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generative modeling with the change of variables formula

we can define a simple generative model as

z ⇠ p(z)
<latexit sha1_base64="mxWuNwameMFXGXPHwkF4TqgAHnk=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBahXkJSLG1uRS8eKxhbaEPZbDft0t1s2N0IbejP8OJBxav/xpv/xm0bQUUfDDzem2FmXpgwqrTjfFiFtfWNza3idmlnd2//oHx4dKdEKjHxsWBCdkOkCKMx8TXVjHQTSRAPGemEk6uF37knUlER3+ppQgKORjGNKEbaSL0Z7CvKYVKdnQ/KFcf2mk690YSGeLVGPSd1x4Ou7SxRATnag/J7fyhwykmsMUNK9Vwn0UGGpKaYkXmpnyqSIDxBI9IzNEacqCBbnjyHZ0YZwkhIU7GGS/X7RIa4UlMemk6O9Fj99hbiX14v1VEzyGicpJrEeLUoShnUAi7+h0MqCdZsagjCkppbIR4jibA2KZVMCF+fwv+JX7M92725qLQu8zSK4AScgipwQQO0wDVoAx9gIMADeALPlrYerRfrddVasPKZY/AD1tsnNiWQxQ==</latexit><latexit sha1_base64="mxWuNwameMFXGXPHwkF4TqgAHnk=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBahXkJSLG1uRS8eKxhbaEPZbDft0t1s2N0IbejP8OJBxav/xpv/xm0bQUUfDDzem2FmXpgwqrTjfFiFtfWNza3idmlnd2//oHx4dKdEKjHxsWBCdkOkCKMx8TXVjHQTSRAPGemEk6uF37knUlER3+ppQgKORjGNKEbaSL0Z7CvKYVKdnQ/KFcf2mk690YSGeLVGPSd1x4Ou7SxRATnag/J7fyhwykmsMUNK9Vwn0UGGpKaYkXmpnyqSIDxBI9IzNEacqCBbnjyHZ0YZwkhIU7GGS/X7RIa4UlMemk6O9Fj99hbiX14v1VEzyGicpJrEeLUoShnUAi7+h0MqCdZsagjCkppbIR4jibA2KZVMCF+fwv+JX7M92725qLQu8zSK4AScgipwQQO0wDVoAx9gIMADeALPlrYerRfrddVasPKZY/AD1tsnNiWQxQ==</latexit><latexit sha1_base64="mxWuNwameMFXGXPHwkF4TqgAHnk=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBahXkJSLG1uRS8eKxhbaEPZbDft0t1s2N0IbejP8OJBxav/xpv/xm0bQUUfDDzem2FmXpgwqrTjfFiFtfWNza3idmlnd2//oHx4dKdEKjHxsWBCdkOkCKMx8TXVjHQTSRAPGemEk6uF37knUlER3+ppQgKORjGNKEbaSL0Z7CvKYVKdnQ/KFcf2mk690YSGeLVGPSd1x4Ou7SxRATnag/J7fyhwykmsMUNK9Vwn0UGGpKaYkXmpnyqSIDxBI9IzNEacqCBbnjyHZ0YZwkhIU7GGS/X7RIa4UlMemk6O9Fj99hbiX14v1VEzyGicpJrEeLUoShnUAi7+h0MqCdZsagjCkppbIR4jibA2KZVMCF+fwv+JX7M92725qLQu8zSK4AScgipwQQO0wDVoAx9gIMADeALPlrYerRfrddVasPKZY/AD1tsnNiWQxQ==</latexit><latexit sha1_base64="mxWuNwameMFXGXPHwkF4TqgAHnk=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBahXkJSLG1uRS8eKxhbaEPZbDft0t1s2N0IbejP8OJBxav/xpv/xm0bQUUfDDzem2FmXpgwqrTjfFiFtfWNza3idmlnd2//oHx4dKdEKjHxsWBCdkOkCKMx8TXVjHQTSRAPGemEk6uF37knUlER3+ppQgKORjGNKEbaSL0Z7CvKYVKdnQ/KFcf2mk690YSGeLVGPSd1x4Ou7SxRATnag/J7fyhwykmsMUNK9Vwn0UGGpKaYkXmpnyqSIDxBI9IzNEacqCBbnjyHZ0YZwkhIU7GGS/X7RIa4UlMemk6O9Fj99hbiX14v1VEzyGicpJrEeLUoShnUAi7+h0MqCdZsagjCkppbIR4jibA2KZVMCF+fwv+JX7M92725qLQu8zSK4AScgipwQQO0wDVoAx9gIMADeALPlrYerRfrddVasPKZY/AD1tsnNiWQxQ==</latexit>

x = f✓(z)
<latexit sha1_base64="bn3hj4xIR9tXowGFyWWqWEJtLUE=">AAAB93icdVBdSwJBFJ3t0+xDq8dehiSwF1klUR8CqZceDdoUdFlmx1kdnJ1dZu5GKv6SXnqo6LW/0lv/plE3qKgDFw7n3Mu99/ix4Bps+8NaWV1b39jMbGW3d3b3cvn9g1sdJYoyh0YiUh2faCa4ZA5wEKwTK0ZCX7C2P7qc++07pjSP5A2MY+aGZCB5wCkBI3n53D0+x4HXgyEDUpycevmCXWrU7Wqtjg1pVGrVlFTtBi6X7AUKKEXLy7/3+hFNQiaBCqJ1t2zH4E6JAk4Fm2V7iWYxoSMyYF1DJQmZdqeLw2f4xCh9HETKlAS8UL9PTEmo9Tj0TWdIYKh/e3PxL6+bQFB3p1zGCTBJl4uCRGCI8DwF3OeKURBjQwhV3NyK6ZAoQsFklTUhfH2K/ydOpdQola/PCs2LNI0MOkLHqIjKqIaa6Aq1kIMoStADekLP1sR6tF6s12XripXOHKIfsN4+AWA+kns=</latexit><latexit sha1_base64="bn3hj4xIR9tXowGFyWWqWEJtLUE=">AAAB93icdVBdSwJBFJ3t0+xDq8dehiSwF1klUR8CqZceDdoUdFlmx1kdnJ1dZu5GKv6SXnqo6LW/0lv/plE3qKgDFw7n3Mu99/ix4Bps+8NaWV1b39jMbGW3d3b3cvn9g1sdJYoyh0YiUh2faCa4ZA5wEKwTK0ZCX7C2P7qc++07pjSP5A2MY+aGZCB5wCkBI3n53D0+x4HXgyEDUpycevmCXWrU7Wqtjg1pVGrVlFTtBi6X7AUKKEXLy7/3+hFNQiaBCqJ1t2zH4E6JAk4Fm2V7iWYxoSMyYF1DJQmZdqeLw2f4xCh9HETKlAS8UL9PTEmo9Tj0TWdIYKh/e3PxL6+bQFB3p1zGCTBJl4uCRGCI8DwF3OeKURBjQwhV3NyK6ZAoQsFklTUhfH2K/ydOpdQola/PCs2LNI0MOkLHqIjKqIaa6Aq1kIMoStADekLP1sR6tF6s12XripXOHKIfsN4+AWA+kns=</latexit><latexit sha1_base64="bn3hj4xIR9tXowGFyWWqWEJtLUE=">AAAB93icdVBdSwJBFJ3t0+xDq8dehiSwF1klUR8CqZceDdoUdFlmx1kdnJ1dZu5GKv6SXnqo6LW/0lv/plE3qKgDFw7n3Mu99/ix4Bps+8NaWV1b39jMbGW3d3b3cvn9g1sdJYoyh0YiUh2faCa4ZA5wEKwTK0ZCX7C2P7qc++07pjSP5A2MY+aGZCB5wCkBI3n53D0+x4HXgyEDUpycevmCXWrU7Wqtjg1pVGrVlFTtBi6X7AUKKEXLy7/3+hFNQiaBCqJ1t2zH4E6JAk4Fm2V7iWYxoSMyYF1DJQmZdqeLw2f4xCh9HETKlAS8UL9PTEmo9Tj0TWdIYKh/e3PxL6+bQFB3p1zGCTBJl4uCRGCI8DwF3OeKURBjQwhV3NyK6ZAoQsFklTUhfH2K/ydOpdQola/PCs2LNI0MOkLHqIjKqIaa6Aq1kIMoStADekLP1sR6tF6s12XripXOHKIfsN4+AWA+kns=</latexit><latexit sha1_base64="bn3hj4xIR9tXowGFyWWqWEJtLUE=">AAAB93icdVBdSwJBFJ3t0+xDq8dehiSwF1klUR8CqZceDdoUdFlmx1kdnJ1dZu5GKv6SXnqo6LW/0lv/plE3qKgDFw7n3Mu99/ix4Bps+8NaWV1b39jMbGW3d3b3cvn9g1sdJYoyh0YiUh2faCa4ZA5wEKwTK0ZCX7C2P7qc++07pjSP5A2MY+aGZCB5wCkBI3n53D0+x4HXgyEDUpycevmCXWrU7Wqtjg1pVGrVlFTtBi6X7AUKKEXLy7/3+hFNQiaBCqJ1t2zH4E6JAk4Fm2V7iWYxoSMyYF1DJQmZdqeLw2f4xCh9HETKlAS8UL9PTEmo9Tj0TWdIYKh/e3PxL6+bQFB3p1zGCTBJl4uCRGCI8DwF3OeKURBjQwhV3NyK6ZAoQsFklTUhfH2K/ydOpdQola/PCs2LNI0MOkLHqIjKqIaa6Aq1kIMoStADekLP1sR6tF6s12XripXOHKIfsN4+AWA+kns=</latexit>

if f is invertible…

log p(x) = log p(f�1(x))� log |@f/@x|
<latexit sha1_base64="8BH/ymZHWbPSMX1QKkcDCd8Aizc="></latexit><latexit sha1_base64="8BH/ymZHWbPSMX1QKkcDCd8Aizc="></latexit><latexit sha1_base64="8BH/ymZHWbPSMX1QKkcDCd8Aizc="></latexit><latexit sha1_base64="8BH/ymZHWbPSMX1QKkcDCd8Aizc="></latexit>

sample

data

f



challenges
real-nvp

care must be taken to design       which is 
invertible and where                      can be 
efficiently computed

we cannot easily compute or estimate the 
determinant of arbitrary functions

typically, we use restricted network 
architectures to deliver these properties

examples include nice (Dinh et al. 2014), 
real-nvp (Dinh et al. 2016), Glow (Kingma 
& Dhariwal 2018)

f✓
<latexit sha1_base64="k67ICIdGIlgHS6BtynSfeM6h7RY=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iKpc2t6MVjBaOFNpTNdtMu3Wzi7kQooX/CiwcVr/4eb/4bt20EFX0w8Hhvhpl5YSq4Bsf5sEorq2vrG+XNytb2zu5edf/gRieZosyniUhUNySaCS6ZDxwE66aKkTgU7DacXMz923umNE/kNUxTFsRkJHnEKQEjdaNBH8YMyKBac2yv5TSaLWyIV282CtJwPOzazgI1VKAzqL73hwnNYiaBCqJ1z3VSCHKigFPBZpV+pllK6ISMWM9QSWKmg3xx7wyfGGWIo0SZkoAX6veJnMRaT+PQdMYExvq3Nxf/8noZRK0g5zLNgEm6XBRlAkOC58/jIVeMgpgaQqji5lZMx0QRCiaiignh61P8P/Hrtme7V2e19nmRRhkdoWN0ilzURG10iTrIRxQJ9ICe0LN1Zz1aL9brsrVkFTOH6Aest08pkJBE</latexit><latexit sha1_base64="k67ICIdGIlgHS6BtynSfeM6h7RY=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iKpc2t6MVjBaOFNpTNdtMu3Wzi7kQooX/CiwcVr/4eb/4bt20EFX0w8Hhvhpl5YSq4Bsf5sEorq2vrG+XNytb2zu5edf/gRieZosyniUhUNySaCS6ZDxwE66aKkTgU7DacXMz923umNE/kNUxTFsRkJHnEKQEjdaNBH8YMyKBac2yv5TSaLWyIV282CtJwPOzazgI1VKAzqL73hwnNYiaBCqJ1z3VSCHKigFPBZpV+pllK6ISMWM9QSWKmg3xx7wyfGGWIo0SZkoAX6veJnMRaT+PQdMYExvq3Nxf/8noZRK0g5zLNgEm6XBRlAkOC58/jIVeMgpgaQqji5lZMx0QRCiaiignh61P8P/Hrtme7V2e19nmRRhkdoWN0ilzURG10iTrIRxQJ9ICe0LN1Zz1aL9brsrVkFTOH6Aest08pkJBE</latexit><latexit sha1_base64="k67ICIdGIlgHS6BtynSfeM6h7RY=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iKpc2t6MVjBaOFNpTNdtMu3Wzi7kQooX/CiwcVr/4eb/4bt20EFX0w8Hhvhpl5YSq4Bsf5sEorq2vrG+XNytb2zu5edf/gRieZosyniUhUNySaCS6ZDxwE66aKkTgU7DacXMz923umNE/kNUxTFsRkJHnEKQEjdaNBH8YMyKBac2yv5TSaLWyIV282CtJwPOzazgI1VKAzqL73hwnNYiaBCqJ1z3VSCHKigFPBZpV+pllK6ISMWM9QSWKmg3xx7wyfGGWIo0SZkoAX6veJnMRaT+PQdMYExvq3Nxf/8noZRK0g5zLNgEm6XBRlAkOC58/jIVeMgpgaQqji5lZMx0QRCiaiignh61P8P/Hrtme7V2e19nmRRhkdoWN0ilzURG10iTrIRxQJ9ICe0LN1Zz1aL9brsrVkFTOH6Aest08pkJBE</latexit><latexit sha1_base64="k67ICIdGIlgHS6BtynSfeM6h7RY=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iKpc2t6MVjBaOFNpTNdtMu3Wzi7kQooX/CiwcVr/4eb/4bt20EFX0w8Hhvhpl5YSq4Bsf5sEorq2vrG+XNytb2zu5edf/gRieZosyniUhUNySaCS6ZDxwE66aKkTgU7DacXMz923umNE/kNUxTFsRkJHnEKQEjdaNBH8YMyKBac2yv5TSaLWyIV282CtJwPOzazgI1VKAzqL73hwnNYiaBCqJ1z3VSCHKigFPBZpV+pllK6ISMWM9QSWKmg3xx7wyfGGWIo0SZkoAX6veJnMRaT+PQdMYExvq3Nxf/8noZRK0g5zLNgEm6XBRlAkOC58/jIVeMgpgaQqji5lZMx0QRCiaiignh61P8P/Hrtme7V2e19nmRRhkdoWN0ilzURG10iTrIRxQJ9ICe0LN1Zz1aL9brsrVkFTOH6Aest08pkJBE</latexit>

log |@f/@x|
<latexit sha1_base64="g3ShCLko1ek/FCfdfXR7NrR21dc=">AAACBnicdVDLSgMxFM3UV62vUZeCBIvgapwWSzu7ohuXFRxb6Awlk2ba0MyDJCOWaXdu/BU3LlTc+g3u/Bsz7SgqeiBwcs69N7nHixkV0jTftcLC4tLySnG1tLa+sbmlb+9ciSjhmNg4YhHveEgQRkNiSyoZ6cScoMBjpO2NzjK/fU24oFF4KccxcQM0CKlPMZJK6un7DosGcOLEiEuKGPThMfy63Ex6etk0rIZZqzegIla1XstJzbRgxTBnKIMcrZ7+5vQjnAQklJghIboVM5Zumg3EjExLTiJIjPAIDUhX0RAFRLjpbI8pPFRKH/oRVyeUcKZ+70hRIMQ48FRlgORQ/PYy8S+vm0i/4aY0jBNJQjx/yE8YlBHMQoF9ygmWbKwIwpyqv0I8RBxhqaIrqRA+N4X/E7tqWEbl4qTcPM3TKII9cACOQAXUQROcgxawAQa34B48giftTnvQnrWXeWlBy3t2wQ9orx/o0pjv</latexit><latexit sha1_base64="g3ShCLko1ek/FCfdfXR7NrR21dc=">AAACBnicdVDLSgMxFM3UV62vUZeCBIvgapwWSzu7ohuXFRxb6Awlk2ba0MyDJCOWaXdu/BU3LlTc+g3u/Bsz7SgqeiBwcs69N7nHixkV0jTftcLC4tLySnG1tLa+sbmlb+9ciSjhmNg4YhHveEgQRkNiSyoZ6cScoMBjpO2NzjK/fU24oFF4KccxcQM0CKlPMZJK6un7DosGcOLEiEuKGPThMfy63Ex6etk0rIZZqzegIla1XstJzbRgxTBnKIMcrZ7+5vQjnAQklJghIboVM5Zumg3EjExLTiJIjPAIDUhX0RAFRLjpbI8pPFRKH/oRVyeUcKZ+70hRIMQ48FRlgORQ/PYy8S+vm0i/4aY0jBNJQjx/yE8YlBHMQoF9ygmWbKwIwpyqv0I8RBxhqaIrqRA+N4X/E7tqWEbl4qTcPM3TKII9cACOQAXUQROcgxawAQa34B48giftTnvQnrWXeWlBy3t2wQ9orx/o0pjv</latexit><latexit sha1_base64="g3ShCLko1ek/FCfdfXR7NrR21dc=">AAACBnicdVDLSgMxFM3UV62vUZeCBIvgapwWSzu7ohuXFRxb6Awlk2ba0MyDJCOWaXdu/BU3LlTc+g3u/Bsz7SgqeiBwcs69N7nHixkV0jTftcLC4tLySnG1tLa+sbmlb+9ciSjhmNg4YhHveEgQRkNiSyoZ6cScoMBjpO2NzjK/fU24oFF4KccxcQM0CKlPMZJK6un7DosGcOLEiEuKGPThMfy63Ex6etk0rIZZqzegIla1XstJzbRgxTBnKIMcrZ7+5vQjnAQklJghIboVM5Zumg3EjExLTiJIjPAIDUhX0RAFRLjpbI8pPFRKH/oRVyeUcKZ+70hRIMQ48FRlgORQ/PYy8S+vm0i/4aY0jBNJQjx/yE8YlBHMQoF9ygmWbKwIwpyqv0I8RBxhqaIrqRA+N4X/E7tqWEbl4qTcPM3TKII9cACOQAXUQROcgxawAQa34B48giftTnvQnrWXeWlBy3t2wQ9orx/o0pjv</latexit><latexit sha1_base64="g3ShCLko1ek/FCfdfXR7NrR21dc=">AAACBnicdVDLSgMxFM3UV62vUZeCBIvgapwWSzu7ohuXFRxb6Awlk2ba0MyDJCOWaXdu/BU3LlTc+g3u/Bsz7SgqeiBwcs69N7nHixkV0jTftcLC4tLySnG1tLa+sbmlb+9ciSjhmNg4YhHveEgQRkNiSyoZ6cScoMBjpO2NzjK/fU24oFF4KccxcQM0CKlPMZJK6un7DosGcOLEiEuKGPThMfy63Ex6etk0rIZZqzegIla1XstJzbRgxTBnKIMcrZ7+5vQjnAQklJghIboVM5Zumg3EjExLTiJIjPAIDUhX0RAFRLjpbI8pPFRKH/oRVyeUcKZ+70hRIMQ48FRlgORQ/PYy8S+vm0i/4aY0jBNJQjx/yE8YlBHMQoF9ygmWbKwIwpyqv0I8RBxhqaIrqRA+N4X/E7tqWEbl4qTcPM3TKII9cACOQAXUQROcgxawAQa34B48giftTnvQnrWXeWlBy3t2wQ9orx/o0pjv</latexit> x = [xa;xb]

f t
✓(x) = [xa;xb · st✓(xa) + tt✓(xa)]

f✓(x) = fT
✓ � · · · � f1

✓ (x)
<latexit sha1_base64="bYjAJmEynJyARm2LchDegR9JdPw="></latexit><latexit sha1_base64="bYjAJmEynJyARm2LchDegR9JdPw="></latexit><latexit sha1_base64="bYjAJmEynJyARm2LchDegR9JdPw="></latexit><latexit sha1_base64="bYjAJmEynJyARm2LchDegR9JdPw="></latexit>

forward

inverse

z = [za; zb]

(f t)�1
✓ (z) = [za; (zb � tt✓(za))/s

t
✓(zb)]

<latexit sha1_base64="n3kgAMYzRPbAZ9mtTvqywEFHC3U="></latexit><latexit sha1_base64="n3kgAMYzRPbAZ9mtTvqywEFHC3U="></latexit><latexit sha1_base64="n3kgAMYzRPbAZ9mtTvqywEFHC3U="></latexit><latexit sha1_base64="n3kgAMYzRPbAZ9mtTvqywEFHC3U="></latexit>

log-determinant

log |@f/@x| =
TX

t=1

DX

i=1

log s✓(zt)i
<latexit sha1_base64="qqLuqrvqh74Xs/wTl3tezcIFZAE="></latexit><latexit sha1_base64="qqLuqrvqh74Xs/wTl3tezcIFZAE="></latexit><latexit sha1_base64="qqLuqrvqh74Xs/wTl3tezcIFZAE="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="bYAlZtb+3Ri82obl1tIlSBRL8V8=">AAACLHicbVBLS8NAEJ74rPVVvXpZFKFeauJFPQiCHrxZoVWhqWGz3bSLmwe7E7HG/iwv/gxv4sWDij/DTRtEqwML32OHmfn8RAqNtv1sTUxOTc/MlubK8wuLS8uVlYVzHaeK8SaLZawufaq5FBFvokDJLxPFaehLfuFfH+X+xQ1XWsRRA/sJb4e0G4lAMIpG8iqnroy75N5NqEJBJQnINvkmt/fkgLg6Db0MD5zBVaMgIifHZNiqPRd7HGn1zsMtT3iVDbtmD4v8BU4BNqCould5cjsxS0MeIZNU65ZjJ9jO8g2Y5IOym2qeUHZNu7xlYERDrtvZ8PAB2TRKhwSxMi9CMlR/dmQ01Lof+uZnSLGnx71c/M9rpRjstTMRJSnyiI0GBakkGJM8RdIRijOUfQMoU8LsSliPKsrQZF02ITjjJ/8FzZ3afs05s6EEa7AOVXBgFw7hBOrQBAYP8AJv8G49Wq/WxyitCauIbRV+lfX5Bdr5qgo=</latexit><latexit sha1_base64="w2Jp2fusMZ4WL2zJQWuzaJbolho="></latexit><latexit sha1_base64="ZAjHxIjQqG8QyG0lCaiEJR4EAKk="></latexit><latexit sha1_base64="qqLuqrvqh74Xs/wTl3tezcIFZAE="></latexit><latexit sha1_base64="qqLuqrvqh74Xs/wTl3tezcIFZAE="></latexit><latexit sha1_base64="qqLuqrvqh74Xs/wTl3tezcIFZAE="></latexit><latexit sha1_base64="qqLuqrvqh74Xs/wTl3tezcIFZAE="></latexit><latexit sha1_base64="qqLuqrvqh74Xs/wTl3tezcIFZAE="></latexit><latexit sha1_base64="qqLuqrvqh74Xs/wTl3tezcIFZAE="></latexit>



realities

since each layer consists of a fairly simple transformation of 
the data, many must be composed

the published Glow model trained on cifar-10 has ~400 
layers and over 100M parameters

despite these drawbacks considerable progress has been 
made in recent years 

NICE (2014) real-nvp (2016) Glow (2018)



what if…

we could use more expressive functions while 
still obeying the main constraints of flows?

if we look at the problem in a different way, 
something interesting happens…



an alternate view

most reversible generative models compose many small 
building blocks

this can be thought of as a discrete-time dynamics process

x = [xa;xb]

f t
✓(x) = [xa;xb · st✓(xa) + tt✓(xa)]

f✓(x) = fT
✓ � · · · � f1

✓ (x)
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zt = f t
✓(zt�1)

f✓(x) = zT

log p(x) = log p(zT ) +
TX
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take a few limits…

if we replace these discrete-time dynamics with a continuous-time 
process something interesting happens

most interestingly…

known as the continuous change of variables (Chen et al. 2018)

x = z0
@z

@t
= f✓(zt, t)

f✓(x) = zT = z0 +

Z 1

0
f✓(zt, t)dt
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0
rf(zt, t)dt
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what this means

log-probability of the data under the discrete model

log-probability of the data under the continuous model

we replace the sum of jacobian log-determinants with the integral of 
a divergence 

x = z0

zt = f t
✓(zt�1)

f✓(x) = zT

log p(x) = log p(zT ) +
TX

t=0

log |@f t/@zt|
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0
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log-dets vs divergence

for a general function                           ,                  can be computed in 
time using automatic differentiation

given                 computing                            requires              
computation and there is no known efficient unbiased estimator

given                ,                     can be computed in              thus we are 
constrained by the              cost of computing the jacobian

but, using two tricks we can produce an unbiased estimator for this 
quantity with              computation

f : RN ! RN
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O(N2)
<latexit sha1_base64="JDorz3Ob9pwGrymvZ4XBZCwci+w=">AAAB7HicdVDLTsJAFJ3iC/GFunQzkZjgpmmBQNkR3bhSTCyQQCXTYQoj02kzMzUhDf/gxoUat36QO//G4WGiRk9yk5Nz7s299/gxo1JZ1oeRWVldW9/Ibua2tnd29/L7By0ZJQITF0csEh0fScIoJ66iipFOLAgKfUba/vh85rfviZA04jdqEhMvRENOA4qR0lLrqnh5Wzrt5wuWWa9VbKcKNXGqJae8IFa5Bm3TmqMAlmj28++9QYSTkHCFGZKya1ux8lIkFMWMTHO9RJIY4TEakq6mHIVEeun82ik80coABpHQxRWcq98nUhRKOQl93RkiNZK/vZn4l9dNVOB4KeVxogjHi0VBwqCK4Ox1OKCCYMUmmiAsqL4V4hESCCsdUE6H8PUp/J+4JbNu2teVQuNsmUYWHIFjUAQ2qIEGuABN4AIM7sADeALPRmQ8Gi/G66I1YyxnDsEPGG+fM7qOcA==</latexit><latexit sha1_base64="JDorz3Ob9pwGrymvZ4XBZCwci+w=">AAAB7HicdVDLTsJAFJ3iC/GFunQzkZjgpmmBQNkR3bhSTCyQQCXTYQoj02kzMzUhDf/gxoUat36QO//G4WGiRk9yk5Nz7s299/gxo1JZ1oeRWVldW9/Ibua2tnd29/L7By0ZJQITF0csEh0fScIoJ66iipFOLAgKfUba/vh85rfviZA04jdqEhMvRENOA4qR0lLrqnh5Wzrt5wuWWa9VbKcKNXGqJae8IFa5Bm3TmqMAlmj28++9QYSTkHCFGZKya1ux8lIkFMWMTHO9RJIY4TEakq6mHIVEeun82ik80coABpHQxRWcq98nUhRKOQl93RkiNZK/vZn4l9dNVOB4KeVxogjHi0VBwqCK4Ox1OKCCYMUmmiAsqL4V4hESCCsdUE6H8PUp/J+4JbNu2teVQuNsmUYWHIFjUAQ2qIEGuABN4AIM7sADeALPRmQ8Gi/G66I1YyxnDsEPGG+fM7qOcA==</latexit><latexit sha1_base64="JDorz3Ob9pwGrymvZ4XBZCwci+w=">AAAB7HicdVDLTsJAFJ3iC/GFunQzkZjgpmmBQNkR3bhSTCyQQCXTYQoj02kzMzUhDf/gxoUat36QO//G4WGiRk9yk5Nz7s299/gxo1JZ1oeRWVldW9/Ibua2tnd29/L7By0ZJQITF0csEh0fScIoJ66iipFOLAgKfUba/vh85rfviZA04jdqEhMvRENOA4qR0lLrqnh5Wzrt5wuWWa9VbKcKNXGqJae8IFa5Bm3TmqMAlmj28++9QYSTkHCFGZKya1ux8lIkFMWMTHO9RJIY4TEakq6mHIVEeun82ik80coABpHQxRWcq98nUhRKOQl93RkiNZK/vZn4l9dNVOB4KeVxogjHi0VBwqCK4Ox1OKCCYMUmmiAsqL4V4hESCCsdUE6H8PUp/J+4JbNu2teVQuNsmUYWHIFjUAQ2qIEGuABN4AIM7sADeALPRmQ8Gi/G66I1YyxnDsEPGG+fM7qOcA==</latexit><latexit sha1_base64="JDorz3Ob9pwGrymvZ4XBZCwci+w=">AAAB7HicdVDLTsJAFJ3iC/GFunQzkZjgpmmBQNkR3bhSTCyQQCXTYQoj02kzMzUhDf/gxoUat36QO//G4WGiRk9yk5Nz7s299/gxo1JZ1oeRWVldW9/Ibua2tnd29/L7By0ZJQITF0csEh0fScIoJ66iipFOLAgKfUba/vh85rfviZA04jdqEhMvRENOA4qR0lLrqnh5Wzrt5wuWWa9VbKcKNXGqJae8IFa5Bm3TmqMAlmj28++9QYSTkHCFGZKya1ux8lIkFMWMTHO9RJIY4TEakq6mHIVEeun82ik80coABpHQxRWcq98nUhRKOQl93RkiNZK/vZn4l9dNVOB4KeVxogjHi0VBwqCK4Ox1OKCCYMUmmiAsqL4V4hESCCsdUE6H8PUp/J+4JbNu2teVQuNsmUYWHIFjUAQ2qIEGuABN4AIM7sADeALPRmQ8Gi/G66I1YyxnDsEPGG+fM7qOcA==</latexit>

O(N)
<latexit sha1_base64="X0SHk5iH0JI+WHRJcBfjBZw3pLU=">AAAB6nicdVBNSwMxEM36WetX1aOXYBHqZdltS7u9Fb140gquLbRLyaZpG5pklyQrlKV/wYsHFa/+Im/+G7NtBRV9MPB4b4aZeWHMqNKO82GtrK6tb2zmtvLbO7t7+4WDwzsVJRITH0cskp0QKcKoIL6mmpFOLAniISPtcHKR+e17IhWNxK2exiTgaCTokGKkM+m6dHXWLxQdu1Gvul4NGuLVyl5lQZxKHbq2M0cRLNHqF957gwgnnAiNGVKq6zqxDlIkNcWMzPK9RJEY4Qkaka6hAnGignR+6wyeGmUAh5E0JTScq98nUsSVmvLQdHKkx+q3l4l/ed1ED70gpSJONBF4sWiYMKgjmD0OB1QSrNnUEIQlNbdCPEYSYW3iyZsQvj6F/xO/bDds96ZabJ4v08iBY3ACSsAFddAEl6AFfIDBGDyAJ/BscevRerFeF60r1nLmCPyA9fYJDa+NzA==</latexit><latexit sha1_base64="X0SHk5iH0JI+WHRJcBfjBZw3pLU=">AAAB6nicdVBNSwMxEM36WetX1aOXYBHqZdltS7u9Fb140gquLbRLyaZpG5pklyQrlKV/wYsHFa/+Im/+G7NtBRV9MPB4b4aZeWHMqNKO82GtrK6tb2zmtvLbO7t7+4WDwzsVJRITH0cskp0QKcKoIL6mmpFOLAniISPtcHKR+e17IhWNxK2exiTgaCTokGKkM+m6dHXWLxQdu1Gvul4NGuLVyl5lQZxKHbq2M0cRLNHqF957gwgnnAiNGVKq6zqxDlIkNcWMzPK9RJEY4Qkaka6hAnGignR+6wyeGmUAh5E0JTScq98nUsSVmvLQdHKkx+q3l4l/ed1ED70gpSJONBF4sWiYMKgjmD0OB1QSrNnUEIQlNbdCPEYSYW3iyZsQvj6F/xO/bDds96ZabJ4v08iBY3ACSsAFddAEl6AFfIDBGDyAJ/BscevRerFeF60r1nLmCPyA9fYJDa+NzA==</latexit><latexit sha1_base64="X0SHk5iH0JI+WHRJcBfjBZw3pLU=">AAAB6nicdVBNSwMxEM36WetX1aOXYBHqZdltS7u9Fb140gquLbRLyaZpG5pklyQrlKV/wYsHFa/+Im/+G7NtBRV9MPB4b4aZeWHMqNKO82GtrK6tb2zmtvLbO7t7+4WDwzsVJRITH0cskp0QKcKoIL6mmpFOLAniISPtcHKR+e17IhWNxK2exiTgaCTokGKkM+m6dHXWLxQdu1Gvul4NGuLVyl5lQZxKHbq2M0cRLNHqF957gwgnnAiNGVKq6zqxDlIkNcWMzPK9RJEY4Qkaka6hAnGignR+6wyeGmUAh5E0JTScq98nUsSVmvLQdHKkx+q3l4l/ed1ED70gpSJONBF4sWiYMKgjmD0OB1QSrNnUEIQlNbdCPEYSYW3iyZsQvj6F/xO/bDds96ZabJ4v08iBY3ACSsAFddAEl6AFfIDBGDyAJ/BscevRerFeF60r1nLmCPyA9fYJDa+NzA==</latexit><latexit sha1_base64="X0SHk5iH0JI+WHRJcBfjBZw3pLU=">AAAB6nicdVBNSwMxEM36WetX1aOXYBHqZdltS7u9Fb140gquLbRLyaZpG5pklyQrlKV/wYsHFa/+Im/+G7NtBRV9MPB4b4aZeWHMqNKO82GtrK6tb2zmtvLbO7t7+4WDwzsVJRITH0cskp0QKcKoIL6mmpFOLAniISPtcHKR+e17IhWNxK2exiTgaCTokGKkM+m6dHXWLxQdu1Gvul4NGuLVyl5lQZxKHbq2M0cRLNHqF957gwgnnAiNGVKq6zqxDlIkNcWMzPK9RJEY4Qkaka6hAnGignR+6wyeGmUAh5E0JTScq98nUsSVmvLQdHKkx+q3l4l/ed1ED70gpSJONBF4sWiYMKgjmD0OB1QSrNnUEIQlNbdCPEYSYW3iyZsQvj6F/xO/bDds96ZabJ4v08iBY3ACSsAFddAEl6AFfIDBGDyAJ/BscevRerFeF60r1nLmCPyA9fYJDa+NzA==</latexit>



stochastic divergence estimation

                requires              to compute using automatic differentiation 
but                         can be computed in for any e in

for any matrix A, we have
                                            

if 

given that                                        we have

which can be estimated in  

 
 

log p(x) = log p(f�1(x))� log |@f/@x|
<latexit sha1_base64="8BH/ymZHWbPSMX1QKkcDCd8Aizc="></latexit><latexit sha1_base64="8BH/ymZHWbPSMX1QKkcDCd8Aizc="></latexit><latexit sha1_base64="8BH/ymZHWbPSMX1QKkcDCd8Aizc="></latexit><latexit sha1_base64="8BH/ymZHWbPSMX1QKkcDCd8Aizc="></latexit>

O(N2)
<latexit sha1_base64="JDorz3Ob9pwGrymvZ4XBZCwci+w=">AAAB7HicdVDLTsJAFJ3iC/GFunQzkZjgpmmBQNkR3bhSTCyQQCXTYQoj02kzMzUhDf/gxoUat36QO//G4WGiRk9yk5Nz7s299/gxo1JZ1oeRWVldW9/Ibua2tnd29/L7By0ZJQITF0csEh0fScIoJ66iipFOLAgKfUba/vh85rfviZA04jdqEhMvRENOA4qR0lLrqnh5Wzrt5wuWWa9VbKcKNXGqJae8IFa5Bm3TmqMAlmj28++9QYSTkHCFGZKya1ux8lIkFMWMTHO9RJIY4TEakq6mHIVEeun82ik80coABpHQxRWcq98nUhRKOQl93RkiNZK/vZn4l9dNVOB4KeVxogjHi0VBwqCK4Ox1OKCCYMUmmiAsqL4V4hESCCsdUE6H8PUp/J+4JbNu2teVQuNsmUYWHIFjUAQ2qIEGuABN4AIM7sADeALPRmQ8Gi/G66I1YyxnDsEPGG+fM7qOcA==</latexit><latexit sha1_base64="JDorz3Ob9pwGrymvZ4XBZCwci+w=">AAAB7HicdVDLTsJAFJ3iC/GFunQzkZjgpmmBQNkR3bhSTCyQQCXTYQoj02kzMzUhDf/gxoUat36QO//G4WGiRk9yk5Nz7s299/gxo1JZ1oeRWVldW9/Ibua2tnd29/L7By0ZJQITF0csEh0fScIoJ66iipFOLAgKfUba/vh85rfviZA04jdqEhMvRENOA4qR0lLrqnh5Wzrt5wuWWa9VbKcKNXGqJae8IFa5Bm3TmqMAlmj28++9QYSTkHCFGZKya1ux8lIkFMWMTHO9RJIY4TEakq6mHIVEeun82ik80coABpHQxRWcq98nUhRKOQl93RkiNZK/vZn4l9dNVOB4KeVxogjHi0VBwqCK4Ox1OKCCYMUmmiAsqL4V4hESCCsdUE6H8PUp/J+4JbNu2teVQuNsmUYWHIFjUAQ2qIEGuABN4AIM7sADeALPRmQ8Gi/G66I1YyxnDsEPGG+fM7qOcA==</latexit><latexit sha1_base64="JDorz3Ob9pwGrymvZ4XBZCwci+w=">AAAB7HicdVDLTsJAFJ3iC/GFunQzkZjgpmmBQNkR3bhSTCyQQCXTYQoj02kzMzUhDf/gxoUat36QO//G4WGiRk9yk5Nz7s299/gxo1JZ1oeRWVldW9/Ibua2tnd29/L7By0ZJQITF0csEh0fScIoJ66iipFOLAgKfUba/vh85rfviZA04jdqEhMvRENOA4qR0lLrqnh5Wzrt5wuWWa9VbKcKNXGqJae8IFa5Bm3TmqMAlmj28++9QYSTkHCFGZKya1ux8lIkFMWMTHO9RJIY4TEakq6mHIVEeun82ik80coABpHQxRWcq98nUhRKOQl93RkiNZK/vZn4l9dNVOB4KeVxogjHi0VBwqCK4Ox1OKCCYMUmmiAsqL4V4hESCCsdUE6H8PUp/J+4JbNu2teVQuNsmUYWHIFjUAQ2qIEGuABN4AIM7sADeALPRmQ8Gi/G66I1YyxnDsEPGG+fM7qOcA==</latexit><latexit sha1_base64="JDorz3Ob9pwGrymvZ4XBZCwci+w=">AAAB7HicdVDLTsJAFJ3iC/GFunQzkZjgpmmBQNkR3bhSTCyQQCXTYQoj02kzMzUhDf/gxoUat36QO//G4WGiRk9yk5Nz7s299/gxo1JZ1oeRWVldW9/Ibua2tnd29/L7By0ZJQITF0csEh0fScIoJ66iipFOLAgKfUba/vh85rfviZA04jdqEhMvRENOA4qR0lLrqnh5Wzrt5wuWWa9VbKcKNXGqJae8IFa5Bm3TmqMAlmj28++9QYSTkHCFGZKya1ux8lIkFMWMTHO9RJIY4TEakq6mHIVEeun82ik80coABpHQxRWcq98nUhRKOQl93RkiNZK/vZn4l9dNVOB4KeVxogjHi0VBwqCK4Ox1OKCCYMUmmiAsqL4V4hESCCsdUE6H8PUp/J+4JbNu2teVQuNsmUYWHIFjUAQ2qIEGuABN4AIM7sADeALPRmQ8Gi/G66I1YyxnDsEPGG+fM7qOcA==</latexit>

eT (@f/@x)
<latexit sha1_base64="ZMelsBHwzQ3IB20mX3gEg8sED5E=">AAACBXicdVDLTgIxFO3gC/E16tKYNBIT3OAMEBh2RDcuMWGEBEbSKR1s6DzSdoxkwsqNv+LGhRq3/oM7/8YOoFGjJ2lyes69t73HjRgV0jDetczC4tLySnY1t7a+sbmlb+9ciDDmmNg4ZCHvuEgQRgNiSyoZ6UScIN9lpO2OTlO/fU24oGHQkuOIOD4aBtSjGEkl9fV9ctmChV6EuKSIQQ8ew6/LzVFfzxvFeq1iWlWoiFUtWeUZMco1aBaNKfJgjmZff+sNQhz7JJCYISG6phFJJ0kHYkYmuV4sSITwCA1JV9EA+UQ4yXSNCTxUygB6IVcnkHCqfu9IkC/E2HdVpY/klfjtpeJfXjeWnuUkNIhiSQI8e8iLGZQhTDOBA8oJlmysCMKcqr9CfIU4wlIll1MhfG4K/yd2qVgvmueVfONknkYW7IEDUAAmqIEGOANNYAMMbsE9eARP2p32oD1rL7PSjDbv2QU/oL1+ANoYl7A=</latexit><latexit sha1_base64="ZMelsBHwzQ3IB20mX3gEg8sED5E=">AAACBXicdVDLTgIxFO3gC/E16tKYNBIT3OAMEBh2RDcuMWGEBEbSKR1s6DzSdoxkwsqNv+LGhRq3/oM7/8YOoFGjJ2lyes69t73HjRgV0jDetczC4tLySnY1t7a+sbmlb+9ciDDmmNg4ZCHvuEgQRgNiSyoZ6UScIN9lpO2OTlO/fU24oGHQkuOIOD4aBtSjGEkl9fV9ctmChV6EuKSIQQ8ew6/LzVFfzxvFeq1iWlWoiFUtWeUZMco1aBaNKfJgjmZff+sNQhz7JJCYISG6phFJJ0kHYkYmuV4sSITwCA1JV9EA+UQ4yXSNCTxUygB6IVcnkHCqfu9IkC/E2HdVpY/klfjtpeJfXjeWnuUkNIhiSQI8e8iLGZQhTDOBA8oJlmysCMKcqr9CfIU4wlIll1MhfG4K/yd2qVgvmueVfONknkYW7IEDUAAmqIEGOANNYAMMbsE9eARP2p32oD1rL7PSjDbv2QU/oL1+ANoYl7A=</latexit><latexit sha1_base64="ZMelsBHwzQ3IB20mX3gEg8sED5E=">AAACBXicdVDLTgIxFO3gC/E16tKYNBIT3OAMEBh2RDcuMWGEBEbSKR1s6DzSdoxkwsqNv+LGhRq3/oM7/8YOoFGjJ2lyes69t73HjRgV0jDetczC4tLySnY1t7a+sbmlb+9ciDDmmNg4ZCHvuEgQRgNiSyoZ6UScIN9lpO2OTlO/fU24oGHQkuOIOD4aBtSjGEkl9fV9ctmChV6EuKSIQQ8ew6/LzVFfzxvFeq1iWlWoiFUtWeUZMco1aBaNKfJgjmZff+sNQhz7JJCYISG6phFJJ0kHYkYmuV4sSITwCA1JV9EA+UQ4yXSNCTxUygB6IVcnkHCqfu9IkC/E2HdVpY/klfjtpeJfXjeWnuUkNIhiSQI8e8iLGZQhTDOBA8oJlmysCMKcqr9CfIU4wlIll1MhfG4K/yd2qVgvmueVfONknkYW7IEDUAAmqIEGOANNYAMMbsE9eARP2p32oD1rL7PSjDbv2QU/oL1+ANoYl7A=</latexit><latexit sha1_base64="ZMelsBHwzQ3IB20mX3gEg8sED5E=">AAACBXicdVDLTgIxFO3gC/E16tKYNBIT3OAMEBh2RDcuMWGEBEbSKR1s6DzSdoxkwsqNv+LGhRq3/oM7/8YOoFGjJ2lyes69t73HjRgV0jDetczC4tLySnY1t7a+sbmlb+9ciDDmmNg4ZCHvuEgQRgNiSyoZ6UScIN9lpO2OTlO/fU24oGHQkuOIOD4aBtSjGEkl9fV9ctmChV6EuKSIQQ8ew6/LzVFfzxvFeq1iWlWoiFUtWeUZMco1aBaNKfJgjmZff+sNQhz7JJCYISG6phFJJ0kHYkYmuV4sSITwCA1JV9EA+UQ4yXSNCTxUygB6IVcnkHCqfu9IkC/E2HdVpY/klfjtpeJfXjeWnuUkNIhiSQI8e8iLGZQhTDOBA8oJlmysCMKcqr9CfIU4wlIll1MhfG4K/yd2qVgvmueVfONknkYW7IEDUAAmqIEGOANNYAMMbsE9eARP2p32oD1rL7PSjDbv2QU/oL1+ANoYl7A=</latexit>

Tr(A) = Ep(e)[e
TAe]

<latexit sha1_base64="9HFM7dg+eT7qpmvzXl/Sw+YXS9k="></latexit><latexit sha1_base64="9HFM7dg+eT7qpmvzXl/Sw+YXS9k="></latexit><latexit sha1_base64="9HFM7dg+eT7qpmvzXl/Sw+YXS9k="></latexit><latexit sha1_base64="9HFM7dg+eT7qpmvzXl/Sw+YXS9k="></latexit>

E[e] = 0,Cov(e) = I
<latexit sha1_base64="Mri9HwvVzuB10RNyxDp7cBiMM2c="></latexit><latexit sha1_base64="Mri9HwvVzuB10RNyxDp7cBiMM2c="></latexit><latexit sha1_base64="Mri9HwvVzuB10RNyxDp7cBiMM2c="></latexit><latexit sha1_base64="Mri9HwvVzuB10RNyxDp7cBiMM2c="></latexit>

O(N)
<latexit sha1_base64="X0SHk5iH0JI+WHRJcBfjBZw3pLU=">AAAB6nicdVBNSwMxEM36WetX1aOXYBHqZdltS7u9Fb140gquLbRLyaZpG5pklyQrlKV/wYsHFa/+Im/+G7NtBRV9MPB4b4aZeWHMqNKO82GtrK6tb2zmtvLbO7t7+4WDwzsVJRITH0cskp0QKcKoIL6mmpFOLAniISPtcHKR+e17IhWNxK2exiTgaCTokGKkM+m6dHXWLxQdu1Gvul4NGuLVyl5lQZxKHbq2M0cRLNHqF957gwgnnAiNGVKq6zqxDlIkNcWMzPK9RJEY4Qkaka6hAnGignR+6wyeGmUAh5E0JTScq98nUsSVmvLQdHKkx+q3l4l/ed1ED70gpSJONBF4sWiYMKgjmD0OB1QSrNnUEIQlNbdCPEYSYW3iyZsQvj6F/xO/bDds96ZabJ4v08iBY3ACSsAFddAEl6AFfIDBGDyAJ/BscevRerFeF60r1nLmCPyA9fYJDa+NzA==</latexit><latexit sha1_base64="X0SHk5iH0JI+WHRJcBfjBZw3pLU=">AAAB6nicdVBNSwMxEM36WetX1aOXYBHqZdltS7u9Fb140gquLbRLyaZpG5pklyQrlKV/wYsHFa/+Im/+G7NtBRV9MPB4b4aZeWHMqNKO82GtrK6tb2zmtvLbO7t7+4WDwzsVJRITH0cskp0QKcKoIL6mmpFOLAniISPtcHKR+e17IhWNxK2exiTgaCTokGKkM+m6dHXWLxQdu1Gvul4NGuLVyl5lQZxKHbq2M0cRLNHqF957gwgnnAiNGVKq6zqxDlIkNcWMzPK9RJEY4Qkaka6hAnGignR+6wyeGmUAh5E0JTScq98nUsSVmvLQdHKkx+q3l4l/ed1ED70gpSJONBF4sWiYMKgjmD0OB1QSrNnUEIQlNbdCPEYSYW3iyZsQvj6F/xO/bDds96ZabJ4v08iBY3ACSsAFddAEl6AFfIDBGDyAJ/BscevRerFeF60r1nLmCPyA9fYJDa+NzA==</latexit><latexit sha1_base64="X0SHk5iH0JI+WHRJcBfjBZw3pLU=">AAAB6nicdVBNSwMxEM36WetX1aOXYBHqZdltS7u9Fb140gquLbRLyaZpG5pklyQrlKV/wYsHFa/+Im/+G7NtBRV9MPB4b4aZeWHMqNKO82GtrK6tb2zmtvLbO7t7+4WDwzsVJRITH0cskp0QKcKoIL6mmpFOLAniISPtcHKR+e17IhWNxK2exiTgaCTokGKkM+m6dHXWLxQdu1Gvul4NGuLVyl5lQZxKHbq2M0cRLNHqF957gwgnnAiNGVKq6zqxDlIkNcWMzPK9RJEY4Qkaka6hAnGignR+6wyeGmUAh5E0JTScq98nUsSVmvLQdHKkx+q3l4l/ed1ED70gpSJONBF4sWiYMKgjmD0OB1QSrNnUEIQlNbdCPEYSYW3iyZsQvj6F/xO/bDds96ZabJ4v08iBY3ACSsAFddAEl6AFfIDBGDyAJ/BscevRerFeF60r1nLmCPyA9fYJDa+NzA==</latexit><latexit sha1_base64="X0SHk5iH0JI+WHRJcBfjBZw3pLU=">AAAB6nicdVBNSwMxEM36WetX1aOXYBHqZdltS7u9Fb140gquLbRLyaZpG5pklyQrlKV/wYsHFa/+Im/+G7NtBRV9MPB4b4aZeWHMqNKO82GtrK6tb2zmtvLbO7t7+4WDwzsVJRITH0cskp0QKcKoIL6mmpFOLAniISPtcHKR+e17IhWNxK2exiTgaCTokGKkM+m6dHXWLxQdu1Gvul4NGuLVyl5lQZxKHbq2M0cRLNHqF957gwgnnAiNGVKq6zqxDlIkNcWMzPK9RJEY4Qkaka6hAnGignR+6wyeGmUAh5E0JTScq98nUsSVmvLQdHKkx+q3l4l/ed1ED70gpSJONBF4sWiYMKgjmD0OB1QSrNnUEIQlNbdCPEYSYW3iyZsQvj6F/xO/bDds96ZabJ4v08iBY3ACSsAFddAEl6AFfIDBGDyAJ/BscevRerFeF60r1nLmCPyA9fYJDa+NzA==</latexit>

 (Hutchinson’s estimator)

rf(z) = Tr(@f/@z)
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3-line tf implementation

dfdz = f(z, t)
e = tf.random_normal(tf.shape(z))
div = tf.reduce_sum(

tf.gradients(dfdz, z, grad_ys=e) * e
)



unbiased log-likelihood estimation

stochastic divergence estimates can be incorporated into the 
continuous change of variables with

 
 

we can sample a single e and integrate the divergence estimates to 
obtain an unbiased estimate of log p(x) for unrestricted f

log p(x) = log p(zT ) +

Z 1

0
rf(zt)dt

= log p(zT ) +

Z 1

0
Ep(e)


eT

@f

@zt
e

�
dt

= log p(zT ) + Ep(e)

Z 1

0
eT

@f

@zt
edt

�
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(swap order of integration)



that’s all fine and dandy but…

our model is defined by f which represents the gradients of a  
continuous-time dynamics process


computing       consists of solving an ordinary differential 
equation (ODE) initial value problem (IVP) 


if f is a neural network we must compute the gradient of a 
solution to an IVP wrt to the parameters of the function that 
governs its dynamics

zT
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neural ODEs

recent work from Chen et al. (2018) provides a solution


given an objective


Chen et al. (2018) demonstrates that                          can all 
be found by solving a different IVP backwards in time                               


L(z(t1)) = L

✓Z t1

t0

f(z(t), t, ✓)dt

◆

= L(ODESolve(z(t0), f, t0, t1, ✓))
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adjoint backpropagation (in theory)

define new quantity, the adjoint:


it is governed by dynamics:


derivatives of original system are solutions IVPs based on 
these dynamics              


a(t) = � @L

@z(t)
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[Scalable Inference of Ordinary Differential Equation Models of Biochemical 
Processes”, Froehlich, Loos, Hasenauer, 2017]



adjoint backpropagation (in practice)

Solve original IVP using a numerical solver


compute its gradients with a second call to a numerical solver


     


from Chen et al. (2018)



putting it all together

in this work we define a generative model for data


where     is trained using adjoint backpropagation to maximize 
stochastic estimates of  


giving us the first invertible generative model which allows unrestricted 
architectures to specify the dynamics


hence the name Free-Form Jacobian of Reversible Dynamics (FFJORD)

z0 ⇠ p(z0)

@z(t)

@t
= f(z(t), t, ✓)

x = z1
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FFJORD in action



comparison to prior work



summary of quantitative experiments

we evaluate FFJORD on density estimation for tabular and image data


as a normalizing flow for improved posterior estimation in variational 
autoencoders


compare to state of the art generative models, normalizing flows, and 
autoregressive density estimation models



tabular density estimation

FFJORD flows defined by unrestricted neural networks


outperforms other models with efficient sampling by a wide 
margin


outperforms some autoregressive models without efficient 
sampling

cannot be 
sampled from 

efficiently



image density estimation

FFJORD outperforms both real-nvp and Glow on MNIST and 
can match their performance using a single flow step


performs comparably to Glow on CIFAR10 while using 2% as 
many parameters



image samples



FFJORD for variational autoencoders


