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Main Idea

The space of value functions forms a polytope

⇡
<latexit sha1_base64="7YlkrurOAYOv+Ch30L7WpchFVys=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99FLed6tezZuDrBK/IFUo0Oi7X71BwrIYpWGCat31vdQEOVWGM4HTSi/TmFI2pkPsWippjDrI56dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmf5MBV8iMmFhCmeL2VsJGVFFmbDoVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AU+9jc0=</latexit><latexit sha1_base64="7YlkrurOAYOv+Ch30L7WpchFVys=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99FLed6tezZuDrBK/IFUo0Oi7X71BwrIYpWGCat31vdQEOVWGM4HTSi/TmFI2pkPsWippjDrI56dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmf5MBV8iMmFhCmeL2VsJGVFFmbDoVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AU+9jc0=</latexit><latexit sha1_base64="7YlkrurOAYOv+Ch30L7WpchFVys=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99FLed6tezZuDrBK/IFUo0Oi7X71BwrIYpWGCat31vdQEOVWGM4HTSi/TmFI2pkPsWippjDrI56dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmf5MBV8iMmFhCmeL2VsJGVFFmbDoVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AU+9jc0=</latexit><latexit sha1_base64="7YlkrurOAYOv+Ch30L7WpchFVys=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99FLed6tezZuDrBK/IFUo0Oi7X71BwrIYpWGCat31vdQEOVWGM4HTSi/TmFI2pkPsWippjDrI56dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmf5MBV8iMmFhCmeL2VsJGVFFmbDoVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AU+9jc0=</latexit> V ⇡

<latexit sha1_base64="c8qVjM0oZqdW1JnKlbApS+DyygE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOOsmQ2dlhZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqhg2WiES3I2pQcIkNy63AttJI40hgKxrfzvzWE2rDE/lgJwrDmA4lH3BGrZNazcesq/i0V674VX8OskqCnFQgR71X/ur2E5bGKC0T1JhO4CsbZlRbzgROS93UoKJsTIfYcVTSGE2Yzc+dkjOn9Mkg0a6kJXP190RGY2MmceQ6Y2pHZtmbif95ndQOrsOMS5ValGyxaJAKYhMy+530uUZmxcQRyjR3txI2opoy6xIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jzlvXjv3seiteDlM8fwB97nD3NBj6E=</latexit><latexit sha1_base64="c8qVjM0oZqdW1JnKlbApS+DyygE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOOsmQ2dlhZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqhg2WiES3I2pQcIkNy63AttJI40hgKxrfzvzWE2rDE/lgJwrDmA4lH3BGrZNazcesq/i0V674VX8OskqCnFQgR71X/ur2E5bGKC0T1JhO4CsbZlRbzgROS93UoKJsTIfYcVTSGE2Yzc+dkjOn9Mkg0a6kJXP190RGY2MmceQ6Y2pHZtmbif95ndQOrsOMS5ValGyxaJAKYhMy+530uUZmxcQRyjR3txI2opoy6xIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jzlvXjv3seiteDlM8fwB97nD3NBj6E=</latexit><latexit sha1_base64="c8qVjM0oZqdW1JnKlbApS+DyygE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOOsmQ2dlhZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqhg2WiES3I2pQcIkNy63AttJI40hgKxrfzvzWE2rDE/lgJwrDmA4lH3BGrZNazcesq/i0V674VX8OskqCnFQgR71X/ur2E5bGKC0T1JhO4CsbZlRbzgROS93UoKJsTIfYcVTSGE2Yzc+dkjOn9Mkg0a6kJXP190RGY2MmceQ6Y2pHZtmbif95ndQOrsOMS5ValGyxaJAKYhMy+530uUZmxcQRyjR3txI2opoy6xIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jzlvXjv3seiteDlM8fwB97nD3NBj6E=</latexit><latexit sha1_base64="c8qVjM0oZqdW1JnKlbApS+DyygE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOOsmQ2dlhZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqhg2WiES3I2pQcIkNy63AttJI40hgKxrfzvzWE2rDE/lgJwrDmA4lH3BGrZNazcesq/i0V674VX8OskqCnFQgR71X/ur2E5bGKC0T1JhO4CsbZlRbzgROS93UoKJsTIfYcVTSGE2Yzc+dkjOn9Mkg0a6kJXP190RGY2MmceQ6Y2pHZtmbif95ndQOrsOMS5ValGyxaJAKYhMy+530uUZmxcQRyjR3txI2opoy6xIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jzlvXjv3seiteDlM8fwB97nD3NBj6E=</latexit>

The boundary of this polytope can be described by value functions
corresponding to “semi-deterministic” policies

V
⇡
(s

2
)

<latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit><latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit><latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit><latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit>

V ⇡(s1)
<latexit sha1_base64="uo4b35U72TXZ8laWxMVeZYpKcYQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh4LXjxWsB/QxLLZbtqlm82yuxFK6N/w4kERr/4Zb/4bt2kO2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u09UaZaIBzOVNIjxSLCIEWys5HceM1+yWV0PvPNBteY23BxolXgFqUGB1qD65Q8TksZUGMKx1n3PlSbIsDKMcDqr+KmmEpMJHtG+pQLHVAdZfvMMnVlliKJE2RIG5erviQzHWk/j0HbG2Iz1sjcX//P6qYlugowJmRoqyGJRlHJkEjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSxIXjLL6+SzkXDcxve/WWteVXEUYYTOIU6eHANTbiDFrSBgIRneIU3J3VenHfnY9FacoqZY/gD5/MHPTORGw==</latexit><latexit sha1_base64="uo4b35U72TXZ8laWxMVeZYpKcYQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh4LXjxWsB/QxLLZbtqlm82yuxFK6N/w4kERr/4Zb/4bt2kO2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u09UaZaIBzOVNIjxSLCIEWys5HceM1+yWV0PvPNBteY23BxolXgFqUGB1qD65Q8TksZUGMKx1n3PlSbIsDKMcDqr+KmmEpMJHtG+pQLHVAdZfvMMnVlliKJE2RIG5erviQzHWk/j0HbG2Iz1sjcX//P6qYlugowJmRoqyGJRlHJkEjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSxIXjLL6+SzkXDcxve/WWteVXEUYYTOIU6eHANTbiDFrSBgIRneIU3J3VenHfnY9FacoqZY/gD5/MHPTORGw==</latexit><latexit sha1_base64="uo4b35U72TXZ8laWxMVeZYpKcYQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh4LXjxWsB/QxLLZbtqlm82yuxFK6N/w4kERr/4Zb/4bt2kO2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u09UaZaIBzOVNIjxSLCIEWys5HceM1+yWV0PvPNBteY23BxolXgFqUGB1qD65Q8TksZUGMKx1n3PlSbIsDKMcDqr+KmmEpMJHtG+pQLHVAdZfvMMnVlliKJE2RIG5erviQzHWk/j0HbG2Iz1sjcX//P6qYlugowJmRoqyGJRlHJkEjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSxIXjLL6+SzkXDcxve/WWteVXEUYYTOIU6eHANTbiDFrSBgIRneIU3J3VenHfnY9FacoqZY/gD5/MHPTORGw==</latexit><latexit sha1_base64="uo4b35U72TXZ8laWxMVeZYpKcYQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh4LXjxWsB/QxLLZbtqlm82yuxFK6N/w4kERr/4Zb/4bt2kO2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u09UaZaIBzOVNIjxSLCIEWys5HceM1+yWV0PvPNBteY23BxolXgFqUGB1qD65Q8TksZUGMKx1n3PlSbIsDKMcDqr+KmmEpMJHtG+pQLHVAdZfvMMnVlliKJE2RIG5erviQzHWk/j0HbG2Iz1sjcX//P6qYlugowJmRoqyGJRlHJkEjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSxIXjLL6+SzkXDcxve/WWteVXEUYYTOIU6eHANTbiDFrSBgIRneIU3J3VenHfnY9FacoqZY/gD5/MHPTORGw==</latexit>
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⇡
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The boundary of this polytope can be described by value functions
corresponding to “semi-deterministic” policies
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Preliminaries

We are working with a Markov Decision Process, M := (S,A, r ,P, γ)

S : finite state space

A : finite action space

r : reward function

P : transition function

γ : discount factor in [0, 1)

π denotes a policy; π : S → ∆A. Together with the transition function
P, we have state-to-state transition probabilities with respect to policy π:

Pπ(s ′|s) :=
∑
a∈A

π(a|s)P(s ′|s, a)
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Preliminaries

The value function at state s is defined as follows:

V π(s) := EPπ

[
∞∑
i=0

γ i r(si , ai )|s0 = s

]

where r(s, a) is the reward function evaluated at state s and action a

Definition

Let fv : P(A)S → RS be the value functional mapping the space of
policies to their corresponding value functions.
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Definitions

Definition

Policy Determinism: A policy π is

• s-deterministic for s ∈ S if π(a|s) ∈ {0, 1}.
• semi-deterministic if it is s-deterministic for at least one s ∈ S.

• deterministic if it is s-deterministic for all states s ∈ S.

Definition

Let s1, ..., sk be states and π a policy. Then Y π
s1,...,sk ⊂ P(A)S is the set

of policies that agree with π on the states s1, ..., sk . Similarly, let Y π
S−{s}

be the set of policies which agree with π on all states except s.
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Visualizations

V
⇡
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2
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<latexit sha1_base64="lfZ3Gnfbnzp35gzxe64PzcC27Vk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Tcfz3rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/LtI12</latexit><latexit sha1_base64="lfZ3Gnfbnzp35gzxe64PzcC27Vk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Tcfz3rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/LtI12</latexit><latexit sha1_base64="lfZ3Gnfbnzp35gzxe64PzcC27Vk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Tcfz3rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/LtI12</latexit><latexit sha1_base64="lfZ3Gnfbnzp35gzxe64PzcC27Vk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Tcfz3rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/LtI12</latexit>

V ⇤
<latexit sha1_base64="lfZ3Gnfbnzp35gzxe64PzcC27Vk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Tcfz3rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/LtI12</latexit><latexit sha1_base64="lfZ3Gnfbnzp35gzxe64PzcC27Vk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Tcfz3rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/LtI12</latexit><latexit sha1_base64="lfZ3Gnfbnzp35gzxe64PzcC27Vk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Tcfz3rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/LtI12</latexit><latexit sha1_base64="lfZ3Gnfbnzp35gzxe64PzcC27Vk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Tcfz3rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/LtI12</latexit>

V ⇤
<latexit sha1_base64="lfZ3Gnfbnzp35gzxe64PzcC27Vk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Tcfz3rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/LtI12</latexit><latexit sha1_base64="lfZ3Gnfbnzp35gzxe64PzcC27Vk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Tcfz3rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/LtI12</latexit><latexit sha1_base64="lfZ3Gnfbnzp35gzxe64PzcC27Vk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Tcfz3rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/LtI12</latexit><latexit sha1_base64="lfZ3Gnfbnzp35gzxe64PzcC27Vk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Tcfz3rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/LtI12</latexit>

V ⇤
<latexit sha1_base64="lfZ3Gnfbnzp35gzxe64PzcC27Vk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Tcfz3rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/LtI12</latexit><latexit sha1_base64="lfZ3Gnfbnzp35gzxe64PzcC27Vk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Tcfz3rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/LtI12</latexit><latexit sha1_base64="lfZ3Gnfbnzp35gzxe64PzcC27Vk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Tcfz3rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/LtI12</latexit><latexit sha1_base64="lfZ3Gnfbnzp35gzxe64PzcC27Vk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Tcfz3rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/LtI12</latexit>

Figure: Value function space corresponding to four two-state MDPs; each
evaluated from 50,000 policies sampled uniformly from P(A)S .
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The Line Theorem

Theorem 1: Let s be a state and π a policy. Then there are two
s-deterministic policies in Y π

S−{s}, denoted πl and πu, such that for all
π′ ∈ Y π

S−{s}
fv (πl) � fv (π′) � fv (πu)

Furthermore, the following are equivalent:

• fv (Y π
S−{s})

• {fv (απl + (1− α)πu) : α ∈ [0, 1]}
• {αfv (πl) + (1− α)fv (πu) : α ∈ [0, 1]}

V
⇡
(s

2
)

<latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit><latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit><latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit><latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit>

V ⇡(s1)
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The Line Theorem

Theorem 1: Let s be a state and π a policy. Then there are two
s-deterministic policies in Y π

S−{s}, denoted πl and πu, such that for all
π′ ∈ Y π

S−{s}
fv (πl) � fv (π′) � fv (πu)

Furthermore, the following are equivalent:

• fv (Y π
S−{s})

• {fv (απl + (1− α)πu) : α ∈ [0, 1]}
• {αfv (πl) + (1− α)fv (πu) : α ∈ [0, 1]}

V
⇡
(s

2
)
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Definitions

Definition

A convex combination is a finite linear combination of vectors whose
coefficients are non-negative and sum to 1.

Definition

The convex hull of a set E is the intersection of all convex sets
containing E . A set C is convex if for any x , y ∈ C
{αx + (1− α)y : α ∈ [0, 1]} ⊂ C .

Credit to Harshit Sikchi.
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Interesting Consequences of the Line Theorem

For any set of states s1, ..., sk ∈ S and a policy π, V π can be expressed
as a convex combination of value functions of {s1, ..., sk}-deterministic
policies. In particular, V := fv (P(A)S) is included in the convex hull of
the value functions of deterministic policies.

V
⇡
(s

2
)
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<latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit><latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit><latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit><latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit>

V ⇡(s1)
<latexit sha1_base64="uo4b35U72TXZ8laWxMVeZYpKcYQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh4LXjxWsB/QxLLZbtqlm82yuxFK6N/w4kERr/4Zb/4bt2kO2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u09UaZaIBzOVNIjxSLCIEWys5HceM1+yWV0PvPNBteY23BxolXgFqUGB1qD65Q8TksZUGMKx1n3PlSbIsDKMcDqr+KmmEpMJHtG+pQLHVAdZfvMMnVlliKJE2RIG5erviQzHWk/j0HbG2Iz1sjcX//P6qYlugowJmRoqyGJRlHJkEjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSxIXjLL6+SzkXDcxve/WWteVXEUYYTOIU6eHANTbiDFrSBgIRneIU3J3VenHfnY9FacoqZY/gD5/MHPTORGw==</latexit><latexit sha1_base64="uo4b35U72TXZ8laWxMVeZYpKcYQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh4LXjxWsB/QxLLZbtqlm82yuxFK6N/w4kERr/4Zb/4bt2kO2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u09UaZaIBzOVNIjxSLCIEWys5HceM1+yWV0PvPNBteY23BxolXgFqUGB1qD65Q8TksZUGMKx1n3PlSbIsDKMcDqr+KmmEpMJHtG+pQLHVAdZfvMMnVlliKJE2RIG5erviQzHWk/j0HbG2Iz1sjcX//P6qYlugowJmRoqyGJRlHJkEjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSxIXjLL6+SzkXDcxve/WWteVXEUYYTOIU6eHANTbiDFrSBgIRneIU3J3VenHfnY9FacoqZY/gD5/MHPTORGw==</latexit><latexit sha1_base64="uo4b35U72TXZ8laWxMVeZYpKcYQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh4LXjxWsB/QxLLZbtqlm82yuxFK6N/w4kERr/4Zb/4bt2kO2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u09UaZaIBzOVNIjxSLCIEWys5HceM1+yWV0PvPNBteY23BxolXgFqUGB1qD65Q8TksZUGMKx1n3PlSbIsDKMcDqr+KmmEpMJHtG+pQLHVAdZfvMMnVlliKJE2RIG5erviQzHWk/j0HbG2Iz1sjcX//P6qYlugowJmRoqyGJRlHJkEjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSxIXjLL6+SzkXDcxve/WWteVXEUYYTOIU6eHANTbiDFrSBgIRneIU3J3VenHfnY9FacoqZY/gD5/MHPTORGw==</latexit><latexit sha1_base64="uo4b35U72TXZ8laWxMVeZYpKcYQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh4LXjxWsB/QxLLZbtqlm82yuxFK6N/w4kERr/4Zb/4bt2kO2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u09UaZaIBzOVNIjxSLCIEWys5HceM1+yWV0PvPNBteY23BxolXgFqUGB1qD65Q8TksZUGMKx1n3PlSbIsDKMcDqr+KmmEpMJHtG+pQLHVAdZfvMMnVlliKJE2RIG5erviQzHWk/j0HbG2Iz1sjcX//P6qYlugowJmRoqyGJRlHJkEjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSxIXjLL6+SzkXDcxve/WWteVXEUYYTOIU6eHANTbiDFrSBgIRneIU3J3VenHfnY9FacoqZY/gD5/MHPTORGw==</latexit>
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Interesting Consequences of the Line Theorem

Let V π and V π′
be two value functions. Then there exists a sequence of

policies π1, ..., πk (k ≤ S such that V π = V π1 ,V π′
= V πk , and

{fv (απi + (1− α)πi+1) : α ∈ [0, 1]}

forms a line segment for all 1 ≤ i < k.
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Boundary of Semi-Deterministic Policies

The boundary of the space of value functions is a subset of value
functions corresponding to semi-deterministic policies.

V
⇡
(s

2
)

<latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit><latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit><latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit><latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit>

V ⇡(s1)
<latexit sha1_base64="uo4b35U72TXZ8laWxMVeZYpKcYQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh4LXjxWsB/QxLLZbtqlm82yuxFK6N/w4kERr/4Zb/4bt2kO2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u09UaZaIBzOVNIjxSLCIEWys5HceM1+yWV0PvPNBteY23BxolXgFqUGB1qD65Q8TksZUGMKx1n3PlSbIsDKMcDqr+KmmEpMJHtG+pQLHVAdZfvMMnVlliKJE2RIG5erviQzHWk/j0HbG2Iz1sjcX//P6qYlugowJmRoqyGJRlHJkEjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSxIXjLL6+SzkXDcxve/WWteVXEUYYTOIU6eHANTbiDFrSBgIRneIU3J3VenHfnY9FacoqZY/gD5/MHPTORGw==</latexit><latexit sha1_base64="uo4b35U72TXZ8laWxMVeZYpKcYQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh4LXjxWsB/QxLLZbtqlm82yuxFK6N/w4kERr/4Zb/4bt2kO2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u09UaZaIBzOVNIjxSLCIEWys5HceM1+yWV0PvPNBteY23BxolXgFqUGB1qD65Q8TksZUGMKx1n3PlSbIsDKMcDqr+KmmEpMJHtG+pQLHVAdZfvMMnVlliKJE2RIG5erviQzHWk/j0HbG2Iz1sjcX//P6qYlugowJmRoqyGJRlHJkEjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSxIXjLL6+SzkXDcxve/WWteVXEUYYTOIU6eHANTbiDFrSBgIRneIU3J3VenHfnY9FacoqZY/gD5/MHPTORGw==</latexit><latexit sha1_base64="uo4b35U72TXZ8laWxMVeZYpKcYQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh4LXjxWsB/QxLLZbtqlm82yuxFK6N/w4kERr/4Zb/4bt2kO2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u09UaZaIBzOVNIjxSLCIEWys5HceM1+yWV0PvPNBteY23BxolXgFqUGB1qD65Q8TksZUGMKx1n3PlSbIsDKMcDqr+KmmEpMJHtG+pQLHVAdZfvMMnVlliKJE2RIG5erviQzHWk/j0HbG2Iz1sjcX//P6qYlugowJmRoqyGJRlHJkEjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSxIXjLL6+SzkXDcxve/WWteVXEUYYTOIU6eHANTbiDFrSBgIRneIU3J3VenHfnY9FacoqZY/gD5/MHPTORGw==</latexit><latexit sha1_base64="uo4b35U72TXZ8laWxMVeZYpKcYQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh4LXjxWsB/QxLLZbtqlm82yuxFK6N/w4kERr/4Zb/4bt2kO2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u09UaZaIBzOVNIjxSLCIEWys5HceM1+yWV0PvPNBteY23BxolXgFqUGB1qD65Q8TksZUGMKx1n3PlSbIsDKMcDqr+KmmEpMJHtG+pQLHVAdZfvMMnVlliKJE2RIG5erviQzHWk/j0HbG2Iz1sjcX//P6qYlugowJmRoqyGJRlHJkEjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSxIXjLL6+SzkXDcxve/WWteVXEUYYTOIU6eHANTbiDFrSBgIRneIU3J3VenHfnY9FacoqZY/gD5/MHPTORGw==</latexit>
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Boundary of Semi-Deterministic Policies

The boundary of the space of value functions is a subset of value
functions corresponding to semi-deterministic policies.

V
⇡
(s

2
)

<latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit><latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit><latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit><latexit sha1_base64="sSFxDEbpjp0oUn9Y4Vv2pHUvmTA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+giWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Hbh956o0iwRD2YmaRDjsWARI9hYye8+Zr5k87oeNi+H1ZrbcHOgdeIVpAYF2sPqlz9KSBpTYQjHWg88V5ogw8owwum84qeaSkymeEwHlgocUx1k+c1zdGGVEYoSZUsYlKu/JzIcaz2LQ9sZYzPRq95C/M8bpCa6CTImZGqoIMtFUcqRSdAiADRiihLDZ5Zgopi9FZEJVpgYG1PFhuCtvrxOus2G5za8+6taq1nEUYYzOIc6eHANLbiDNnSAgIRneIU3J3VenHfnY9lacoqZU/gD5/MHPYSRGA==</latexit>

V ⇡(s1)
<latexit sha1_base64="uo4b35U72TXZ8laWxMVeZYpKcYQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh4LXjxWsB/QxLLZbtqlm82yuxFK6N/w4kERr/4Zb/4bt2kO2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u09UaZaIBzOVNIjxSLCIEWys5HceM1+yWV0PvPNBteY23BxolXgFqUGB1qD65Q8TksZUGMKx1n3PlSbIsDKMcDqr+KmmEpMJHtG+pQLHVAdZfvMMnVlliKJE2RIG5erviQzHWk/j0HbG2Iz1sjcX//P6qYlugowJmRoqyGJRlHJkEjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSxIXjLL6+SzkXDcxve/WWteVXEUYYTOIU6eHANTbiDFrSBgIRneIU3J3VenHfnY9FacoqZY/gD5/MHPTORGw==</latexit><latexit sha1_base64="uo4b35U72TXZ8laWxMVeZYpKcYQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh4LXjxWsB/QxLLZbtqlm82yuxFK6N/w4kERr/4Zb/4bt2kO2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u09UaZaIBzOVNIjxSLCIEWys5HceM1+yWV0PvPNBteY23BxolXgFqUGB1qD65Q8TksZUGMKx1n3PlSbIsDKMcDqr+KmmEpMJHtG+pQLHVAdZfvMMnVlliKJE2RIG5erviQzHWk/j0HbG2Iz1sjcX//P6qYlugowJmRoqyGJRlHJkEjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSxIXjLL6+SzkXDcxve/WWteVXEUYYTOIU6eHANTbiDFrSBgIRneIU3J3VenHfnY9FacoqZY/gD5/MHPTORGw==</latexit><latexit sha1_base64="uo4b35U72TXZ8laWxMVeZYpKcYQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh4LXjxWsB/QxLLZbtqlm82yuxFK6N/w4kERr/4Zb/4bt2kO2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u09UaZaIBzOVNIjxSLCIEWys5HceM1+yWV0PvPNBteY23BxolXgFqUGB1qD65Q8TksZUGMKx1n3PlSbIsDKMcDqr+KmmEpMJHtG+pQLHVAdZfvMMnVlliKJE2RIG5erviQzHWk/j0HbG2Iz1sjcX//P6qYlugowJmRoqyGJRlHJkEjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSxIXjLL6+SzkXDcxve/WWteVXEUYYTOIU6eHANTbiDFrSBgIRneIU3J3VenHfnY9FacoqZY/gD5/MHPTORGw==</latexit><latexit sha1_base64="uo4b35U72TXZ8laWxMVeZYpKcYQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh4LXjxWsB/QxLLZbtqlm82yuxFK6N/w4kERr/4Zb/4bt2kO2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u09UaZaIBzOVNIjxSLCIEWys5HceM1+yWV0PvPNBteY23BxolXgFqUGB1qD65Q8TksZUGMKx1n3PlSbIsDKMcDqr+KmmEpMJHtG+pQLHVAdZfvMMnVlliKJE2RIG5erviQzHWk/j0HbG2Iz1sjcX//P6qYlugowJmRoqyGJRlHJkEjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSxIXjLL6+SzkXDcxve/WWteVXEUYYTOIU6eHANTbiDFrSBgIRneIU3J3VenHfnY9FacoqZY/gD5/MHPTORGw==</latexit>
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Definitions

Definition

P is a convex polytope iff there exist points x1, ..., xk ∈ Rn such that P
is the convex hull of {x1, ..., xk}.

Definition

A polytope is a finite union of convex polytopes.

Credit to Harshit Sikchi.
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Main Result

Let π be a policy and let s1, ..., sk be states in S. Then fv (Y π
s1,....,sk ) is a

polytope and in particular, V = fv (Y π
φ ) is a polytope.

• Surprising since fv is in general non-linear and mixtures of policies
can describe curves

• There is a sub-polytope structure in the space of value functions
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