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Motivation

Estimating Expectations

e Loss functions in various machine learning problems are usually
defined as an expectation over a set of random variables

o Estimating gradients of loss functions £(0) = E,p( | 0) [f(2;0)]
using samples essential to gradient-based optimization

o Utilize framework of graphical models to specify models involving
stochastic computation, and derive estimators for Vy.L
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Motivation

Estimating Expectations

e Loss functions in various machine learning problems are usually
defined as an expectation over a set of random variables

o Estimating gradients of loss functions £(0) = E,p( | 0) [f(2;0)]
using samples essential to gradient-based optimization

o Utilize framework of graphical models to specify models involving
stochastic computation, and derive estimators for Vy.L

@ This paper: Construct modified objective £ — L so that an
automatic differentiation package yields unbiased estimators for
gradients of any order i.e. VL = E[Vy L]
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Stochastic computation graphs (SCGs)
Schulman et al. (2015)

0 Input node
@ Stochastic node
0 — : > f
Y Deterministic node
f Cost node
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0 Input node Objective: L = E, (0 [f(z)]
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0 — : > f
Y Deterministic node
f Cost node
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Stochastic computation graphs (SCGs)
Schulman et al. (2015)

0 Input node Objective: £ = E, (.0 [f(2)]
@ Stochastic node
0 —( : > f
Y Deterministic node
f Cost node Goal: VoLl

Score function (SF) estimator

Vol = VoE, [f(z)] = E, [f( )2 tog p(e 0)}
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Stochastic computation graphs (SCGs)
Schulman et al. (2015)

0 Input node Objective: £ = E, (.0 [f(2)]
@ Stochastic node
0 —( : > f
Y Deterministic node
f Cost node Goal: VoLl

Score function (SF) estimator

Vol = VoE, [f(z)] = E, [f( )2 tog p(e 0)}

scGs: compute the most efficient gradient estimator(s)
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Gradient Estimators and SCGs

e £ 3. VoL = E[j]
2:0)2 logp(z | 6
Nelow / o [f(2:0) f f%f(ifa() 6)
0 _>@_>@_> f Euy [f (W)] f(y)%p(m | 0)

Eey [f(2) +9(y)]

(f(z) + g(y) Zlogp(z | 0,w)
+9(y) & logp(y | z,0)

Es [ (z, y(0))]

f(@,y(0)) 5 logp(x | 0)

af oy
+3y 96
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Terminology

@ Denote a scG by G = (

o v < w (v “influences” w) = I (a;)X,; CV, with K >0, s.t.

{(Uv al)? (GK,’U))} U {(aia ai—i—l)fi;l} ceé
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Terminology

nodes edges

PN
@ DenoteascacbyG=(V , &)

o v < w (v “influences” w) = I (a;)X,; CV, with K >0, s.t.
{(Uv a/l)7 (aKa ’U))} U {(a’iu ai-l-l)ilizl} g &

©O: Input nodes, D: Deterministic nodes
S: Stochastic nodes, C: Cost nodes
v <P w: v deterministically influences w
DEPS, =: {w € OUS |w <" v}
v € S, p(v | DEPS,): conditional distribution
v € D, ¢(DEPS,): deterministic function
Qv = > cec, & downstream costs of v
v (&
WC(H):fw |weS,w<ecb<w}
©: sampled value of v.
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Terminology

nodes edges

PN
@ DenoteascacbyG=(V , &)

o v < w (v “influences” w) = I (a;)X,; CV, with K >0, s.t.

{(Uv al)? (GK,’U})} U {(aiu ai—i—l)fi;l} - £

©O: Input nodes, D: Deterministic nodes

S: Stochastic nodes, C: Cost nodes

v <P w: v deterministically influences w
DEPS, =: {w € OUS |w <" v}

v € S, p(v | DEPS,): conditional distribution
v € D, ¢(DEPS,): deterministic function

Qv = > cec, & downstream costs of v

v<c
We(0) ={w | weS,w=<cb<w}
©: sampled value of v.
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w>: (v)

0 < {x’y, f’g}7 but
only 6 <* {z,y}
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Gradient Estimators for scas
(Schulman et al., 2015, Theorem 1)

The set of cost nodes C are associated with objective

s

ceC
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Gradient Estimators for scas
(Schulman et al., 2015, Theorem 1)

The set of cost nodes C are associated with objective

s

ceC

Conditions for existence of VoL

Given input node 6 € X, for all edges (v, w) which satisfy § <” v and
0 <P w, then the following conditions hold:
e if w € D, the Jacobian %_111; exists

o if w € S, the derivative %p(w | PARENTS,,) exists
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Gradient Estimators for scas
(Schulman et al., 2015, Theorem 1)

The set of cost nodes C are associated with objective

s

ceC

Conditions for existence of VoL

Given input node 6 € X, for all edges (v, w) which satisfy § <” v and
0 <P w, then the following conditions hold:
e if w € D, the Jacobian %_111; exists

o if w € S, the derivative %p(w | PARENTS,,) exists

Note: This does not require all functions in G to be differentiable.
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Gradient Estimators for SCGs

Non-deterministic influence

0—»@—» y f

weD
£=E /()
9= Fly(a)) 55 logp(z 1)
Oy(x)

need not exist!

ox
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Gradient Estimators for SCGs

Non-deterministic influence

ornrnREoNoNy

w €D

L= [f(y(x))] L=y [f(y)]
9= F@) e logp(|0) 5= (y) s logp(x |0
Jy(x) p(y | ©) may be unknown!

need not exist!

ox
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Gradient Estimators for SCGs

(Schulman et al., 2015, Theorem 1)

Theorem

The gradients of the objective L = [E [Z

FE=E[Te Y ;

ceC w<ec,
0<Pw

score-function part

c] can be computed as

logp w | DEPSy,) + Z 2c(DEPsc)

00

ceC,
0-<Dc

pathwise derivative term

wES,
0<Pw

=E| ) (aaelogp(w | DEPsw))Qw+ > %C(DEPSC)

ceC
0<Pec

given the aforementioned differentiability requirements.

(1)

(2)
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Surrogate loss (SL) functions
(Schulman et al., 2015, Corollary 1)

Corollary

Define a surrogate objective for L = [E [Zcec c] as

SL (Z c) = Z log p(w | DEPS,)Quw + Z ¢(DEPS,)

ceC wES, ceC
0<Pw

(VoL)g, = E[VoSL()], gs. = VoSL(:)
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Surrogate loss (SL) functions
(Schulman et al., 2015, Corollary 1)

Corollary

Define a surrogate objective for L = [E [ZCEC c] as

SL (Z c) i= Y logp(w| DEPS,)Qu + Y _ c(DEPS.)

ceC weS, ceC
0<Pw

(VGE)SL =L [VGSL()] y  gsL = VOSL<')

0
0 f 9 \
\ logp(z |8, w) | |logp(y|z,0)

0 M G +ew) | o)
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Higher Order Derivatives

Exact gradient
VoL = Vi, [f(z;0)]
=V > p|0
— Z Vxe (p(a ] 0)f(x:0))
— Z (2;0)Vop(x | 0) + p(x;0) Vo f(z;0)]
_ Z (2| 0)Vologp(z;0) + p(x | 0)Vof(z;0)]

= [Ex [f(2;0)Vologp(x | 0) + Vo f(x;0)] = Ey [g(w;0)]

ViL = E, [g(z;0)Vologp(x | 0) + Vg (x;0)]
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Higher Order Derivatives

Surrogate loss gradient estimator

~

SL (f(z;0)) = f(=;0)logp(z | 0) + f(z;0)
(VQ'C)SL =t [VGSL (f(a:, 9))]

— . [f(2:0)Vologp(z | 0) + Vo (2:0)]
= Ez[gs.(z;0)] (unbiased first-order estimate)
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Higher Order Derivatives

Surrogate loss gradient estimator

~

SL (f(z;0)) = f(=;0)logp(z | 0) + f(z;0)
(VQ'C’)SL =t [VGSL (f(a:, 9))]

= E, [ f(@:0)Vologp(x | 0) + Vo f(x:0)]

= Ez[gs.(z;0)] (unbiased first-order estimate)

SL (g (2 0))

(z;0)logp(x | 0) + gs(x; 0)
(V5L),,

Gst.
Ex [VoSL (gsu(x;0))]
Ey

[Gs.(z;0)Vglogp(x | 0) + Vggs. (x;0)]
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Higher Order Derivatives

Surrogate loss gradient estimator

~

SL (f(z;0)) = f(=;0)logp(z | 0) + f(z;0)
(VQ'C)SL =t [VGSL (f(a:, 9))]

= E, [ f(@:0)Vologp(x | 0) + Vo f(x:0)]

= Ez[gs.(z;0)] (unbiased first-order estimate)

SL (g (2 0))

(z;0)logp(x | 0) + gs(x; 0)
(V5L),,

Gst.
Ex [VoSL (gsu(x;0))]
Ey

[Gs.(z;0)Vglogp(x | 0) + Vggs. (x;0)]

Vog(x;0) — Vogs(z;0) = Vo f(x;0)Vglogp(x;0)
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Higher Order Derivatives

Surrogate loss gradient estimator

Surrogate Loss Approach

oWy,

VoL log(p(x: 0))f + f = 951 = FVslogp(:6) + VoS
A et A
v2r log p(z;0)gst. + gs1. Vo logp(z;0) +
6 fValogp(x;0) + V= fVZ log p(z;60) +
Vof V) fVologp(z;0) + Vif
| _E——— |
=0
VL
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DICE Gradient Estimator

(Foerster et al., 2018b, Theorem 1)

MacicBox (7)) Operator

[]:S — R, operates on a set of stochastic nodes W C S, satisfying
o (W) —1 (forward mode)
o VyIW) =W)X wew Vo logp(w;0) (backward mode)
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DICE Gradient Estimator

(Foerster et al., 2018b, Theorem 1)

MacicBox (7)) Operator

[]:S — R, operates on a set of stochastic nodes W C S, satisfying
o (W) —1 (forward mode)
o VyIW) =W)X wew Vo logp(w;0) (backward mode)

| \

Di1CE Objective
Recall £ =E [} ... ¢|. The associated DICE objective £y as

L= B(We)e (3)

ceC

Claim: E[VyLz] — VL VneN
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Comparing DICE and SL Estimators

total downstream costs x grad logprob

Gs, = Z Ve + Z QwV9 log p(w; 0)

ceC weS
retain dependencies sum total of upstggam grad logprobs
I = E CIOWe) Ve + c g log p(w; 6)

ceC weEW,
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Comparing DICE and SL Estimators

total downstream costs x grad logprob

g =Y Vec+ Y Qu Vg log p(w; 6)

ceC weS

retain dependencies sum total of upstream grad logprobs

— =
go=Y_ W) Voc+ ¢ Y logp(w;0)

ceC weW,

° Qw associated with growing number of downstream costs
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Comparing DICE and SL Estimators

total downstream costs x grad logprob

g =Y Vec+ Y Qu Vg log p(w; 6)

ceC weS

retain dependencies sum total of upstream grad logprobs

— =
go=Y_ W) Voc+ ¢ Y logp(w;0)

ceC weW,

° Qw associated with growing number of downstream costs

e DICE retains upstream dependencies i.e. Wen = Wont1
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Comparing DICE and SL Estimators

total downstream costs x grad logprob

g =Y Vec+ Y Qu Vg log p(w; 6)

ceC weS

retain dependencies sum total of upstream grad logprobs

— =
go=Y_ W) Voc+ ¢ Y logp(w;0)

ceC weW,

° Qw associated with growing number of downstream costs
e DICE retains upstream dependencies i.e. Wen = Wont1

e SL requires repeated/recursive application to compute surrogates
for higher-order gradients; DICE - just differentiate!
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Higher Order Derivatives

Di1CE gradient estimator

DiCE

v
A 4
\ Vo(©2) /)
VV
Vi V3 2)S)
v

Vi ()(2) )
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DICE Gradient Estimator

Implementing MAGICBox

MacicBox (7)) Operator

]:S — R, operates on a set of stochastic nodes W C S, satisfying
o W) —1 (forward mode)
o VyIW) =W)X wew Vo logp(w;0) (backward mode)

'torch.detach, tf.stop_gradient, jax.lax.stop_gradient
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Implementing MAGICBOX

MacicBox () Operator

]:S — R, operates on a set of stochastic nodes W C S, satisfying
o W) —1 (forward mode)
o VyIW) =W)X wew Vo logp(w;0) (backward mode)

Use the stop_gradient ! trick! (sg(z) = x, with V,sg(z) = 0)

W) = exp (T — sg(7)),
7= logp(w;9),

wew

'torch.detach, tf.stop_gradient, jax.lax.stop_gradient
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DICE Gradient Estimator

Implementing MAGICBOX

MacicBox () Operator

]:S — R, operates on a set of stochastic nodes W C S, satisfying
o W) —1 (forward mode)
o VyIW) =W)X wew Vo logp(w;0) (backward mode)

Use the stop_gradient ! trick! (sg(z) = x, with V,sg(z) = 0)

FIOW) = exp (1 — sg(1)), W) = — )

T = Z log p(w; ), H p(w; 0)
ew

wew

'torch.detach, tf.stop_gradient, jax.lax.stop_gradient
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Application: Multi-Agent Reinforcement learning (RL)

(Foerster et al., 2018a, Learning with opponent-learning awareness (LOLA))

e Learn policy of LOLA agent 7y, by differentiating through policy
gradient update of opponent my,

£1(01792)LOLA - IE [ﬁl] Where

7T91 77T92+A92(91,02)
2 (4)
AG3(601,02) = a2V g, Eny m,, [£7]., Zv
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Application: Multi-Agent Reinforcement learning (RL)

(Foerster et al., 2018a, Learning with opponent-learning awareness (LOLA))

e Learn policy of LOLA agent 7y, by differentiating through policy
gradient update of opponent my,

£1(01792)LOLA - IE ﬁl] ,Where

7T91 77T92 +A05(01,02) [

X (4)
A02(6’1, 92) = OégV@2 [Eﬂ-el oy [[,2] ) EZ = Z’)/tT;
t=0

e Applying SL trick produces biased estimator
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Application: Multi-Agent Reinforcement learning (RL)

(Foerster et al., 2018a, Learning with opponent-learning awareness (LOLA))

e Learn policy of LOLA agent 7y, by differentiating through policy
gradient update of opponent my,

£1(01792)LOLA - IE ﬁl] ,Where

7T91 77T92 +A05(01,02) [

X (4)
A02(91, 02) = OégV@2 [Eﬂ—el oy [[,2] ) EZ = Z’YtT;
t=0

e Applying SL trick produces biased estimator
e LOLA-DICE objective

actions taken
by both agents

/%
Chioray = 2B ({aldio }) i vie 1,2} (5)

t
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Application: Multi-Agent Reinforcement learning (RL)
LOLA-DICE

Algorithm 1: LOLA-DiCE: policy gradient update for 6;

input Policy parameters of the agent, 61, and of the opponent, 65
1: Initialize: 05 < 6,

2: forkinl...K do // inner loop lookahead steps

3:  Rollout trajectories 7 under (g, , ;)

4:  Update: 0} < 65 + agv%ﬁé(eh%) // lookahead update

5: end for

6: Rollout trajectories 7 under (7, , 7).

7: Update: 0] < 61 + alv(glﬁé(eh%) // PG update
output 6.
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Application: Multi-Agent Reinforcement learning (RL)
LOLA-DICE

Naive Learner LOLA-DICE (2 step)
LOLA (orginal) LOLA-DICE (3 step)
LOLA-DICE (1 step) LOLA-DICE-OM (2 step)

Avg. per step return

0 50 100 150 200
lterations
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Conclusion

o Key Idea: Given a SCG, we can augment it with the DICE objective in
order to generate gradient estimators of any order by differentiating!
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@ Scope: Useful for higher order optimization algorithms (Newton’s
method), mixed derivatives (LOLA), autodiff automates computation of
higher order estimators, can be used as a drop-in replacement for
manually derived higher-order approximations or biased estimators
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Conclusion

o Key Idea: Given a SCG, we can augment it with the DICE objective in
order to generate gradient estimators of any order by differentiating!

@ Scope: Useful for higher order optimization algorithms (Newton’s
method), mixed derivatives (LOLA), autodiff automates computation of
higher order estimators, can be used as a drop-in replacement for
manually derived higher-order approximations or biased estimators

@ Limitations: Variance of g might still be high enough to not guarantee
convergence, might still need to employ the same variance reduction
techniques (eg. control variates). Ideas from REBAR (Tucker et al.,
2017), RELAX (Grathwohl et al., 2018) might also be applicable

@ Follow-up work (Farquhar et al., 2019) reformulates DICE for advantage
estimation, that discounts the influence of past actions (causal) for
estimators of higher order derivatives
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Appendix: Theorem 1
Proof of (1)(Schulman et al., 2015, Appendix A)

Vilyes, [c] = V@/ H p(v | DEPS,)dv ¢(DEPS.) denote ¢ = ¢(DEPS.)
v<c

vES,
v<c
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Appendix: Theorem 1
Proof of (1)(Schulman et al., 2015, Appendix A)

Vilyes, [c] = V@/ H p(v | DEPS,)dv ¢(DEPS.) denote ¢ = ¢(DEPS.)
v=e vES,

v<c
v DEPS
:/ H p(v | DEPS, )dv | Vgc + ¢ E Vop(w| DEPSw)
p(w | DEPSy)
1;6_;90, wEW:(0)
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Appendix: DICE Gradient Estimator

Proof by Induction
e Consider £ = E[c], and its (exact) gradient estimator

VoLl =FE [Vgc+c Z Vi logp(w;0)
”LUGWC
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Appendix: DICE Gradient Estimator

Proof by Induction
e Consider £ = E[c], and its (exact) gradient estimator

Vol =L |Voc+c Z Vo logp(w;0)
”LUGWC
e For each ¢ € C, define the sequence {E[c"]}nen inductively as
L =c, E["] =VE["] = E[¢"] = VZE[(]

Taking £ = E[¢"] in (6), we recover the first order recurrence

AT = Vo + " Z Vi log p(w;0)
wEWen
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Appendix: DICE Gradient Estimator

Proof by Induction

o Define ¢ = ¢"J(Wen). Then E[c2] — E[c"] = V}E[(]
e Noting that (7) implies Wen = Went1

Vocly = Vo(c"EIWer))
="V A Wen ) + B (Wen ) Vo™

= "O(Wen) ( Z Vglogp(w;0)> + LI Wen ) Vo™

wWEW,n

=Wen) (Vgcn +c" >V, 1ogp(w;9))

wWEWn
= W) = et

— &= Vid = ViL,
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