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Announcements

A few proposal feedbacks left to send out. Great job!

Questions, comments, concerns?
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Today

Switching gears to reinforcement learning.

We will discuss the basic structure of so-called policy optimization
algorithms.

There are (roughly speaking) two perspectives on reinforcement
learning.

I Value-based methods, like Q-learning, which we discussed in Lec. 2.
I Policy-gradient methods, which we will discuss today.
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Recall

Infinite-horizon MDP, finite action space, finite state space. An agent
interacts with the environment p(st+1|st , at) using a policy π(at |st)
for T =∞ steps.

s0 a0 s1 a1 s2 a2 s3 a3 …

The agent’s objectives is to maximize its return:

J(π) = E

[ ∞∑
t=0

γtr(st , at)

]

Today we are assuming r(s, a) ≥ 0.
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Recall: discounted state visitation distribution

Start in s, at each iteration flip a coin with P(heads) = γ, terminate
if tails, else continue.

s0 a0 s1 a1 s2 a2 s3

<latexit sha1_base64="n7EVwU6VgwOlrszDJGmcFgyLTP8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahF0sioh4LXjxWsB/QhjLZbtqlu0nc3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCR6xpuFGsE6iGMpAsHYwvp357SemNI+jBzNJmC9xGPGQUzRW6njnvSFKif1yxa25c5BV4uWkAjka/fJXbxDTVLLIUIFadz03MX6GynAq2LTUSzVLkI5xyLqWRiiZ9rP5vVNyZpUBCWNlKzJkrv6eyFBqPZGB7ZRoRnrZm4n/ed3UhDd+xqMkNSyii0VhKoiJyex5MuCKUSMmliBV3N5K6AgVUmMjKtkQvOWXV0nrouZd1dz7y0q9msdRhBM4hSp4cA11uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx9biY9y</latexit>
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s0 a0 s1 a1 s2 a2 s3

THHH

return s3

The discounted state visitation distribution is the marginal:

dπ(s) :=
∞∑
k=0

γk(1− γ)
∑
a0:k−1
s0:k−1

p(s0)πθ(a0|s0)..p(s|sk−1, ak−1)

Also define the joint:

dπ(s, a) = dπ(s)π(a|s)
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Recall: the policy gradient theorem

Define:

Qπ(s, a) = E

[ ∞∑
t=0

γtr(st , at)

∣∣∣∣∣ s0 = s, a0 = a

]
V π(s) =

∑
a

π(a|s)Qπ(s, a)

The policy gradient theorem tells us

(1− γ)∇πJ(π) = Es,a∼dπ [Qπ(s, a)∇π log π(a|s)]

It’s also not too hard to derive:

(1− γ)J(π) = Es,a∼dπ [r(s, a)]

So we can think of this as single-step MDP with a certain
environment.
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An operator view (Ghosh et al., 2020)

Policy-gradient(PG) methods use ∇πJ(π) (or an estimator of it) to
find better policies.

Suppose our policies are in some parametric family with parameters θ.
We could always do gradient descent (or SGD),

θt+1 = θt + εEs,a∼dπ [Qπ(s, a)∇θt log π(a|s)] GD

θt+1 = θt + εQπ(s, a)∇θt log π(a|s) where s, a ∼ dπ SGD,

and understand its convergence via smoothness of J and stochastic
approximation theory. Can we do better?

There are many policy-gradient methods, but a unified view is not yet
fully realized. Today we will discuss an operator view on PG methods.
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An operator view (Ghosh et al., 2020)

Value-based methods ↔ apply operators on the value function.
I Bellman optimality operator.
I Bellman policy operator.
I Greedy policy improvement operator.

Policy-gradient methods ↔ apply operators on the policy.
I Dibya Ghosh, Marlos C. Machado, Nicolas Le Roux. An operator view

of gradient methods. NeurIPS 2020.

Ghosh et al. (2020) have the trajectory and state-action formulation.
We will emphasize state-action.

Focus on noiseless case (i.e. no stochasticity).
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An operator view (Ghosh et al., 2020)

An update to the policy is the composition PV ◦ IV of operators

Informally, a joint policy is a joint distribution µ(s, a) over states and
actions that achieves return Es,a∼µ[r(s, a)]. A policy is realizable if
µ(s, a) = dπ

′
(s)π′(a|s) for some agent’s policy π′.

Improvement operator. Maps a joint policy to another joint policy
(sometimes) improves the return.

µ(s, a) = IV dπ(s, a)

Projection operator. Maps a distribution over states and actions into
a realizable policy by minimizing some divergence:

z(a|s) = PVµ(s, a) = arg min
z∈Π

Dµ(µ||z)

and using dz(s)z(a|s) as the joint. Often, a gradient step is taken
instead of a full minimization.
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An operator view (Ghosh et al., 2020)

An update to the policy is the composition PV ◦ IV of operators
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all joint policies

realizable joint
policies

Let’s see how this works for standard policy gradient.
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Policy gradient improvement operator

Policy gradient improvement operator is:

µ(s, a) = IV dπ(s, a) =
dπ(s, a)Qπ(s, a)

Es,a∼dπ [Qπ(s, a)]

So, reweight state-action pairs by the Qπ function. The new reward is,

Es,a∼µ[r(s, a)] =
Es,a∼dπ [Qπ(s, a)r(s, a)]

Es,a∼dπ [Qπ(s, a)]

= J(π)
Es,a∼dπ [Qπ(s, a)r(s, a)]

Es,a∼dπ [Qπ(s, a)]J(π)

= J(π)

(
1 +

Covs,a∼dπ(Qπ(s, a), r(s, a))

Es,a∼dπ [Qπ(s, a)]J(π)

)
If Covs,a∼dπ(Qπ(s, a), r(s, a)) ≥ 0, this is an improvement.
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Policy gradient projection operator

Policy gradient projection operator is computed using:

z(a|s) = PVµ(s, a) = arg min
z∈Π

∑
s

µ(s)KL(µ(a|s)||z(a|s))

Using µ = IV dπ, this resolves to

z(a|s) = (PV ◦ IV )(dπ)

= arg min
z∈Π
−
∑
s,a

dπ(s, a)Qπ(s, a) log z(a|s)

where we dropped a bunch of constants in z (OK, since it’s an argmin).
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Policy gradient

An optimal policy π∗ is a fixed point of PV ◦ IV (Ghosh et al., 2020).

But, how does PV ◦ IV relate to a policy gradient step?
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Policy gradient step

Suppose Π = {πθ(a|s) : θ ∈ Rn} is a set of parametric policies.

In this case,

(PV ◦ IV )(dπθt ) = arg min
θ∈Rn
−
∑
s,a

dπθt (s, a)Qπθt (s, a) log πθ(a|s)

Instead of a full minimization, what if we took one step of gradient
descent? PV ◦ IV (dπθt ) ≈ πθt+1 where

θt+1 = θt + ε
∑
s,a

dπθt (s, a)Qπθt (s, a)∇θ log πθ(a|s)

This is the standard policy gradient step.
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Policy gradient step

Why does the policy gradient step work?

Policy gradient step:

(PV ◦ IV )(dπθt ) ≈ arg min
θ∈Rn
−
∑
s,a

dπθt (s, a)Qπθt (s, a) log πθ(a|s)

Ghosh et al. (2020) show that for any two π(a|s) and µ(a|s)

J(π) ≥ J(µ) +
∑
s,a

dµ(s, a)Qµ(s, a) log
π(a|s)

µ(a|s)

The standard policy gradient iteratively maximizes a local
approximation around πθt , which is a global lower bound.

Didn’t prove conditions under which this converges, but should be
pretty mild.
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