on the net force only
¢ 2nd law is valid for all bodies in all states in motion, provided forces are correctly identified
o [fall forces sum to zero,thena =0
o Body is in equilibrium: behaves as through there were no forces at all.

Third Law
In an interaction:

Faong = —Fpona

mya; + myd, =0

mydvy  mydv,
dt dt

0

PHY 121 Page 9



E(mlv'l +myv,) =0

d
T (py+p2) =0
Conservation of momentum.
¢ Action/Reaction pairs are
o Always present, in any interaction (contact and field)

o Act on different objects (never on the same object)
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Free- BOdy Diagrams 1. Identify the object of interest and all of the forces acting on it.
2. Represent the object as a dot

October-08-10 3. Draw the vectors only for those forces that act on the object with all tails starting on the dot.

e

Normal Force
Force of contact of a surface -
perpendicular to the surface.

The normal force must always be l B D

cancelled by some other force in the
direction perpendicular to the surface.

P

Suppose an elevator of mass 740kg is accelerating upwards at 1.1m/s? What is the tension in the

cable?
Fpet) = maj
Fyj + B, = maj

Fj=mla+g))
Fyj = 740kg(1.1 m\s? + 9.8m\s?)j
F, = 8.1kN
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Forces

October-13-10
9:53 AM

Hooke's Law
For an ideal spring
F, = —kxi

L )
AT

o

0

Rest position

A helicopter lifts a 35kg load of concrete on a spring scale whose constant k = 3.4 %v How much

does the spring compress
a) Whenitis atrest?
b) When it accelerates upward at 1.9 Sﬂz

Fp + B =md
a) Fp=-k
Fy = kxi .
myg 9.85—2
x=T=35kg>< N=10cm
3400—
Mm m
19+ +9.8—
b) a=1.9=>x=35kg><—N=12cm
3400~

Gravity as a Force

— M@m N

Fész ) i

|Fyl = 2% "2
=mg for h K Rg
|Fjl  mg

O T

Gravitational mass = Inertial mass

Q: Why this cancellation?

A: The Equivalence Principle

Einstein: Gravity locally can't be distinguished from acceleration.

Friction
When an object is at rest, static friction opposes the applied force

Kinetic friction opposes the relative motion

Pulleys

Frictionless surface, massless rope, no slipping

Fpet =md=>F, =Mg =Tz = Ma

As M accelerates, pulley turns faster
= This requires a net torque on the pulley

Ropes apply opposite torques on the pulley.

Need T, > T}, to apply a torque to accelerate the pulley, and therefore accelerate the rope system
If T, = Tp then no net torque and no acceleration

Deal at first with massless pulleys.
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Circular Motion Uniform Circular Motion
October-18-10 A body moving through space on a circular path of radius r with constant speed v experience a
10:14 AM centripetal acceleration only.
2nd law then implies that all forces acting on the body - whatever they are- must vectorially add up
to
- = - mvz o
md,: >‘F =md, = - i

Banked Curve

What frictional force is needed to keep the car on the track?
k —upwards, ¥ — outward from circle of curve

1 =ncos(8) k —nsin(8) ¥

f =—fsin(8) k — f cos(8) ¥

Fy = mg = —mgk

ncos(f) — fsin(6) —mg =0

mv?
—nsin(f) — f cos(8) = Y

. ) A mv?
Fnet=ma0:n+f+1§;=—7r=

Rewrite in Matrix Form
MV =V’
(0) sin(8)\(n g
cos - _ 2
(sin(9) cos(8) )(f) - (mv )
V=v'M1

r

This is a special kind of matrix called a rotation matrix
The inverse of a rotation matrix, is the negative angle of the same matrix
_1 _ [ cos(8) sin(8)
M= (— sin(9) cos(@))
n (8) in(6) "
_ _ ([ cos sin 2
V= (f) B (—Sin(e) cos(H)) (m_v )
my?
f =—-mgsin(8) + Tcos(G)

How fast can it go without sliding?

Not Banked

mv?
f<usn=——<umg =>v < VETG = Vnax
Banked

< R .(9)+mu2 0) < o< glus +sinf)
f<psn mg sin ——cos(8) < psmg v_\ rcos(0)

Non-Uniform Circular Motion
. v? dv

a=ac+at = —TT+E‘IJ

Drag Forces

Something falling through fluid:
Buoyant Force: proportional to the weight of fluid displaced

= B =—pVgj
Fy+B=(mg —pVg)j =(m—pV)gj

Resistive Force: R = —bv
Fy + B + R = md, neglect buoyancy

dv . . . . .
mg — bv = m—-,asvincreases, acceleration a decreases due to increasing restive force

LetV=v—"95 _py =m® since . = L
Solve: LetV =v Pl bV—mdt,smcedt—dt
av bV
dt ~ m
Guess:

av b b
V=VOxe"tv:»E:Voke’“=—EV0e’“=>k=—E

V=Vyxem
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Work and Energy

October-20-10
10:00 AM

Energy and Energy Transfer

Energy is neither created no destroyed: it is only transferred from one place to another or from one form to another.

Work
Work is a way of transferring energy from one system to another
W = FAx
2 _ 2
V5 — v 1 1
f i
= (ma)( 5 ) = Emvfz —Emviz

For an object moving in one dimension, the work W done on the object by constant applied force F is
W = F,Ax
Where F, is the component of the force acting in the direction of the displacement

Suppose system A is a point particle of mass m movin through space under the action of several applied forces
System B is the rest of the universe

f
w= ’ F, -dr
i

Work = Force X Distance
Work is measured in Newton-Meters or Joules

Work is the area under a force-vs.-position curve

Pulling a Spring

f

W= IF.dr‘
ix

w = ,kxdx
1

W=Ekx2

Work and Gravity
f

W= ’ F.dr = FAy = mgAy

i
E, goes down by AE = W (chemical energy of person decreases if lifting object)
Egp goes up by AE = W (potential energy in gravitational field increases - when lifting object in Earth's gravity)

Kinetic Energy

Work is additive
f f f

w= ’(Fa+Fb)-dr’= ,Fa-dr'+ ,Fb-dr'=Wa+Wb

L L L

> W=AK
K = —mv?
Power
_AW
T At
f
AW dW . . ,
P=lim— = W= ’F-dr:>dW=F-dr
At-0 At dt !

L
P=F-v
Joules per second = Watt
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Conservative Force

October-25-10
10:16 AM

The total work done by a conservative force active over any closed path is zero.

$F-dr =0

The change AU, in potential energy associated with a conservative force is the negative of the

work done by that force as it acts over any path from point A to point B

Spring (Simple Harmonic Oscillator)

X2 X3 1
M= | Fedi=— | (—knydx =kt - 1)
X X 2
1 1
Energy stored in a spring
1
Usp‘ring = Ekxz

(from equilibrium)

Gradients

For any conservative force, F(x,y, z) we can find a potential U(x, y, z) such that F = —VU
Every force can be written as the derivative of a potential, where the potential is a gradient

_dU AU dU

VU—El‘l‘d—j +Ek
E = au B du _ du
T odx YT dy T dz

f‘v
W= ] F(r) dr
i

Gravity
U=mgy+c

auv
Fy = E = -mg

The constant is arbitrary because
a) The derivative of a constant is zero
b) Work depends only on potential difference.

Spring
U—lk 24
—E X Cc
au
xzaz—kx
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Gravity History of Gravitation

1543 - Nicolaus Copernicus proposes that planets orbit the Sun, no the Earth

1593 - Tycho Brache accurately maps out the motions of the planets

1601 - Johannes Kepler analyzes these observations and proposes planets move on ellipses, not
circles.

1610 - Galileo Galilei discovers moons orbiting Jupiter, the phases of Venus, sunspots, and
mountains on the moon

1664 - [saac Newton proposes a universal law of gravitation.

October-29-10
10:00 AM

Kepler's Laws - Know for Final

First Law: The orbit of planets is elliptical, with the Sun at one focus.

Second Law: The area swept out between the planet and the sun in equal times are equal.
Third: The square of the orbital period is proportional to the cube of the semimajor axis.

Universal Gravitation

Gmym,
F=202
r
F Gm1m2 F Gm1m2
12 2 ) 21 r2

Henry Cavendish
Set out to measure the density of the earth.

Did so by measuring the strength of gravity. Set up a torsion balance with heavy lead balls to
measure the gravitational attraction between the balls.

Orbit
GMm mv?
bg=——zr=-—777

Orbital Period
2nr 47?3

vV =— 2 =
GM
Which matches with Kepler's Law

Geosynchronous Orbits
Orbits for which the period is 24 hours

3|GMgT? .
r= i = 44200 km approximately
A

Parabolic Motion Under Gravity

R
Tf=Ti+17it—§g]t

Orbits due to an Inverse Square law
Closed (Circle)

Closed (ellipse)

Borderline (parabola)

Open (hyperbola)

These are all results of the general motion equation:
d?r GMm

m—s=———r

dt? r2
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Gravitational Potential

November-01-10
10:00 AM

o 2GMm GMm GMm
U12=] F-dr:] —dr = — +
o n T T2 L6}
1 1
Uyz = GMm (—— =)
n o n

The zero of the potential
Uy, = GMm ( 1 1 )
7o " non
Taker; = oo,y =71
GMm
U=-
T

The difference between an open orbit and a closed orbit is whether or not the Gravitational
Potential Energy is greater or less than zero.

Escape Speed
11.2 km/s

For a body of mass m and radius r
Escape velocity is

2GM
Vese = |——
esc N R

What if the escape velocity is greater than the speed of light?

2GM R 2GMgy
= [— > =
¢ JR BH )

Black Hole Surface Gravity
_ GMBH _ C4
Joi = REy — 4GMgy
So the larger the black hole, the smaller the black hole

Energy in Circular Orbits

ol oy GMm
=mve i =TT
mvz_GMm , GM
R = R2 N

R
E—K+U—GMm GMm_ GMm
- ~ 2R R

R
So high kinetic energy (and therefore higher speed) corresponds to a lower total energy.
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T1 = T4

Pulleys

T3 = 2T1
November-03-10 T, = 2T,
A3 AV T3+ Ty = mg = 3T, =mg
T, =T, = §mg
2
T3 = TZ = gmg

When working with pulleys, consider each individual pulley as a FBT. If in equilibrium, will have
two forces in one direction balanced by one in the other.
The tensions on rope passing over the pulley will be the same on each side.
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Gravity as a Field Theory

November-05-10
9:49 AM

GMgm . . au GMm
U=——F—>>F=-V=—-—r=———1
17l dr r?

Gravitational field:

Way say that the gravitational field of Earth (or any massive body) pervades all of space.

Any other massive body responds to the gravitational field in its local vicinity.

Gravitational Potential:

U GM ) v GM
== = — = —
¢ m 7] g ¢ T2 "
Force on a body of mass m:

} GMm
F=mg =— 2z T

A field theory answers two questions:
1. How do bodies generate force?
2. How do bodies respond to force?
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The unifying link is the potential field. For a body of mass m its gravitational potential is ¢ = — i
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Systems of Particles Consider a system of two particles
The internal forces will cancel

November-08-10 The change of momentum of the system is due only to the external forces.
9:31 AM
d?r

Isolated System pext — e
No external forces dt?

Total Mass:
Conservation of Linear Momentum M= > m;
When the net external force on a system is i
zero the total momentum of the system - Center of Mass:

which is the vector sum of the individual
momenta of the constituent particles -
remains constant.

1 R
Tem = i > ity

L

The point at 7, is called the Centre of Mass of the system. It behaves just as though it were a a
particle of mass M obeying Newton's 2nd law with external forces F¢*¢ acting on it.

Finding the Centre of Mass
For two bodies

) 1N = mr+mn

Tem = M 21‘7”1' i = W
drgy 1

Vem =i M .‘mlvl

System Momentun;:

P = Mvcy

dow =g~ =37 ) M

L

Continuous Distribution of Mass
N
M = lim '

N—-oo

i=1

mass of strip total area of strip
total mass total area

Uniform Distribution =

Energy
Kiotat = Kem + Kinternat

Kem = EMng

1\ 2
— rel
Kinternal - E) \ ml(vl )
I

rel is the velocity of each mass relative to the center of mass

V1
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Impulse

November-10-10
10:06 AM

Consider a single body moving on a trajectory
dp g
DAL F
=2,
dp = (L F) dt
f ty . =
’ dp = Ap = py —p; = ’ (LF)dt:/
i ti

Collision
A brief, intense interaction between bodies.
Momentum is conserved during collision.

Brief
Interaction time is short compared to all other time scales.

Intense
Forces during collision are far larger than any external forces on the system (thus can neglect
external forces during collision)

Kinds of Collisions

Elastic

Kinetic Energy is Conserved

Bounce off each other perfectly, no energy loss.

Inelastic (Sticky)
Kinetic Energy is Not Conserved - Kinetic Energy is reduced
Stick to each other to some degree, energy loss in collision to the environment.

Explosive

Kinetic Energy is Not Conserved - Kinetic Energy is increased
Potential energy is released during the collision, transformed to kinetic energy.
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Collisions Head on Collision

November-12-10 N R
9:44 AM Pinitiar = MV1
Dinitiar = MvL

Momentum
n _ r_ 5 .
My =V =m@'=v) Pringr = MV'

D rinar = Mu'l
Kinetic Energy Prinal

1 1 1 1 o

EMVZ + Emvz = EMV’ + Em”’ Pinitiar + Pinitat = Prinal + Prinal
V4V =v' +v MV +mv = MV' +mv’
MWV -V)Y)Y=ml —v)
Coefficient of Restitution One equation but two unknowns.
V' —v' .
e Elastic
e < 1 inelastic If a perfectly elastic collision we can assume energy conservation
e = 1 elastic Kinitiat = Kfinar
i 1 1 1 1
e > 1 explosive EMVZ n Emvz _ EMV’ + Emv’
. M@1+e) m—eM MW? -V =m@? -v?)
= mam T m? MWV VYV +V")=m@ —v)W +v)
,_m(1+e) +M—emV ButM(V —V')=m(@' —v)
“TmaM T mAM SO
V+V' =v' +vor
Notice ife =0thenv' =V’ Vi—v' =—WV-v)
Inelastic
1 1 1 1
_ 24 -_MV2>Z 24 - My'?
va +2 vV >2mv +2 %4
s>V —v>—W-v)
Define
V=
TV v
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Rotational Dynamics
November-15-10
9:38 AM
Average angular velocity
_ A8

w=—
At

Instantaneous angular velocity:
ao

T

Average angular acceleration
Aw

a=—
At

Instantaneous angular acceleration
dw

QZE

Angle in Radians

s
6 =-

r
Tangential displacement
s =rAf

Average tangential velocity

As
Vp=—=Tw
Y
Instantaneous tangential velocity
ds dae
Ve =—=T—=T0w
E7ar T at
Average tangential velocity
Av,
a=——=ra
ET At
Instantaneous tangential velocity
dv,
aQ=—-=ra
T

Angular Velocity and Acceleration
Convention: Clockwise is positive, widdershins is negative.
Axis or rotation is perpendicular to rotation

The average angular velocity is the same for all points on the rotating object, the average tangential
velocity is different depending on how far the point is from the pivot.

Circular motion, acceleration inwards
2
143
a=—=rw
Ty

Constant Angular Acceleration

For constant angular acceleration a, the same kinds of equations hold as for constant linear

acceleration d

1.2
x=xi+vit+§at

1
s=si+vtit+5att

1 2 1

r0=r9i=rwit+5rat =>0=9i+wit+5at
v=v;+at
Utzvti‘l‘att
rw =rw; +rat = w = w; + at

vf —vt= 2a(xp — x;)
(vtzf —vE) = 2a.(s; — s;)

(ra)f)z — (rw;)? = 2ra(r; —r6;) = wf — wf = 2a(6; — 6;)

Torque

When applying a force to a point distance r from the pivot point
Fj| = F cos ¢, this parallel component does not apply a torque
F, =Fsin¢g

T=Fr=rFsing

T is called the torque, it causes angular acceleration

T=rXF=rFsin¢gn
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Moment of Inertia
November-17-10

11:35 AM

Newton's Law Analogue for
Rotation

T=la

Where I = mr? for one mass

Moment of Inertia

I= Z myrf
I

F, =ma; = mra

T=1F

=T =mra

T=Ia

Continuous Mass Distribution
I = ’rz dm

Example, moment of inertia of meter stick
Continuous so:

dm _dl
ML

M M|z M1 & ML M(-L? ML
— 2 — 2 (2 - 20— (Z3)]2 — _ —
= ‘r dm = ’_%x (Tex) =1 ‘_%x dr=7 (3% )l_g 241~ 24L 12

If axis is at one end:
/= ’L M _ MIL?
LY T T3

Moment of inertia of Ring
dm _ dao
M 2m
2w M M 2w M
I = ’ r2 (5= do) =—j r2 d0 = — (21R?) = MR?
1 2 2m 2m

Moment of Inertia of Disk
dm  Apng  2mrdr

M _Atotal_ nR?

2Mr dr
dm = 72

R Ry22Mr 2M (R 2M /1 1
_ 2 _ _ 3 4. — Zp4)__ 2
1—‘07‘ dm—‘0 RZ r—Rz’or dr R2(4R) 2MR

Rotational Kinetic Energy
Each particle in the body is in circular motion

' 1 1 1
_2 _2 2_2 2,2 _ 2
K= K; = Eml"tz_ Em,r,w —Elw
1 I I

Compare

Ktrans — %MU%M,KTM — %Iwz

Work-Energy Theorem

1
dK = > (dm)(wr)?
Gf 1

1
W= ‘ df = AK™" = Slof —Slof
0;
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Parallel Axis Theorem

November-19-10
9:44 AM

For a body rotating about some
axis

I =Md?+ Igy

M - Total mass

d - distance form axis or rot. to CM
Iy rotational inertial relative to CM

Each particle in the body is in circular motion about some instantaneous axis of rotation.
1= Z‘mITIZ = Z‘ml(d + TI~)2 = Z‘m,(dz + 2dr1~ + r1~2)

1 I 1
= d2 Z“ my + Z‘. mﬂ'fz + Zd Z‘. mﬂ'f
I 1 I
2d Z myr; = 0 since origin is at CM

I
I = Mdz + ICM

d is the distance from the axis of rotation to the CM
r~ is the distance from the point to the centre of mass

Ex

Rotating a Sphere from its edge
d=R

2 7
I =—MR?* + Md? = -MR*
5 5
Wheels
Wheels combine both rotational and translational motion
Without slipping, a wheel will move 6R after a rotation of 6
1
Ktrans — Z prop2
1 2
KT‘Ot =_] 2
> w
Vem = Rw

1 1 3
tOt — 2 M2 4 =2 = = Je2
K —ZMVCM+21a) Zla)
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Angular Motion Vectors

November-22-10
9:35 AM

Matrices and Determinants

_ja b
A= |c dl
detA = ad — bc
Vim. Viz Vi
V=1|Va1 Vo Vi3
Va1 Vaz Vi3
t ]k
AXB = |A, A, A,
B, By, B,

Pseudo Vector
Pseudo vectors behave oppositely to vectors
under reflection.

Angular Momentum
L=rxp=Iw

dL
Fr A
1

Rotational version of newton's second law.

-“L

L

[1——
-

L=pr,
p and r, are always constantso L is
conserved

Right hand rule for rotation vectors

~_de
(f’_dt
6=6n
. _dw
T

Angular acceleration is a measure of both the change in direction and change in magnitude of the
angular velocity.

Cross-Product and the Right-Hand Rule
A=A+ Ay+Ak
B = By + Byj + B,k

AxB=-BxA
= (A,B, — A;By )1 + (A,B, — AyB,)j] + (A B, — A, By )k
The cross product is a pseudo vector

Angular Momentum
L=rxp=Ilw

dL _dr
at “ar P

v and p are parallelsov X p =0

dp .
+er=vxp+r><>I_F,=>1_‘r,

For constant L, decreasing | increases w.

Angular Momentum of a System

L=> rext

provided the internal forces all act along the axis connecting the two particles.

Conservation of Angular Momentum

When the next external torque on a system is zero the total angular momentum of the system -
which is the vector sum of the individual angular momenta of the constituent particles - remain
constant.

Hoop Example

A hoop of radius R and mass M is attached to an axle at the bottom. [ tis given a tiny push. What is
a) it's angular velocity at its lowest point?
b) the spend of the lowest point?

Solve using energy conservation

Uinitiar = MgR
Kinitiar = 0
Ufinal = —MgR

1 1
Kinar = Elwz = E(ZMRz)wZ = MR2w?

Kfinal + Ufinal = Kinitiar + Uinitia
MR?w? =0+ MgR + MgR = 2MgR

|v] = 2Rw = +/8gR

Angular Momentum in Non-circular motion
Angular momentum is r X p, so something moving in a straight line will have angular momentum
relative to some point that is not in its path of motion.

Precession
dL

— -ext
dt >-Tex

External torque not parallel to angular momentum

The axis of rotation traces out a circle. This is called precession.

dL .
i >‘TeXt =7 xF; = Mgrn
dL = |L|dén
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dL

IL'Ide =M
dt - dt n=mgrn
e _ Mgr _ Mgr

dt [L] B Isws
_ Mgr

- Lswg
Good if O < ws
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Static Equilibrium Conditions
November-29-10 Z‘ zext —

11:33 AM
>'Fext =0

When looking at forces: Gravity acts downward from the centre of mass

Centre of Gravity

T= Y rxE =) rxmg= Y (mr)xg= 'm—Fng
DrxE =), ). D

Tg = Xem X Mg

Equilibrium:

av 0

dx

Potential energy is not changing with change in position. A maximum or minimum in potential
energy.

Stable Equilibrium:

d*u >0

dx?

potential energy is at a local minimum

Unstable Equilibrium:
d?u <0
dx?

Metastable potential energy is at a local maximum

Neutral Equilibrium:
( l d?u —0
dx?
Metastable Equilibrium:
Potential energy is a local minimum, but there are lower energies nearby.
The Cosmological Constant Problem

The expansion rate of the universe relative to the cosmological constant is at an unstable
equilibrium between contracting and rapid expansion.
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