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Announcements

Do you want your slides and colab shared?

Extension on the final project report. Now due April 14.

(UofT) STA4273-Lec10 2 / 21



Today

Planning in MDPs.
I Given access to the transition distribution of the MDP (i.e., assume the

ability to sample as many transitions as you want starting in any state,
action pair) , can we compute an optimal action?

Monte Carlo Tree Search.

But first, we will review a classic problem: multi-armed bandits.
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Multi-armed bandit problem

Imagine a row of slot machines with different expected payouts.

You have limited money, how do you pick which ones to play?
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Multi-armed bandit problem

Classic exploration vs. exploitation tradeoff.
I You need to explore to get an estimate of the expected payoffs, but

this costs you money.
I When should you switch to exploiting your knowledge, i.e., playing just

what you think is the best machine?

Classical problem, but insights from this model are core to efficient
algorithms for planning in MDPs.
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Multi-armed bandit problem

Multiple rounds.

Each round n, your algorithm picks 1 of
K arms.

If you pick arm i on round n, you
receive a random reward Xi ,n ∈ [0, 1]

I For each i , Xi,n are i.i.d. Xi,n are
mutually independent for all i , n.

<latexit sha1_base64="VswSgk5RZaulqFvk7dz0fgArGx8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERXssePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWanf62dWFN+2XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6p3U/Ueriv1Wh5HEU7gFM7Bg1uowz00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4Ae3aO+w==</latexit>

X3,1

<latexit sha1_base64="UfoMizwy7ie4yIUbRyw6XwHeWiE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiPZY8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1OkOstqVNxuUK27VXYCsEy8nFcjRHJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHdGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeimHdz4RKUuSKLReFqSQYk/nvZCg0ZyinllCmhb2VsDHVlKFNqGRD8FZfXiftWtW7qXoP15VGPY+jCGdwDpfgwS004B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8Aee+O+g==</latexit>

X2,1

<latexit sha1_base64="e6evWVKDMBXVSYE0VlE9M7lSwB0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNgR0RwDXjxGMA9IljA7mSRDZmeXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uMFHSou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUcNHgsYpNO2RWKKlFAyUq0U6MYFGoRCsc38381pMwVsb6ESeJCCI21HIgOUMntdq9jF7Saa9U9iv+HGSV0JyUIUe9V/rq9mOeRkIjV8zaDvUTDDJmUHIlpsVuakXC+JgNRcdRzSJhg2x+7pScO6VPBrFxpZHM1d8TGYusnUSh64wYjuyyNxP/8zopDqpBJnWSotB8sWiQKoIxmf1O+tIIjmriCONGulsJHzHDOLqEii4EuvzyKmleVehNhT5cl2vVPI4CnMIZXACFW6jBPdShARzG8Ayv8OYl3ov37n0sWte8fOYE/sD7/AF4aI75</latexit>

X1,1
<latexit sha1_base64="yN3btYWzo8n7Lbuv0Gyu7z+9eUU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiPZY8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1OkOMu+qNhuUK27VXYCsEy8nFcjRHJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHdGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeimHdz4RKUuSKLReFqSQYk/nvZCg0ZyinllCmhb2VsDHVlKFNqGRD8FZfXiftWtW7qXoP15VGPY+jCGdwDpfgwS004B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8Aee2O+g==</latexit>

X1,2

<latexit sha1_base64="08RXfDYN0QagHUxgFo7HSYB5uSE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiPZY8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1OkOstpVbTYoV9yquwBZJ15OKpCjOSh/9YcxSyOukElqTM9zE/QzqlEwyWelfmp4QtmEjnjPUkUjbvxsce6MXFhlSMJY21JIFurviYxGxkyjwHZGFMdm1ZuL/3m9FMO6nwmVpMgVWy4KU0kwJvPfyVBozlBOLaFMC3srYWOqKUObUMmG4K2+vE7atap3U/UeriuNeh5HEc7gHC7Bg1towD00oQUMJvAMr/DmJM6L8+58LFsLTj5zCn/gfP4Ae3SO+w==</latexit>

X2,2
<latexit sha1_base64="e+hbxidYPuweRjeWeKHMYEMOoGk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJJU0R4LXjxWsB/QhrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mkmCfkSHkoecUWOldqefXV1Wp/1S2a24c5BV4uWkDDka/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5uVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGhD8JZfXiWtasW7qXgP1+V6LY+jAKdwBhfgwS3U4R4a0AQGY3iGV3hzEufFeXc+Fq1rTj5zAn/gfP4AfPuO/A==</latexit>

X3,2

<latexit sha1_base64="RemfERjyjdjKOxI9osYkY2j9Cbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REivZY8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1OkOMnGlZoNyxa26C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8W587IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMaz7mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfVuqt5DrdKo53EU4QzO4RI8uIUG3EMTWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w8qsI9u</latexit>

Xi,n

<latexit sha1_base64="8gFwOg7nKL5fZtCuNgjDhU8h5G0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2mPBi8cK9gPaUDabbbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSMirVlDWpEkp3QmKY4JI1kaNgnUQzEoeCtcPx3dxvT5g2XMlHnCYsiMlQ8gGnBK3U6k0ihaZfrnhVbwF3nfg5qUCORr/81YsUTWMmkQpiTNf3EgwyopFTwWalXmpYQuiYDFnXUkliZoJsce3MvbBK5A6UtiXRXai/JzISGzONQ9sZExyZVW8u/ud1UxzUgozLJEUm6XLRIBUuKnf+uhtxzSiKqSWEam5vdemIaELRBlSyIfirL6+T1lXVv6n6D9eVei2PowhncA6X4MMt1OEeGtAECk/wDK/w5ijnxXl3PpatBSefOYU/cD5/AMpljz4=</latexit>...
<latexit sha1_base64="8gFwOg7nKL5fZtCuNgjDhU8h5G0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2mPBi8cK9gPaUDabbbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSMirVlDWpEkp3QmKY4JI1kaNgnUQzEoeCtcPx3dxvT5g2XMlHnCYsiMlQ8gGnBK3U6k0ihaZfrnhVbwF3nfg5qUCORr/81YsUTWMmkQpiTNf3EgwyopFTwWalXmpYQuiYDFnXUkliZoJsce3MvbBK5A6UtiXRXai/JzISGzONQ9sZExyZVW8u/ud1UxzUgozLJEUm6XLRIBUuKnf+uhtxzSiKqSWEam5vdemIaELRBlSyIfirL6+T1lXVv6n6D9eVei2PowhncA6X4MMt1OEeGtAECk/wDK/w5ijnxXl3PpatBSefOYU/cD5/AMpljz4=</latexit>...

<latexit sha1_base64="8gFwOg7nKL5fZtCuNgjDhU8h5G0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2mPBi8cK9gPaUDabbbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSMirVlDWpEkp3QmKY4JI1kaNgnUQzEoeCtcPx3dxvT5g2XMlHnCYsiMlQ8gGnBK3U6k0ihaZfrnhVbwF3nfg5qUCORr/81YsUTWMmkQpiTNf3EgwyopFTwWalXmpYQuiYDFnXUkliZoJsce3MvbBK5A6UtiXRXai/JzISGzONQ9sZExyZVW8u/ud1UxzUgozLJEUm6XLRIBUuKnf+uhtxzSiKqSWEam5vdemIaELRBlSyIfirL6+T1lXVv6n6D9eVei2PowhncA6X4MMt1OEeGtAECk/wDK/w5ijnxXl3PpatBSefOYU/cD5/AMpljz4=</latexit>...

<latexit sha1_base64="8gFwOg7nKL5fZtCuNgjDhU8h5G0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2mPBi8cK9gPaUDabbbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSMirVlDWpEkp3QmKY4JI1kaNgnUQzEoeCtcPx3dxvT5g2XMlHnCYsiMlQ8gGnBK3U6k0ihaZfrnhVbwF3nfg5qUCORr/81YsUTWMmkQpiTNf3EgwyopFTwWalXmpYQuiYDFnXUkliZoJsce3MvbBK5A6UtiXRXai/JzISGzONQ9sZExyZVW8u/ud1UxzUgozLJEUm6XLRIBUuKnf+uhtxzSiKqSWEam5vdemIaELRBlSyIfirL6+T1lXVv6n6D9eVei2PowhncA6X4MMt1OEeGtAECk/wDK/w5ijnxXl3PpatBSefOYU/cD5/AMpljz4=</latexit>...
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Multi-armed bandit problem

Let µi = E[Xi ,n]. We want to achieve
an expected reward of µ∗ = maxi µi .

To quantify the optimal algorithm for n
rounds we want to minimize its regret

E[R(n)] = nµ∗ −
K∑

i=1

E[Ni (n)]µi

where

Ni (n) =
n∑

t=1

I[ pulled arm i in round t ].

<latexit sha1_base64="VswSgk5RZaulqFvk7dz0fgArGx8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERXssePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWanf62dWFN+2XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6p3U/Ueriv1Wh5HEU7gFM7Bg1uowz00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4Ae3aO+w==</latexit>

X3,1

<latexit sha1_base64="UfoMizwy7ie4yIUbRyw6XwHeWiE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiPZY8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1OkOstqVNxuUK27VXYCsEy8nFcjRHJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHdGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeimHdz4RKUuSKLReFqSQYk/nvZCg0ZyinllCmhb2VsDHVlKFNqGRD8FZfXiftWtW7qXoP15VGPY+jCGdwDpfgwS004B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8Aee+O+g==</latexit>

X2,1

<latexit sha1_base64="e6evWVKDMBXVSYE0VlE9M7lSwB0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNgR0RwDXjxGMA9IljA7mSRDZmeXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uMFHSou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUcNHgsYpNO2RWKKlFAyUq0U6MYFGoRCsc38381pMwVsb6ESeJCCI21HIgOUMntdq9jF7Saa9U9iv+HGSV0JyUIUe9V/rq9mOeRkIjV8zaDvUTDDJmUHIlpsVuakXC+JgNRcdRzSJhg2x+7pScO6VPBrFxpZHM1d8TGYusnUSh64wYjuyyNxP/8zopDqpBJnWSotB8sWiQKoIxmf1O+tIIjmriCONGulsJHzHDOLqEii4EuvzyKmleVehNhT5cl2vVPI4CnMIZXACFW6jBPdShARzG8Ayv8OYl3ov37n0sWte8fOYE/sD7/AF4aI75</latexit>

X1,1
<latexit sha1_base64="yN3btYWzo8n7Lbuv0Gyu7z+9eUU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiPZY8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1OkOMu+qNhuUK27VXYCsEy8nFcjRHJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHdGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeimHdz4RKUuSKLReFqSQYk/nvZCg0ZyinllCmhb2VsDHVlKFNqGRD8FZfXiftWtW7qXoP15VGPY+jCGdwDpfgwS004B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8Aee2O+g==</latexit>

X1,2

<latexit sha1_base64="08RXfDYN0QagHUxgFo7HSYB5uSE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiPZY8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1OkOstpVbTYoV9yquwBZJ15OKpCjOSh/9YcxSyOukElqTM9zE/QzqlEwyWelfmp4QtmEjnjPUkUjbvxsce6MXFhlSMJY21JIFurviYxGxkyjwHZGFMdm1ZuL/3m9FMO6nwmVpMgVWy4KU0kwJvPfyVBozlBOLaFMC3srYWOqKUObUMmG4K2+vE7atap3U/UeriuNeh5HEc7gHC7Bg1towD00oQUMJvAMr/DmJM6L8+58LFsLTj5zCn/gfP4Ae3SO+w==</latexit>

X2,2
<latexit sha1_base64="e+hbxidYPuweRjeWeKHMYEMOoGk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJJU0R4LXjxWsB/QhrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mkmCfkSHkoecUWOldqefXV1Wp/1S2a24c5BV4uWkDDka/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5uVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGhD8JZfXiWtasW7qXgP1+V6LY+jAKdwBhfgwS3U4R4a0AQGY3iGV3hzEufFeXc+Fq1rTj5zAn/gfP4AfPuO/A==</latexit>

X3,2

<latexit sha1_base64="RemfERjyjdjKOxI9osYkY2j9Cbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REivZY8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1OkOMnGlZoNyxa26C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8W587IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMaz7mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfVuqt5DrdKo53EU4QzO4RI8uIUG3EMTWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w8qsI9u</latexit>

Xi,n

<latexit sha1_base64="8gFwOg7nKL5fZtCuNgjDhU8h5G0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2mPBi8cK9gPaUDabbbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSMirVlDWpEkp3QmKY4JI1kaNgnUQzEoeCtcPx3dxvT5g2XMlHnCYsiMlQ8gGnBK3U6k0ihaZfrnhVbwF3nfg5qUCORr/81YsUTWMmkQpiTNf3EgwyopFTwWalXmpYQuiYDFnXUkliZoJsce3MvbBK5A6UtiXRXai/JzISGzONQ9sZExyZVW8u/ud1UxzUgozLJEUm6XLRIBUuKnf+uhtxzSiKqSWEam5vdemIaELRBlSyIfirL6+T1lXVv6n6D9eVei2PowhncA6X4MMt1OEeGtAECk/wDK/w5ijnxXl3PpatBSefOYU/cD5/AMpljz4=</latexit>...
<latexit sha1_base64="8gFwOg7nKL5fZtCuNgjDhU8h5G0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2mPBi8cK9gPaUDabbbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSMirVlDWpEkp3QmKY4JI1kaNgnUQzEoeCtcPx3dxvT5g2XMlHnCYsiMlQ8gGnBK3U6k0ihaZfrnhVbwF3nfg5qUCORr/81YsUTWMmkQpiTNf3EgwyopFTwWalXmpYQuiYDFnXUkliZoJsce3MvbBK5A6UtiXRXai/JzISGzONQ9sZExyZVW8u/ud1UxzUgozLJEUm6XLRIBUuKnf+uhtxzSiKqSWEam5vdemIaELRBlSyIfirL6+T1lXVv6n6D9eVei2PowhncA6X4MMt1OEeGtAECk/wDK/w5ijnxXl3PpatBSefOYU/cD5/AMpljz4=</latexit>...

<latexit sha1_base64="8gFwOg7nKL5fZtCuNgjDhU8h5G0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2mPBi8cK9gPaUDabbbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSMirVlDWpEkp3QmKY4JI1kaNgnUQzEoeCtcPx3dxvT5g2XMlHnCYsiMlQ8gGnBK3U6k0ihaZfrnhVbwF3nfg5qUCORr/81YsUTWMmkQpiTNf3EgwyopFTwWalXmpYQuiYDFnXUkliZoJsce3MvbBK5A6UtiXRXai/JzISGzONQ9sZExyZVW8u/ud1UxzUgozLJEUm6XLRIBUuKnf+uhtxzSiKqSWEam5vdemIaELRBlSyIfirL6+T1lXVv6n6D9eVei2PowhncA6X4MMt1OEeGtAECk/wDK/w5ijnxXl3PpatBSefOYU/cD5/AMpljz4=</latexit>...

<latexit sha1_base64="8gFwOg7nKL5fZtCuNgjDhU8h5G0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2mPBi8cK9gPaUDabbbt2sxt2J4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSMirVlDWpEkp3QmKY4JI1kaNgnUQzEoeCtcPx3dxvT5g2XMlHnCYsiMlQ8gGnBK3U6k0ihaZfrnhVbwF3nfg5qUCORr/81YsUTWMmkQpiTNf3EgwyopFTwWalXmpYQuiYDFnXUkliZoJsce3MvbBK5A6UtiXRXai/JzISGzONQ9sZExyZVW8u/ud1UxzUgozLJEUm6XLRIBUuKnf+uhtxzSiKqSWEam5vdemIaELRBlSyIfirL6+T1lXVv6n6D9eVei2PowhncA6X4MMt1OEeGtAECk/wDK/w5ijnxXl3PpatBSefOYU/cD5/AMpljz4=</latexit>...
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Non, je ne regrette rien

Lai and Robbins (1985) proved that any algorithm, which performs
“consistently” across a family of bandit problems, must pull
sub-optimal arms logarithmically many times, i.e., for i 6= arg maxi µi ,

E[Ni (n)] = Ω(log n)

They also gave an algorithm that achieved this and has an overall
logarithmic regret bound (with instance dependent constants):

E[R(n)] = O(log n)
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An upper confidence bound algorithm (UCB1)

UCB1 (Auer et al., 2002) is a modern simple version that achieves this
logarithmic regret:

1. Initialize X̄i ,0 =∞.

2. For each round n pull the following arm:

arg max
i

{
X̄i ,n

Ni (n)
+

√
2 log n

Ni (n)

}

3. Update X̄i ,n =
∑n

t=1 Xi ,tI[ pulled arm i in round t ]
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Multi-armed bandits and UCB1

arg max
i

{
X̄i ,n

Ni (n)
+

√
2 log n

Ni (n)

}

UCB1 (Auer et al., 2002) has a very intuitive interpretation.
I Exploration term is balanced by exploitation term.

UCB1 keeps visiting all arms forever, but eventually pulls the optimal
arm exponentially many times.

I Must be true if suboptimal arms are pulled logarithmically many times.
I Solves the exploration-exploitation tradeoff.
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Can we use this to find the optimal policy of an MDP?
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Planning in an MDP

You are an agent in an finite-horizon T , finite state space, finite
action space MDP.

Suppose you have your own model p(s ′|s, a) of the transition function
that you can call as many times as you want.

I Let’s assume it’s deterministic.

Can you use this model to do lookahead planning to compute good
moves? Let’s consider some special cases.
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Planning in an MDP

Suppose you are in state s in the final
time step T .

This is just a bandit problem! Taking
an action is like pulling an arm.

Idea: Run UCB1 for n rounds, finally
take the action that was most pulled.

<latexit sha1_base64="DGxJLBKJGzJ8uzdsI0BmhTcwvPE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyUR0R4LXjxW6Be0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj5pmzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkm93O/88S1EbFq4jThfkRHSoSCUbRSxwyy5pU3G5QrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4d0YurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYc3PhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+3rqndb9R5vKvVaHkcRzuAcLsGDO6jDAzSgBQwm8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gDY8Y84</latexit>sT�1

<latexit sha1_base64="Bv1NjchmSrfXF4jdjM+/gxxAtpg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyUR0R4LXjxW6Be0oUy2m3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4WNza3tneJuaW//4PCofHzS1nGqKGvRWMSqG6BmgkvWMtwI1k0UwygQrBNM7ud+54kpzWPZNNOE+RGOJA85RWOlDg6y5pU3G5QrbtVdgKwTLycVyNEYlL/6w5imEZOGCtS657mJ8TNUhlPBZqV+qlmCdIIj1rNUYsS0ny3OnZELqwxJGCtb0pCF+nsiw0jraRTYzgjNWK96c/E/r5easOZnXCapYZIuF4WpICYm89/JkCtGjZhaglRxeyuhY1RIjU2oZEPwVl9eJ+3rqndb9R5vKvVaHkcRzuAcLsGDO6jDAzSgBRQm8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gC9PY8m</latexit>aT�1

<latexit sha1_base64="wCQ2/BHFuUCu0AtYEdb/c4GdPnA=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqKAlEdEuC25cVugN2hAm02k7dDIJMxMhhPoqblwo4tYHcefbOG2z0OoPAx//OYdz5g9izpR2nC+rsLa+sblV3C7t7O7tH9iHRx0VJZLQNol4JHsBVpQzQduaaU57saQ4DDjtBtPbeb37QKVikWjpNKZeiMeCjRjB2li+XZZV5WetC3d2jvASzny74tSchdBfcHOoQK6mb38OhhFJQio04VipvuvE2suw1IxwOisNEkVjTKZ4TPsGBQ6p8rLF8TN0apwhGkXSPKHRwv05keFQqTQMTGeI9USt1ubmf7V+okd1L2MiTjQVZLlolHCkIzRPAg2ZpETz1AAmkplbEZlgiYk2eZVMCO7ql/9C57LmXtfc+6tKo57HUYRjOIEquHADDbiDJrSBQApP8AKv1qP1bL1Z78vWgpXPlOGXrI9vgNCTWg==</latexit>

r(sT�1, aT�1)
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Planning in an MDP

Suppose you are in state s, but it is not
the final time step.

We can still think of this as a type of
bandit problem.

Taking an action is like pulling an arm
that returns an immediate reward
r(s, a) and a new bandit problem over
the future return.

r(s0, a0) + γ

T−1∑

t=1

γt−1r(st , at)

<latexit sha1_base64="iwJWzdhPOlqOtuft79UkkHSzQxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2bgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/FsO5nQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk/ZV1atVvfvrSqOex1GEMziHS/DgBhpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHwGEjZY=</latexit>s0

<latexit sha1_base64="b3zLXKWd8L4LHJFcLqX86+6+t1U=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIaI8FLx4r2A9IQ9hsN+3SzW7Y3Qgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5UcqZNq777aytb2xubZd2yrt7+weHlaPjjpaZIrRNJJeqF2FNORO0bZjhtJcqipOI0240vpv53SeqNJPi0UxSGiR4KFjMCDZW8lVNh+4lwqF7EVaqbt2dA60SryBVKNAKK1/9gSRZQoUhHGvte25qghwrwwin03I/0zTFZIyH1LdU4ITqIJ+fPEXnVhmgWCpbwqC5+nsix4nWkySynQk2I73szcT/PD8zcSPImUgzQwVZLIozjoxEs//RgClKDJ9Ygoli9lZERlhhYmxKZRuCt/zyKulc1b2buvdwXW02ijhKcApnUAMPbqEJ99CCNhCQ8Ayv8OYY58V5dz4WrWtOMXMCf+B8/gA/CY/l</latexit>

r(s0, a0)

<latexit sha1_base64="AkazyQiobfvExQP+4JGF4EWxF/E=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJUkJIV0R4LXjxWsB+QhrDZbtqlm2zYnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YSqFAdf9dtbWNza3tks75d29/YPDytFxx6hMM95mSirdC6nhUiS8DQIk76Wa0ziUvBuO72Z+94lrI1TyCJOU+zEdJiISjIKVPF0zAbnENCAXQaXq1t058CohBamiAq2g8tUfKJbFPAEmqTEecVPwc6pBMMmn5X5meErZmA65Z2lCY278fH7yFJ9bZYAjpW0lgOfq74mcxsZM4tB2xhRGZtmbif95XgZRw89FkmbAE7ZYFGUSg8Kz//FAaM5ATiyhTAt7K2YjqikDm1LZhkCWX14lnas6uamTh+tqs1HEUUKn6AzVEEG3qInuUQu1EUMKPaNX9OaA8+K8Ox+L1jWnmDlBf+B8/gBCGI/n</latexit>

r(s1, a1)

<latexit sha1_base64="xGqUdNQK4JF/MjXt6UOPpyRd2FM=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahgpTdItpjwYvHCvYDtsuSTdM2NJssSVYoS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyWcaeO6305hY3Nre6e4W9rbPzg8Kh+fdLRMFaFtIrlUvQhrypmgbcMMp71EURxHnHajyd3c7z5RpZkUj2aa0CDGI8GGjGBjJV9VdVi/QjisX4bliltzF0DrxMtJBXK0wvJXfyBJGlNhCMda+56bmCDDyjDC6azUTzVNMJngEfUtFTimOsgWJ8/QhVUGaCiVLWHQQv09keFY62kc2c4Ym7Fe9ebif56fmmEjyJhIUkMFWS4aphwZieb/owFTlBg+tQQTxeytiIyxwsTYlEo2BG/15XXSqde8m5r3cF1pNvI4inAG51AFD26hCffQgjYQkPAMr/DmGOfFeXc+lq0FJ585hT9wPn8ARSeP6Q==</latexit>

r(s2, a2)

<latexit sha1_base64="lvvpbJ1uIig9fVV878/EeiyVwGM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2bgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/FsO5nQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk/ZV1atVvfvrSqOex1GEMziHS/DgBhpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHwMIjZc=</latexit>s1

<latexit sha1_base64="KOR4uKZ43Tot2rrgisOfW4tIT3c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2ZQG5QrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buuevdXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwSMjZg=</latexit>s2
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Upper confidence trees (UCT)

The upper confidence trees
(UCT, Kocsis & Szepesvári,
2006) algorithm takes this
recursive perspective.

Organize sequences of actions
(a0, . . . , aT−1) into a tree.

Nodes v represent action
sequences with a common prefix
and have a state s(v) associated
with them.

<latexit sha1_base64="9mvPr+NXXAfP9TDWPgi8p/ekG2A=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rEF+wFtKJvtpF272YTdTaGE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4fu63J6g0j+WjmSboR3QoecgZNVZqTPqlsltxFyDrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwFmxl2pMKBvTIXYtlTRC7WeLQ2fk0ioDEsbKljRkof6eyGik9TQKbGdEzUivenPxP6+bmrDqZ1wmqUHJlovCVBATk/nXZMAVMiOmllCmuL2VsBFVlBmbTdGG4K2+vE5a1xXvtuI1bsq1ah5HAc7hAq7AgzuowQPUoQkMEJ7hFd6cJ+fFeXc+lq0bTj5zBn/gfP4A4ieM9g==</latexit>v

<latexit sha1_base64="+/BLVKly0YCWVODd47XH9ncWcRA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rEF+wFtKJvtpF272YTdjVJCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB46uM9w==</latexit>w

<latexit sha1_base64="B+jtksftIUNfWZSx2q4cL19yGvk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A4KOM9Q==</latexit>u

<latexit sha1_base64="GBK9CdmWRKQSLQfBUpTIReiwl8A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AwlOM4Q==</latexit>a

<latexit sha1_base64="3d6bV5uxI8v3AMOYzaPwiNC/QUk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEtMeCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QM/75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5qw5mdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWpdV77rq3V9V6rU8jiKcwClcgAc3UIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8ASLDjRI=</latexit>

a0
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Upper confidence trees (UCT)

For each explored node v , UCT
maintains

Estimate Q̂(v , a) of the optimal
state-action value function
Q∗(s(v), a) at each node

The count N(v , a) of times
action a was chosen in node v .

I Let N(v) =
∑

a N(v , a).

<latexit sha1_base64="9mvPr+NXXAfP9TDWPgi8p/ekG2A=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rEF+wFtKJvtpF272YTdTaGE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4fu63J6g0j+WjmSboR3QoecgZNVZqTPqlsltxFyDrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwFmxl2pMKBvTIXYtlTRC7WeLQ2fk0ioDEsbKljRkof6eyGik9TQKbGdEzUivenPxP6+bmrDqZ1wmqUHJlovCVBATk/nXZMAVMiOmllCmuL2VsBFVlBmbTdGG4K2+vE5a1xXvtuI1bsq1ah5HAc7hAq7AgzuowQPUoQkMEJ7hFd6cJ+fFeXc+lq0bTj5zBn/gfP4A4ieM9g==</latexit>v

<latexit sha1_base64="+/BLVKly0YCWVODd47XH9ncWcRA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rEF+wFtKJvtpF272YTdjVJCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB46uM9w==</latexit>w
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Upper confidence trees (UCT)

1: function MonteCarloPlanning(state)
2: repeat
3: search(state, 0)
4: until Timeout
5: return bestAction(state,0)

6: function search(state, depth)
7: if Terminal(state) then return 0
8: if Leaf(state, d) then return Evaluate(state)
9: action := selectAction(state, depth)

10: (nextstate, reward) := simulateAction(state, action)
11: q := reward + ∞ search(nextstate, depth + 1)
12: UpdateValue(state, action, q, depth)
13: return q

Fig. 1. The pseudocode of a generic Monte-Carlo planning algorithm.

(the “arm” of a bandit). Successive plays of machine i yield the payoÆs Xi1,
Xi2, . . .. For simplicity, we shall assume that Xit lies in the interval [0, 1]. An
allocation policy is a mapping that selects the next arm to be played based
on the sequence of past selections and payoÆs obtained. The expected regret
of an allocation policy A after n plays is defined by Rn = maxi E [

Pn
t=1 Xit] °

E
hPK

j=1

PTj(n)
t=1 Xj,t

i
, where It 2 {1, . . . , K} is the index of the arm selected

at time t by policy A, and where Ti(t) =
Pt

s=1 I(Is = i) is the number of times
arm i was played up to time t (including t). Thus, the regret is the loss caused
by the policy not always playing the best machine. For a large class of payoÆ
distributions, there is no policy whose regret would grow slower than O(ln n)
[10]. For such payoÆ distributions, a policy is said to resolve the exploration-
exploitation tradeoÆ if its regret growth rate is within a constant factor of the
best possible regret rate.

Algorithm UCB1, whose finite-time regret is studied in details by [1] is
a simple, yet attractive algorithm that succeeds in resolving the exploration-
exploitation tradeoÆ. It keeps track the average rewards Xi,Ti(t°1) for all the
arms and chooses the arm with the best upper confidence bound:

It = argmax
i2{1,...,K}

©
Xi,Ti(t°1) + ct°1,Ti(t°1)

™
, (1)

where ct,s is a bias sequence chosen to be

ct,s =

r
2 ln t

s
. (2)

The bias sequence is such that if Xit were independantly and identically distrib-
uted then the inequalities

P
°
Xis ∏ µi + ct,s

¢
∑ t°4, (3)

P
°
Xis ∑ µi ° ct,s

¢
∑ t°4 (4)

were satisfied. This follows from HoeÆding’s inequality. In our case, UCB1 is
used in the internal nodes to select the actions to be sampled next. Since for

UCT “rollsout” by selecting actions according to the UCB1 rule

arg max
a

{
Q̂(v , a)

N(v , a)
+

√
2 logN(v)

N(v , a)

}

Then updates the estimates Q̂ in a “backup” phase up the tree.
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Monte Carlo tree search

To pick an action from state s, run UCT and pick the action
arg maxa N(v , a) where v is the root.

Kocsis & Szepesvári (2006) showed that at all nodes

∑

a

N(v , a)

N(s)
Q̂(v , a)→ V ∗(s(v))

I For all v , the prob. that UCT picks a suboptimal arm goes to 0.
I The recursive argument relies on the fact that UCB1 has low regret

and converges quickly at all nodes.

Vanilla UCT is memory intensive, so there are many practical
variants, collectively called Monte Carlo tree search (MCTS, Browne
et al., 2012).
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Monte Carlo tree search
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Fig. 2. One iteration of the general MCTS approach.

Algorithm 1 General MCTS approach.
function MCTSSEARCH(s0)

create root node v0 with state s0

while within computational budget do
vl  TREEPOLICY(v0)
� DEFAULTPOLICY(s(vl))
BACKUP(vl,�)

return a(BESTCHILD(v0))

the tree until the most urgent expandable node is
reached. A node is expandable if it represents a non-
terminal state and has unvisited (i.e. unexpanded)
children.

2) Expansion: One (or more) child nodes are added to
expand the tree, according to the available actions.

3) Simulation: A simulation is run from the new node(s)
according to the default policy to produce an out-
come.

4) Backpropagation: The simulation result is “backed
up” (i.e. backpropagated) through the selected
nodes to update their statistics.

These may be grouped into two distinct policies:

1) Tree Policy: Select or create a leaf node from the
nodes already contained within the search tree (se-
lection and expansion).

2) Default Policy: Play out the domain from a given
non-terminal state to produce a value estimate (sim-
ulation).

The backpropagation step does not use a policy itself,
but updates node statistics that inform future tree policy
decisions.

These steps are summarised in pseudocode in Algo-

rithm 1.6 Here v0 is the root node corresponding to state
s0, vl is the last node reached during the tree policy
stage and corresponds to state sl, and � is the reward
for the terminal state reached by running the default
policy from state sl. The result of the overall search
a(BESTCHILD(v0)) is the action a that leads to the best
child of the root node v0, where the exact definition of
“best” is defined by the implementation.

Note that alternative interpretations of the term “sim-
ulation” exist in the literature. Some authors take it
to mean the complete sequence of actions chosen per
iteration during both the tree and default policies (see for
example [93], [204], [94]) while most take it to mean the
sequence of actions chosen using the default policy only.
In this paper we shall understand the terms playout and
simulation to mean “playing out the task to completion
according to the default policy”, i.e. the sequence of
actions chosen after the tree policy steps of selection and
expansion have been completed.

Figure 2 shows one iteration of the basic MCTS al-
gorithm. Starting at the root node7 t0, child nodes are
recursively selected according to some utility function
until a node tn is reached that either describes a terminal
state or is not fully expanded (note that this is not
necessarily a leaf node of the tree). An unvisited action
a from this state s is selected and a new leaf node tl is
added to the tree, which describes the state s0 reached
from applying action a to state s. This completes the tree
policy component for this iteration.

A simulation is then run from the newly expanded
leaf node tl to produce a reward value �, which is then

6. The simulation and expansion steps are often described and/or
implemented in the reverse order in practice [52], [67].

7. Each node contains statistics describing at least a reward value
and number of visits.

(Browne et al., 2012)

Maintain a depth-limited subtree, select nodes using UCB1.

Expand the tree to include excluded children, then run a simulation.

Evaluate nodes by rolling out a default policy (not UCB1).

Noisy evaluations are backed-up the tree.
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Monte Carlo tree search

MCTS is fundamentally an enumerative algorithm, i.e., it must visit
the whole tree.

I But it balances exploration and exploitation and does not spend too
much time on suboptimal trajectories.

In practice, it can scale very well and discover very good actions.
I Be careful with the scale of returns and the bandit assumption that

they are in [0, 1].

It is typically applied to two-player, zero-sum, perfect information
games (requires some slight modifications to the backup operator).

Notice: MCTS can be thought of as an policy improvement operator
that takes a default policy and returns a better action (i.e., policy).
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Today’s talks

AlphaZero.

MCTS as policy optimization.

MENTs.
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