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Announcements

Working to get marks / feedback on the proposals by EOW.

I’m interested in sharing your great work! Email me:
I Can I share your slides on Quercus?
I Can I share your slides on the course website?
I Can I share your code notebook on Quercus?
I Can I share your code notebook on the course website?

Questions, comments, concerns?
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Modelling high-dimensional, multi-modal data

MNIST handwritten digit dataset.

(a) MNIST (t = 1.0) (b) CIFAR-10 (t = 0.7) (c) CelebA 64 (t = 0.6)

(d) CelebA HQ (t = 0.6) (e) FFHQ (t = 0.5)

(f) MaCow [67] trained on CelebA HQ (t = 0.7) (g) Glow [62] trained on CelebA HQ (t = 0.7)

Figure 4: (a)-(e) Sampled images from NVAE with the temperature in prior (t). (f)-(g) A few images
generated by MaCow [67] and Glow [62] are shown for comparison (images are from the original
publications). NVAE generates diverse high quality samples even with a small temperature, and it
exhibits remarkably better hair details and diversity (best seen when zoomed in).

This is done by scaling down the standard deviation of the Normal distributions in each conditional
in the prior, and it often improves the quality of the samples, but it also reduces their diversity.

In NVAE, we observe that if we use the single batch statistics during sampling for the BN layers,
instead of the default running averages, we obtain much more diverse and higher quality samples
even with small temperatures3. A similar observation was made in BigGAN [78] and DCGAN [79].
However, in this case, samples will depend on other data points in the batch. To avoid this, similar to
BigGAN, we readjust running mean and standard deviation in the BN layers by sampling from the
generative model 500 times for the given temperature, and then we use the readjusted statistics for
the final sampling4. We visualize samples with the default BN behavior in Sec. B.2 in the appendix.

3For the evaluation in Sec. 4.1, we do use the default setting to ensure that our reported results are valid.
4This intriguing effect of BN on VAEs and GANs requires further study in future work. We could not obtain

the same quantitative and qualitative results with instance norm which is a batch-independent extension to BN.

7

(Vahdat and Kautz, 2020)
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Modelling high-dimensional, multi-modal data

CIFAR-10 small natural image dataset.

(Krizhevsky, 2009)
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Modelling high-dimensional, multi-modal data

CelebA large images of celebreties

(Liu et al., 2015)

(UofT) STA4273-Lec6 5 / 25



Variational autoencoders

1. Variational autoencoders (VAEs) are
latent variables models for high
dimensional data x ∈ Rn.

2. A latent variable model is specified in
terms of a joint distribution between x
and a latent variable z ∈ Rm that
factorizes as follows:

pθ(x, z) = pθ(z)pθ(x|z)

3. Latent variable models are an expressive
class, because the marginal pθ(x) can
be very complex due to the likelihood
pθ(x|z) warping the probability mass of
a simple prior pθ(z).

2.8. Challenges 31

Decoder: pθ(x|z)

Prior distribution: pθ(z)

Marginal: pθ(x)

x-space

z-space

Encoder: qφ(z|x)

Marginal: qφ(z)

Data distribution: qD(x)

ML objective = - DKL( qD(x) || pθ(x) ) 
   ELBO objective = - DKL( qD,φ(x,z) || pθ(x,z) )

qD,φ(x,z) = qD(x) qφ(z|x) pθ(x,z) = pθ(z) pθ(x|z)

Figure 2.4: The maximum likelihood (ML) objective can be viewed as the mini-
mization of DKL(qD,„(x)||p◊(x)), while the ELBO objective can be viewed as the
minimization of DKL(qD,„(x, z)||p◊(x, z)), which upper bounds DKL(qD,„(x)||p◊(x)).
If a perfect fit is not possible, then p◊(x, z) will typically end up with higher variance
than qD,„(x, z), because of the direction of the KL divergence.

(Kingma and Welling, 2019)
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Variational autoencoders—example

1. Consider the binary data case,
x ∈ {0, 1}n.

2. Consider a deep Gaussian latent
variable model.

z ∼ N (µ, σ2I )

xi ∼ Bernoulli(bz,i ) indept.

where bz = NN θ(z) is computed using
a neural network NN θ : Rm → [0, 1]n

with parameters θ.

3. The marginal pΘ(x) can be multimodal
and expressive.
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Variational autoencoders

1. Let Θ = (θ, µ, σ2). How can we do
maximum likelihood over Θ in this
model?

2. What we want is

arg max
Θ

log pΘ(x)

but pΘ(x) =
∫
pΘ(x, z) dz is too

expensive to compute.

3. The basic idea behind the variational
autoencoder is to optimize a tractable
variational lower bound on log pΘ(x), in
fact the ELBO (Lecture 1)!
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Evidence lower bound

Recall the evidence lower bound (ELBO)

ELBO(Θ, φ, x) = Ez∼qφ

[
log

pΘ(z, x)

qφ(z|x)

]
= log pΘ(x)−KL(qφ(z|x) ‖ pΘ(z|x))

Where

qφ is a density in a parametric family of probability densities.

The objective is called the ELBO, because:

ELBO(Θ, φ, x) ≤ log pΘ(x)

Idea: what if we optimized the ELBO in terms of Θ, φ?

(UofT) STA4273-Lec6 9 / 25



Variational autoencoders

1. Approximate maximum likelihood for
VAEs is carried out by introducing a
approximate posterior qφ(z|x).

2. To fit a VAE, optimize ELBO using
gradient ascent as a surrogate for the
the marginal likelihood of x,

Ez∼qφ

[
log

pΘ(z, x)

qφ(z|x)

]
3. The key question is then how to

estimate ∇Θ ELBO(Θ, φ, x) and
∇φ ELBO(Θ, φ, x)

2.2. Evidence Lower Bound (ELBO) 17

x-space

z-space

Encoder: qφ(z|x) Decoder: pθ(x|z)

Prior distribution: pθ(z)

Dataset: D

Figure 2.1: A VAE learns stochastic mappings between an observed x-space, whose
empirical distribution qD(x) is typically complicated, and a latent z-space, whose
distribution can be relatively simple (such as spherical, as in this figure). The
generative model learns a joint distribution p◊(x, z) that is often (but not always)
factorized as p◊(x, z) = p◊(z)p◊(x|z), with a prior distribution over latent space
p◊(z), and a stochastic decoder p◊(x|z). The stochastic encoder q„(z|x), also called
inference model, approximates the true but intractable posterior p◊(z|x) of the
generative model.

(Kingma and Welling, 2019)
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Variational autoencoders

1. In practice, qφ is also implemented
using neural network to make it more
expressive.

z ∼ N (µx, diag(σ2
x))

where µx, σ
2
x are computed using neural

networks with parameters φ, as with bz.

2. OK, we defined both pΘ and qφ, but
how can we estimate gradients of
ELBO(Θ, φ, x)?

3. Let’s consider the SCG that simulates a
realization of the ELBO.
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<latexit sha1_base64="teYRcCOJe+tYqHWbJhAWSId9FJc=">AAAB/XicbVC7TsMwFHXKq5RHw0NiYLGokJiqhAEYEKrEwlgk+pCaKHIcp7VqJ5HtIEpU8SssDCDEwsB/sPEBrP0GnLYDtBzJ8tE598rHx08YlcqyvozCwuLS8kpxtbS2vrFZNre2mzJOBSYNHLNYtH0kCaMRaSiqGGkngiDuM9Ly+5e537olQtI4ulGDhLgcdSMaUoyUljxz1+Gplzl+zAI54PrK7oZDz6xYVWsMOE/sKanU9kaj8vn7d90zP50gxiknkcIMSdmxrUS5GRKKYkaGJSeVJEG4j7qko2mEOJFuNk4/hIdaCWAYC30iBcfq740McZln05McqZ6c9XLxP6+TqvDMzWiUpIpEePJQmDKoYphXAQMqCFZsoAnCguqsEPeQQFjpwkq6BHv2y/OkeVy1T6rWtW7jAkxQBPvgABwBG5yCGrgCddAAGNyDR/AMXowH48l4Nd4mowVjurMD/sD4+AE6Epoe</latexit>µx
<latexit sha1_base64="Uv9dTpnN0JiG8vqDDZX7jjUbZ/Q=">AAACAnicbVDLSsNAFJ34rPUVdaMIMlgEVyXpQl1JQRcuK9gHtDFMJpN27GQSZiZiCcGNf+A3uHGhiNt+hTv/xknbhbYeGOZwzr3ce48XMyqVZX0bc/MLi0vLhZXi6tr6xqa5td2QUSIwqeOIRaLlIUkY5aSuqGKkFQuCQo+Rpte/yP3mPRGSRvxGDWLihKjLaUAxUlpyzb2OpN0QuWnHi5gvB6H+0ocsu624ZskqWyPAWWJPSKl6cLn7rIZ3Ndf86vgRTkLCFWZIyrZtxcpJkVAUM5IVO4kkMcJ91CVtTTkKiXTS0QkZPNKKD4NI6McVHKm/O1IUynw7XRki1ZPTXi7+57UTFZw5KeVxogjH40FBwqCKYJ4H9KkgWLGBJggLqneFuIcEwkqnVtQh2NMnz5JGpWyflK1rncY5GKMA9sEhOAY2OAVVcAVqoA4weAQv4A28G0/Gq/FhfI5L54xJzw74A2P4Ay5rmuA=</latexit>

�2
x
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SCG for the ELBO

Let’s first add the graph that samples from qφ, called the encoder.

<latexit sha1_base64="nfHTTZKcoyF2HSjG7PTKp5aFw8U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk7ahmWRIMkod+h9uXCji1o/wD9z5N2amLrT1QMjhnHvJyQlizrRx3S+nsLC4tLxSXC2trW9sbpW3d5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwegy81t3VGkmxY0Zx9SP8ECwPiPYWOm2G0ge6nFkr/Rh0itX3KqbA80T74dULj6Oc9R75c9uKEkSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP81TT9CBVULUl8oeYVCu/t5IcaSzaHYywmaoZ71M/M/rJKZ/5qdMxImhgkwf6iccGYmyClDIFCWGjy3BRDGbFZEhVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bk5BlTw=</latexit>z

<latexit sha1_base64="bjDHrKr4JvrWTPfQ97KZf+x9Tww=">AAAB63icbVC7SgNBFL0bXzE+ErWwsBkMglXYtVALkYCNZQTzgGQJs5PZZMjM7DIzK4Qlv2BjoYitX+Cf2PkBtvkGZ5MUmnjgwuGce7n3niDmTBvX/XJyK6tr6xv5zcLW9s5usbS339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5kfvOBKs0ieW9GMfUF7ksWMoJNJnXiAeuWym7FnQItE29OytXDyaR49fFd65Y+O72IJIJKQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pRILqv10eusYnVilh8JI2ZIGTdXfEykWWo9EYDsFNgO96GXif147MeGlnzIZJ4ZKMlsUJhyZCGWPox5TlBg+sgQTxeytiAywwsTYeAo2BG/x5WXSOKt45xX3zqZxDTPk4QiO4RQ8uIAq3EIN6kBgAI/wDC+OcJ6cV+dt1ppz5jMH8AfO+w+QU5JS</latexit>

�

<latexit sha1_base64="teYRcCOJe+tYqHWbJhAWSId9FJc=">AAAB/XicbVC7TsMwFHXKq5RHw0NiYLGokJiqhAEYEKrEwlgk+pCaKHIcp7VqJ5HtIEpU8SssDCDEwsB/sPEBrP0GnLYDtBzJ8tE598rHx08YlcqyvozCwuLS8kpxtbS2vrFZNre2mzJOBSYNHLNYtH0kCaMRaSiqGGkngiDuM9Ly+5e537olQtI4ulGDhLgcdSMaUoyUljxz1+Gplzl+zAI54PrK7oZDz6xYVWsMOE/sKanU9kaj8vn7d90zP50gxiknkcIMSdmxrUS5GRKKYkaGJSeVJEG4j7qko2mEOJFuNk4/hIdaCWAYC30iBcfq740McZln05McqZ6c9XLxP6+TqvDMzWiUpIpEePJQmDKoYphXAQMqCFZsoAnCguqsEPeQQFjpwkq6BHv2y/OkeVy1T6rWtW7jAkxQBPvgABwBG5yCGrgCddAAGNyDR/AMXowH48l4Nd4mowVjurMD/sD4+AE6Epoe</latexit>µx

<latexit sha1_base64="Uv9dTpnN0JiG8vqDDZX7jjUbZ/Q=">AAACAnicbVDLSsNAFJ34rPUVdaMIMlgEVyXpQl1JQRcuK9gHtDFMJpN27GQSZiZiCcGNf+A3uHGhiNt+hTv/xknbhbYeGOZwzr3ce48XMyqVZX0bc/MLi0vLhZXi6tr6xqa5td2QUSIwqeOIRaLlIUkY5aSuqGKkFQuCQo+Rpte/yP3mPRGSRvxGDWLihKjLaUAxUlpyzb2OpN0QuWnHi5gvB6H+0ocsu624ZskqWyPAWWJPSKl6cLn7rIZ3Ndf86vgRTkLCFWZIyrZtxcpJkVAUM5IVO4kkMcJ91CVtTTkKiXTS0QkZPNKKD4NI6McVHKm/O1IUynw7XRki1ZPTXi7+57UTFZw5KeVxogjH40FBwqCKYJ4H9KkgWLGBJggLqneFuIcEwkqnVtQh2NMnz5JGpWyflK1rncY5GKMA9sEhOAY2OAVVcAVqoA4weAQv4A28G0/Gq/FhfI5L54xJzw74A2P4Ay5rmuA=</latexit>

�2
x

<latexit sha1_base64="R+LKB8lxuCyNCaHql48W0N0sY/w=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk2lDM8mQZNQy9D/cuFDErR/hH7jzb8y0LrT1QMjhnHvJyQkSzrRx3S+nsLC4tLxSXC2trW9sbpW3d5paporQBpFcqnaANeVM0IZhhtN2oiiOA05bwfAy91t3VGkmxY0ZJdSPcV+wiBFsrHTbDSQP9Si2V/Yw7pUrbtWdAM0T74dULj6OJ6j3yp/dUJI0psIQjrXueG5i/Awrwwin41I31TTBZIj7tGOpwDHVfjZJPUYHVglRJJU9wqCJ+nsjw7HOo9nJGJuBnvVy8T+vk5rozM+YSFJDBZk+FKUcGYnyClDIFCWGjyzBRDGbFZEBVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bks3lTo=</latexit>x

<latexit sha1_base64="pDjV2kXyEdpbCWhJTzHu1mbx5/I=">AAAB6nicbVC7SgNBFL0bXzE+ErWwsBkMglXYtYgWIgEby4jmAckSZiezyZCZ2WVmVghLPsHGQhFb/8A/sfMDbPMNTh6FJh64cDjnXu69J4g508Z1v5zMyura+kZ2M7e1vbObL+zt13WUKEJrJOKRagZYU84krRlmOG3GimIRcNoIBtcTv/FAlWaRvDfDmPoC9yQLGcHGSndtkXQKRbfkToGWiTcnxcrheJy//Piudgqf7W5EEkGlIRxr3fLc2PgpVoYRTke5dqJpjMkA92jLUokF1X46PXWETqzSRWGkbEmDpurviRQLrYcisJ0Cm75e9Cbif14rMeGFnzIZJ4ZKMlsUJhyZCE3+Rl2mKDF8aAkmitlbEeljhYmx6eRsCN7iy8ukflbyyiX31qZxBTNk4QiO4RQ8OIcK3EAVakCgB4/wDC8Od56cV+dt1ppx5jMH8AfO+w/aKZHp</latexit>µ

<latexit sha1_base64="X2GAhUTU+N2ZBDe8/vjQqFSU0hw=">AAAB7XicbZDLSsNAFIYnXmu9VV26GSyCq5IoqCstuHFZwV6gDWUyPWnHTjJh5kQooe/gxoUibn0Q38Cdb+M07UJbfxj4+P9zmHNOkEhh0HW/naXlldW19cJGcXNre2e3tLffMCrVHOpcSaVbATMgRQx1FCihlWhgUSChGQxvJnnzEbQRKr7HUQJ+xPqxCAVnaK1GBweArFsquxU3F10Ebwbl68+zXLVu6avTUzyNIEYumTFtz03Qz5hGwSWMi53UQML4kPWhbTFmERg/y6cd02Pr9GiotH0x0tz93ZGxyJhRFNjKiOHAzGcT87+snWJ46WciTlKEmE8/ClNJUdHJ6rQnNHCUIwuMa2FnpXzANONoD1S0R/DmV16ExmnFO6+4d265ekWmKpBDckROiEcuSJXckhqpE04eyBN5Ia+Ocp6dN+d9WrrkzHoOyB85Hz+b4pFZ</latexit>

✓

<latexit sha1_base64="hgxZwjCi2VJ4Og0FLr+n9VoGhBQ=">AAAB73icbZDLSgMxFIbP1Futt6pLN8EiuCozFaorLbhxWcFeoB1LJs20oUlmTDJCGfoSblwo4tbn8A3c+Tam0y609YfAx/+fQ845QcyZNq777eRWVtfWN/Kbha3tnd294v5BU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD3NW49UaRbJOzOOqS/wQLKQEWys1e5qNhD4vtIrltyymwktgzeH0tXnWaZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYsSiyo9tNs3gk6sU4fhZGyTxqUub87Uiy0HovAVgpshnoxm5r/ZZ3EhBd+ymScGCrJ7KMw4chEaLo86jNFieFjC5goZmdFZIgVJsaeqGCP4C2uvAzNStmrlt1bt1S7hJnycATHcAoenEMNbqAODSDA4Qle4NV5cJ6dN+d9Vppz5j2H8EfOxw+9r5H4</latexit>

�2

<latexit sha1_base64="xN2qK3RkueQ4pUargdVIrPXdgU8=">AAAB+3icbVC9TsMwGHTKX2n5CWVksShInaqEAZhQJRbGItEfqa0ix3Faq44d2Q6iROEJeAEWFgYQYuVF2HgbnLYDtJxk+XT3ffL5/JhRpR3n2yqsrK6tbxQ3S+Wt7Z1de6/SViKRmLSwYEJ2faQIo5y0NNWMdGNJUOQz0vHHl7nfuSVSUcFv9CQmgwgNOQ0pRtpInl3xvbTvCxaoSWSu9D7LPLvq1J0p4DJx56TaqDw9PtSOyk3P/uoHAicR4RozpFTPdWI9SJHUFDOSlfqJIjHCYzQkPUM5iogapNPsGTw2SgBDIc3hGk7V3xspilSezUxGSI/UopeL/3m9RIfng5TyONGE49lDYcKgFjAvAgZUEqzZxBCEJTVZIR4hibA2dZVMCe7il5dJ+6Tuntada9PGBZihCA7AIagBF5yBBrgCTdACGNyBZ/AK3qzMerHerY/ZaMGa7+yDP7A+fwAwmpdm</latexit>

bz

encoder

ELBO(Θ, φ, x) = Ez∼qφ [log pΘ(z) + log pΘ(x|z)− log qφ(z|x)]
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SCG for the ELBO

Now, a graph that computes the statistics of pθ(x|z), called the decoder.

<latexit sha1_base64="nfHTTZKcoyF2HSjG7PTKp5aFw8U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk7ahmWRIMkod+h9uXCji1o/wD9z5N2amLrT1QMjhnHvJyQlizrRx3S+nsLC4tLxSXC2trW9sbpW3d5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwegy81t3VGkmxY0Zx9SP8ECwPiPYWOm2G0ge6nFkr/Rh0itX3KqbA80T74dULj6Oc9R75c9uKEkSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP81TT9CBVULUl8oeYVCu/t5IcaSzaHYywmaoZ71M/M/rJKZ/5qdMxImhgkwf6iccGYmyClDIFCWGjy3BRDGbFZEhVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bk5BlTw=</latexit>z

<latexit sha1_base64="bjDHrKr4JvrWTPfQ97KZf+x9Tww=">AAAB63icbVC7SgNBFL0bXzE+ErWwsBkMglXYtVALkYCNZQTzgGQJs5PZZMjM7DIzK4Qlv2BjoYitX+Cf2PkBtvkGZ5MUmnjgwuGce7n3niDmTBvX/XJyK6tr6xv5zcLW9s5usbS339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5kfvOBKs0ieW9GMfUF7ksWMoJNJnXiAeuWym7FnQItE29OytXDyaR49fFd65Y+O72IJIJKQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pRILqv10eusYnVilh8JI2ZIGTdXfEykWWo9EYDsFNgO96GXif147MeGlnzIZJ4ZKMlsUJhyZCGWPox5TlBg+sgQTxeytiAywwsTYeAo2BG/x5WXSOKt45xX3zqZxDTPk4QiO4RQ8uIAq3EIN6kBgAI/wDC+OcJ6cV+dt1ppz5jMH8AfO+w+QU5JS</latexit>

�

<latexit sha1_base64="teYRcCOJe+tYqHWbJhAWSId9FJc=">AAAB/XicbVC7TsMwFHXKq5RHw0NiYLGokJiqhAEYEKrEwlgk+pCaKHIcp7VqJ5HtIEpU8SssDCDEwsB/sPEBrP0GnLYDtBzJ8tE598rHx08YlcqyvozCwuLS8kpxtbS2vrFZNre2mzJOBSYNHLNYtH0kCaMRaSiqGGkngiDuM9Ly+5e537olQtI4ulGDhLgcdSMaUoyUljxz1+Gplzl+zAI54PrK7oZDz6xYVWsMOE/sKanU9kaj8vn7d90zP50gxiknkcIMSdmxrUS5GRKKYkaGJSeVJEG4j7qko2mEOJFuNk4/hIdaCWAYC30iBcfq740McZln05McqZ6c9XLxP6+TqvDMzWiUpIpEePJQmDKoYphXAQMqCFZsoAnCguqsEPeQQFjpwkq6BHv2y/OkeVy1T6rWtW7jAkxQBPvgABwBG5yCGrgCddAAGNyDR/AMXowH48l4Nd4mowVjurMD/sD4+AE6Epoe</latexit>µx

<latexit sha1_base64="Uv9dTpnN0JiG8vqDDZX7jjUbZ/Q=">AAACAnicbVDLSsNAFJ34rPUVdaMIMlgEVyXpQl1JQRcuK9gHtDFMJpN27GQSZiZiCcGNf+A3uHGhiNt+hTv/xknbhbYeGOZwzr3ce48XMyqVZX0bc/MLi0vLhZXi6tr6xqa5td2QUSIwqeOIRaLlIUkY5aSuqGKkFQuCQo+Rpte/yP3mPRGSRvxGDWLihKjLaUAxUlpyzb2OpN0QuWnHi5gvB6H+0ocsu624ZskqWyPAWWJPSKl6cLn7rIZ3Ndf86vgRTkLCFWZIyrZtxcpJkVAUM5IVO4kkMcJ91CVtTTkKiXTS0QkZPNKKD4NI6McVHKm/O1IUynw7XRki1ZPTXi7+57UTFZw5KeVxogjH40FBwqCKYJ4H9KkgWLGBJggLqneFuIcEwkqnVtQh2NMnz5JGpWyflK1rncY5GKMA9sEhOAY2OAVVcAVqoA4weAQv4A28G0/Gq/FhfI5L54xJzw74A2P4Ay5rmuA=</latexit>

�2
x

<latexit sha1_base64="R+LKB8lxuCyNCaHql48W0N0sY/w=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk2lDM8mQZNQy9D/cuFDErR/hH7jzb8y0LrT1QMjhnHvJyQkSzrRx3S+nsLC4tLxSXC2trW9sbpW3d5paporQBpFcqnaANeVM0IZhhtN2oiiOA05bwfAy91t3VGkmxY0ZJdSPcV+wiBFsrHTbDSQP9Si2V/Yw7pUrbtWdAM0T74dULj6OJ6j3yp/dUJI0psIQjrXueG5i/Awrwwin41I31TTBZIj7tGOpwDHVfjZJPUYHVglRJJU9wqCJ+nsjw7HOo9nJGJuBnvVy8T+vk5rozM+YSFJDBZk+FKUcGYnyClDIFCWGjyzBRDGbFZEBVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bks3lTo=</latexit>x

<latexit sha1_base64="pDjV2kXyEdpbCWhJTzHu1mbx5/I=">AAAB6nicbVC7SgNBFL0bXzE+ErWwsBkMglXYtYgWIgEby4jmAckSZiezyZCZ2WVmVghLPsHGQhFb/8A/sfMDbPMNTh6FJh64cDjnXu69J4g508Z1v5zMyura+kZ2M7e1vbObL+zt13WUKEJrJOKRagZYU84krRlmOG3GimIRcNoIBtcTv/FAlWaRvDfDmPoC9yQLGcHGSndtkXQKRbfkToGWiTcnxcrheJy//Piudgqf7W5EEkGlIRxr3fLc2PgpVoYRTke5dqJpjMkA92jLUokF1X46PXWETqzSRWGkbEmDpurviRQLrYcisJ0Cm75e9Cbif14rMeGFnzIZJ4ZKMlsUJhyZCE3+Rl2mKDF8aAkmitlbEeljhYmx6eRsCN7iy8ukflbyyiX31qZxBTNk4QiO4RQ8OIcK3EAVakCgB4/wDC8Od56cV+dt1ppx5jMH8AfO+w/aKZHp</latexit>µ

<latexit sha1_base64="X2GAhUTU+N2ZBDe8/vjQqFSU0hw=">AAAB7XicbZDLSsNAFIYnXmu9VV26GSyCq5IoqCstuHFZwV6gDWUyPWnHTjJh5kQooe/gxoUibn0Q38Cdb+M07UJbfxj4+P9zmHNOkEhh0HW/naXlldW19cJGcXNre2e3tLffMCrVHOpcSaVbATMgRQx1FCihlWhgUSChGQxvJnnzEbQRKr7HUQJ+xPqxCAVnaK1GBweArFsquxU3F10Ebwbl68+zXLVu6avTUzyNIEYumTFtz03Qz5hGwSWMi53UQML4kPWhbTFmERg/y6cd02Pr9GiotH0x0tz93ZGxyJhRFNjKiOHAzGcT87+snWJ46WciTlKEmE8/ClNJUdHJ6rQnNHCUIwuMa2FnpXzANONoD1S0R/DmV16ExmnFO6+4d265ekWmKpBDckROiEcuSJXckhqpE04eyBN5Ia+Ocp6dN+d9WrrkzHoOyB85Hz+b4pFZ</latexit>

✓

<latexit sha1_base64="hgxZwjCi2VJ4Og0FLr+n9VoGhBQ=">AAAB73icbZDLSgMxFIbP1Futt6pLN8EiuCozFaorLbhxWcFeoB1LJs20oUlmTDJCGfoSblwo4tbn8A3c+Tam0y609YfAx/+fQ845QcyZNq777eRWVtfWN/Kbha3tnd294v5BU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD3NW49UaRbJOzOOqS/wQLKQEWys1e5qNhD4vtIrltyymwktgzeH0tXnWaZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYsSiyo9tNs3gk6sU4fhZGyTxqUub87Uiy0HovAVgpshnoxm5r/ZZ3EhBd+ymScGCrJ7KMw4chEaLo86jNFieFjC5goZmdFZIgVJsaeqGCP4C2uvAzNStmrlt1bt1S7hJnycATHcAoenEMNbqAODSDA4Qle4NV5cJ6dN+d9Vppz5j2H8EfOxw+9r5H4</latexit>

�2

<latexit sha1_base64="xN2qK3RkueQ4pUargdVIrPXdgU8=">AAAB+3icbVC9TsMwGHTKX2n5CWVksShInaqEAZhQJRbGItEfqa0ix3Faq44d2Q6iROEJeAEWFgYQYuVF2HgbnLYDtJxk+XT3ffL5/JhRpR3n2yqsrK6tbxQ3S+Wt7Z1de6/SViKRmLSwYEJ2faQIo5y0NNWMdGNJUOQz0vHHl7nfuSVSUcFv9CQmgwgNOQ0pRtpInl3xvbTvCxaoSWSu9D7LPLvq1J0p4DJx56TaqDw9PtSOyk3P/uoHAicR4RozpFTPdWI9SJHUFDOSlfqJIjHCYzQkPUM5iogapNPsGTw2SgBDIc3hGk7V3xspilSezUxGSI/UopeL/3m9RIfng5TyONGE49lDYcKgFjAvAgZUEqzZxBCEJTVZIR4hibA2dZVMCe7il5dJ+6Tuntada9PGBZihCA7AIagBF5yBBrgCTdACGNyBZ/AK3qzMerHerY/ZaMGa7+yDP7A+fwAwmpdm</latexit>

bz

decoder

ELBO(Θ, φ, x) = Ez∼qφ [log pΘ(z) + log pΘ(x|z)− log qφ(z|x)]
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SCG for the ELBO

Finally, the graph that computes the losses.

<latexit sha1_base64="nfHTTZKcoyF2HSjG7PTKp5aFw8U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk7ahmWRIMkod+h9uXCji1o/wD9z5N2amLrT1QMjhnHvJyQlizrRx3S+nsLC4tLxSXC2trW9sbpW3d5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwegy81t3VGkmxY0Zx9SP8ECwPiPYWOm2G0ge6nFkr/Rh0itX3KqbA80T74dULj6Oc9R75c9uKEkSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP81TT9CBVULUl8oeYVCu/t5IcaSzaHYywmaoZ71M/M/rJKZ/5qdMxImhgkwf6iccGYmyClDIFCWGjy3BRDGbFZEhVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bk5BlTw=</latexit>z

<latexit sha1_base64="bjDHrKr4JvrWTPfQ97KZf+x9Tww=">AAAB63icbVC7SgNBFL0bXzE+ErWwsBkMglXYtVALkYCNZQTzgGQJs5PZZMjM7DIzK4Qlv2BjoYitX+Cf2PkBtvkGZ5MUmnjgwuGce7n3niDmTBvX/XJyK6tr6xv5zcLW9s5usbS339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5kfvOBKs0ieW9GMfUF7ksWMoJNJnXiAeuWym7FnQItE29OytXDyaR49fFd65Y+O72IJIJKQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pRILqv10eusYnVilh8JI2ZIGTdXfEykWWo9EYDsFNgO96GXif147MeGlnzIZJ4ZKMlsUJhyZCGWPox5TlBg+sgQTxeytiAywwsTYeAo2BG/x5WXSOKt45xX3zqZxDTPk4QiO4RQ8uIAq3EIN6kBgAI/wDC+OcJ6cV+dt1ppz5jMH8AfO+w+QU5JS</latexit>

�

<latexit sha1_base64="teYRcCOJe+tYqHWbJhAWSId9FJc=">AAAB/XicbVC7TsMwFHXKq5RHw0NiYLGokJiqhAEYEKrEwlgk+pCaKHIcp7VqJ5HtIEpU8SssDCDEwsB/sPEBrP0GnLYDtBzJ8tE598rHx08YlcqyvozCwuLS8kpxtbS2vrFZNre2mzJOBSYNHLNYtH0kCaMRaSiqGGkngiDuM9Ly+5e537olQtI4ulGDhLgcdSMaUoyUljxz1+Gplzl+zAI54PrK7oZDz6xYVWsMOE/sKanU9kaj8vn7d90zP50gxiknkcIMSdmxrUS5GRKKYkaGJSeVJEG4j7qko2mEOJFuNk4/hIdaCWAYC30iBcfq740McZln05McqZ6c9XLxP6+TqvDMzWiUpIpEePJQmDKoYphXAQMqCFZsoAnCguqsEPeQQFjpwkq6BHv2y/OkeVy1T6rWtW7jAkxQBPvgABwBG5yCGrgCddAAGNyDR/AMXowH48l4Nd4mowVjurMD/sD4+AE6Epoe</latexit>µx

<latexit sha1_base64="Uv9dTpnN0JiG8vqDDZX7jjUbZ/Q=">AAACAnicbVDLSsNAFJ34rPUVdaMIMlgEVyXpQl1JQRcuK9gHtDFMJpN27GQSZiZiCcGNf+A3uHGhiNt+hTv/xknbhbYeGOZwzr3ce48XMyqVZX0bc/MLi0vLhZXi6tr6xqa5td2QUSIwqeOIRaLlIUkY5aSuqGKkFQuCQo+Rpte/yP3mPRGSRvxGDWLihKjLaUAxUlpyzb2OpN0QuWnHi5gvB6H+0ocsu624ZskqWyPAWWJPSKl6cLn7rIZ3Ndf86vgRTkLCFWZIyrZtxcpJkVAUM5IVO4kkMcJ91CVtTTkKiXTS0QkZPNKKD4NI6McVHKm/O1IUynw7XRki1ZPTXi7+57UTFZw5KeVxogjH40FBwqCKYJ4H9KkgWLGBJggLqneFuIcEwkqnVtQh2NMnz5JGpWyflK1rncY5GKMA9sEhOAY2OAVVcAVqoA4weAQv4A28G0/Gq/FhfI5L54xJzw74A2P4Ay5rmuA=</latexit>

�2
x

<latexit sha1_base64="R+LKB8lxuCyNCaHql48W0N0sY/w=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk2lDM8mQZNQy9D/cuFDErR/hH7jzb8y0LrT1QMjhnHvJyQkSzrRx3S+nsLC4tLxSXC2trW9sbpW3d5paporQBpFcqnaANeVM0IZhhtN2oiiOA05bwfAy91t3VGkmxY0ZJdSPcV+wiBFsrHTbDSQP9Si2V/Yw7pUrbtWdAM0T74dULj6OJ6j3yp/dUJI0psIQjrXueG5i/Awrwwin41I31TTBZIj7tGOpwDHVfjZJPUYHVglRJJU9wqCJ+nsjw7HOo9nJGJuBnvVy8T+vk5rozM+YSFJDBZk+FKUcGYnyClDIFCWGjyzBRDGbFZEBVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bks3lTo=</latexit>x

<latexit sha1_base64="pDjV2kXyEdpbCWhJTzHu1mbx5/I=">AAAB6nicbVC7SgNBFL0bXzE+ErWwsBkMglXYtYgWIgEby4jmAckSZiezyZCZ2WVmVghLPsHGQhFb/8A/sfMDbPMNTh6FJh64cDjnXu69J4g508Z1v5zMyura+kZ2M7e1vbObL+zt13WUKEJrJOKRagZYU84krRlmOG3GimIRcNoIBtcTv/FAlWaRvDfDmPoC9yQLGcHGSndtkXQKRbfkToGWiTcnxcrheJy//Piudgqf7W5EEkGlIRxr3fLc2PgpVoYRTke5dqJpjMkA92jLUokF1X46PXWETqzSRWGkbEmDpurviRQLrYcisJ0Cm75e9Cbif14rMeGFnzIZJ4ZKMlsUJhyZCE3+Rl2mKDF8aAkmitlbEeljhYmx6eRsCN7iy8ukflbyyiX31qZxBTNk4QiO4RQ8OIcK3EAVakCgB4/wDC8Od56cV+dt1ppx5jMH8AfO+w/aKZHp</latexit>µ

<latexit sha1_base64="X2GAhUTU+N2ZBDe8/vjQqFSU0hw=">AAAB7XicbZDLSsNAFIYnXmu9VV26GSyCq5IoqCstuHFZwV6gDWUyPWnHTjJh5kQooe/gxoUibn0Q38Cdb+M07UJbfxj4+P9zmHNOkEhh0HW/naXlldW19cJGcXNre2e3tLffMCrVHOpcSaVbATMgRQx1FCihlWhgUSChGQxvJnnzEbQRKr7HUQJ+xPqxCAVnaK1GBweArFsquxU3F10Ebwbl68+zXLVu6avTUzyNIEYumTFtz03Qz5hGwSWMi53UQML4kPWhbTFmERg/y6cd02Pr9GiotH0x0tz93ZGxyJhRFNjKiOHAzGcT87+snWJ46WciTlKEmE8/ClNJUdHJ6rQnNHCUIwuMa2FnpXzANONoD1S0R/DmV16ExmnFO6+4d265ekWmKpBDckROiEcuSJXckhqpE04eyBN5Ia+Ocp6dN+d9WrrkzHoOyB85Hz+b4pFZ</latexit>

✓

<latexit sha1_base64="hgxZwjCi2VJ4Og0FLr+n9VoGhBQ=">AAAB73icbZDLSgMxFIbP1Futt6pLN8EiuCozFaorLbhxWcFeoB1LJs20oUlmTDJCGfoSblwo4tbn8A3c+Tam0y609YfAx/+fQ845QcyZNq777eRWVtfWN/Kbha3tnd294v5BU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD3NW49UaRbJOzOOqS/wQLKQEWys1e5qNhD4vtIrltyymwktgzeH0tXnWaZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYsSiyo9tNs3gk6sU4fhZGyTxqUub87Uiy0HovAVgpshnoxm5r/ZZ3EhBd+ymScGCrJ7KMw4chEaLo86jNFieFjC5goZmdFZIgVJsaeqGCP4C2uvAzNStmrlt1bt1S7hJnycATHcAoenEMNbqAODSDA4Qle4NV5cJ6dN+d9Vppz5j2H8EfOxw+9r5H4</latexit>

�2

<latexit sha1_base64="xN2qK3RkueQ4pUargdVIrPXdgU8=">AAAB+3icbVC9TsMwGHTKX2n5CWVksShInaqEAZhQJRbGItEfqa0ix3Faq44d2Q6iROEJeAEWFgYQYuVF2HgbnLYDtJxk+XT3ffL5/JhRpR3n2yqsrK6tbxQ3S+Wt7Z1de6/SViKRmLSwYEJ2faQIo5y0NNWMdGNJUOQz0vHHl7nfuSVSUcFv9CQmgwgNOQ0pRtpInl3xvbTvCxaoSWSu9D7LPLvq1J0p4DJx56TaqDw9PtSOyk3P/uoHAicR4RozpFTPdWI9SJHUFDOSlfqJIjHCYzQkPUM5iogapNPsGTw2SgBDIc3hGk7V3xspilSezUxGSI/UopeL/3m9RIfng5TyONGE49lDYcKgFjAvAgZUEqzZxBCEJTVZIR4hibA2dZVMCe7il5dJ+6Tuntada9PGBZihCA7AIagBF5yBBrgCTdACGNyBZ/AK3qzMerHerY/ZaMGa7+yDP7A+fwAwmpdm</latexit>

bz

<latexit sha1_base64="2pVtU4iA7Lenb8VhmjVXdpTaL60=">AAACHXicbVDLSsNAFJ3UV62vqEtBBotQNyURUVdScOOyQl/QlDCZTNuhk0yYmYg15kPsxl9x40IRF27Ev3HSdlFbDwxzOOde7r3HixiVyrJ+jNzS8srqWn69sLG5tb1j7u41JI8FJnXMGRctD0nCaEjqiipGWpEgKPAYaXqD68xv3hEhKQ9rahiRToB6Ie1SjJSWXPPMYbwHIzdxan2iUFpyPM58OQz0l9yn8BF62pvRHtL0xDWLVtkaAy4Se0qKlcOnDKOqa345PsdxQEKFGZKybVuR6iRIKIoZSQtOLEmE8AD1SFvTEAVEdpLxdSk81ooPu1zoFyo4Vmc7EhTIbDldGSDVl/NeJv7ntWPVvewkNIxiRUI8GdSNGVQcZlFBnwqCFRtqgrCgeleI+0ggrHSgBR2CPX/yImmclu3zsnWr07gCE+TBATgCJWCDC1ABN6AK6gCDEXgBb+DdeDZejQ/jc1KaM6Y9++APjO9fsWqnSg==</latexit>

log p⇥(x|bz)

<latexit sha1_base64="C3ZM7lWGTkMw9M+Mk4GcAIbAIo4="></latexit>

log p⇥(z) � log q�(z|µx,�2
x)

ELBO(Θ, φ, x) = Ez∼qφ [log pΘ(z) + log pΘ(x|z)− log qφ(z|x)]
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SCG for the ELBO

To optimize the expected losses over Θ, φ, consider the gradients that we
want.

<latexit sha1_base64="nfHTTZKcoyF2HSjG7PTKp5aFw8U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk7ahmWRIMkod+h9uXCji1o/wD9z5N2amLrT1QMjhnHvJyQlizrRx3S+nsLC4tLxSXC2trW9sbpW3d5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwegy81t3VGkmxY0Zx9SP8ECwPiPYWOm2G0ge6nFkr/Rh0itX3KqbA80T74dULj6Oc9R75c9uKEkSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP81TT9CBVULUl8oeYVCu/t5IcaSzaHYywmaoZ71M/M/rJKZ/5qdMxImhgkwf6iccGYmyClDIFCWGjy3BRDGbFZEhVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bk5BlTw=</latexit>z

<latexit sha1_base64="bjDHrKr4JvrWTPfQ97KZf+x9Tww=">AAAB63icbVC7SgNBFL0bXzE+ErWwsBkMglXYtVALkYCNZQTzgGQJs5PZZMjM7DIzK4Qlv2BjoYitX+Cf2PkBtvkGZ5MUmnjgwuGce7n3niDmTBvX/XJyK6tr6xv5zcLW9s5usbS339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5kfvOBKs0ieW9GMfUF7ksWMoJNJnXiAeuWym7FnQItE29OytXDyaR49fFd65Y+O72IJIJKQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pRILqv10eusYnVilh8JI2ZIGTdXfEykWWo9EYDsFNgO96GXif147MeGlnzIZJ4ZKMlsUJhyZCGWPox5TlBg+sgQTxeytiAywwsTYeAo2BG/x5WXSOKt45xX3zqZxDTPk4QiO4RQ8uIAq3EIN6kBgAI/wDC+OcJ6cV+dt1ppz5jMH8AfO+w+QU5JS</latexit>

�

<latexit sha1_base64="R+LKB8lxuCyNCaHql48W0N0sY/w=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk2lDM8mQZNQy9D/cuFDErR/hH7jzb8y0LrT1QMjhnHvJyQkSzrRx3S+nsLC4tLxSXC2trW9sbpW3d5paporQBpFcqnaANeVM0IZhhtN2oiiOA05bwfAy91t3VGkmxY0ZJdSPcV+wiBFsrHTbDSQP9Si2V/Yw7pUrbtWdAM0T74dULj6OJ6j3yp/dUJI0psIQjrXueG5i/Awrwwin41I31TTBZIj7tGOpwDHVfjZJPUYHVglRJJU9wqCJ+nsjw7HOo9nJGJuBnvVy8T+vk5rozM+YSFJDBZk+FKUcGYnyClDIFCWGjyzBRDGbFZEBVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bks3lTo=</latexit>x

<latexit sha1_base64="pDjV2kXyEdpbCWhJTzHu1mbx5/I=">AAAB6nicbVC7SgNBFL0bXzE+ErWwsBkMglXYtYgWIgEby4jmAckSZiezyZCZ2WVmVghLPsHGQhFb/8A/sfMDbPMNTh6FJh64cDjnXu69J4g508Z1v5zMyura+kZ2M7e1vbObL+zt13WUKEJrJOKRagZYU84krRlmOG3GimIRcNoIBtcTv/FAlWaRvDfDmPoC9yQLGcHGSndtkXQKRbfkToGWiTcnxcrheJy//Piudgqf7W5EEkGlIRxr3fLc2PgpVoYRTke5dqJpjMkA92jLUokF1X46PXWETqzSRWGkbEmDpurviRQLrYcisJ0Cm75e9Cbif14rMeGFnzIZJ4ZKMlsUJhyZCE3+Rl2mKDF8aAkmitlbEeljhYmx6eRsCN7iy8ukflbyyiX31qZxBTNk4QiO4RQ8OIcK3EAVakCgB4/wDC8Od56cV+dt1ppx5jMH8AfO+w/aKZHp</latexit>µ

<latexit sha1_base64="X2GAhUTU+N2ZBDe8/vjQqFSU0hw=">AAAB7XicbZDLSsNAFIYnXmu9VV26GSyCq5IoqCstuHFZwV6gDWUyPWnHTjJh5kQooe/gxoUibn0Q38Cdb+M07UJbfxj4+P9zmHNOkEhh0HW/naXlldW19cJGcXNre2e3tLffMCrVHOpcSaVbATMgRQx1FCihlWhgUSChGQxvJnnzEbQRKr7HUQJ+xPqxCAVnaK1GBweArFsquxU3F10Ebwbl68+zXLVu6avTUzyNIEYumTFtz03Qz5hGwSWMi53UQML4kPWhbTFmERg/y6cd02Pr9GiotH0x0tz93ZGxyJhRFNjKiOHAzGcT87+snWJ46WciTlKEmE8/ClNJUdHJ6rQnNHCUIwuMa2FnpXzANONoD1S0R/DmV16ExmnFO6+4d265ekWmKpBDckROiEcuSJXckhqpE04eyBN5Ia+Ocp6dN+d9WrrkzHoOyB85Hz+b4pFZ</latexit>

✓

<latexit sha1_base64="hgxZwjCi2VJ4Og0FLr+n9VoGhBQ=">AAAB73icbZDLSgMxFIbP1Futt6pLN8EiuCozFaorLbhxWcFeoB1LJs20oUlmTDJCGfoSblwo4tbn8A3c+Tam0y609YfAx/+fQ845QcyZNq777eRWVtfWN/Kbha3tnd294v5BU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD3NW49UaRbJOzOOqS/wQLKQEWys1e5qNhD4vtIrltyymwktgzeH0tXnWaZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYsSiyo9tNs3gk6sU4fhZGyTxqUub87Uiy0HovAVgpshnoxm5r/ZZ3EhBd+ymScGCrJ7KMw4chEaLo86jNFieFjC5goZmdFZIgVJsaeqGCP4C2uvAzNStmrlt1bt1S7hJnycATHcAoenEMNbqAODSDA4Qle4NV5cJ6dN+d9Vppz5j2H8EfOxw+9r5H4</latexit>

�2

ELBO(Θ, φ, x) = Ez∼qφ [log pΘ(z) + log pΘ(x|z)− log qφ(z|x)]
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SCG for the ELBO

First, simplify. Goal: find all of the paths from loss nodes to orange nodes.

<latexit sha1_base64="bjDHrKr4JvrWTPfQ97KZf+x9Tww=">AAAB63icbVC7SgNBFL0bXzE+ErWwsBkMglXYtVALkYCNZQTzgGQJs5PZZMjM7DIzK4Qlv2BjoYitX+Cf2PkBtvkGZ5MUmnjgwuGce7n3niDmTBvX/XJyK6tr6xv5zcLW9s5usbS339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5kfvOBKs0ieW9GMfUF7ksWMoJNJnXiAeuWym7FnQItE29OytXDyaR49fFd65Y+O72IJIJKQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pRILqv10eusYnVilh8JI2ZIGTdXfEykWWo9EYDsFNgO96GXif147MeGlnzIZJ4ZKMlsUJhyZCGWPox5TlBg+sgQTxeytiAywwsTYeAo2BG/x5WXSOKt45xX3zqZxDTPk4QiO4RQ8uIAq3EIN6kBgAI/wDC+OcJ6cV+dt1ppz5jMH8AfO+w+QU5JS</latexit>

�

<latexit sha1_base64="R+LKB8lxuCyNCaHql48W0N0sY/w=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk2lDM8mQZNQy9D/cuFDErR/hH7jzb8y0LrT1QMjhnHvJyQkSzrRx3S+nsLC4tLxSXC2trW9sbpW3d5paporQBpFcqnaANeVM0IZhhtN2oiiOA05bwfAy91t3VGkmxY0ZJdSPcV+wiBFsrHTbDSQP9Si2V/Yw7pUrbtWdAM0T74dULj6OJ6j3yp/dUJI0psIQjrXueG5i/Awrwwin41I31TTBZIj7tGOpwDHVfjZJPUYHVglRJJU9wqCJ+nsjw7HOo9nJGJuBnvVy8T+vk5rozM+YSFJDBZk+FKUcGYnyClDIFCWGjyzBRDGbFZEBVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bks3lTo=</latexit>x

<latexit sha1_base64="nfHTTZKcoyF2HSjG7PTKp5aFw8U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk7ahmWRIMkod+h9uXCji1o/wD9z5N2amLrT1QMjhnHvJyQlizrRx3S+nsLC4tLxSXC2trW9sbpW3d5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwegy81t3VGkmxY0Zx9SP8ECwPiPYWOm2G0ge6nFkr/Rh0itX3KqbA80T74dULj6Oc9R75c9uKEkSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP81TT9CBVULUl8oeYVCu/t5IcaSzaHYywmaoZ71M/M/rJKZ/5qdMxImhgkwf6iccGYmyClDIFCWGjy3BRDGbFZEhVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bk5BlTw=</latexit>z

<latexit sha1_base64="huQX63JzAckElcOgKcdhMtHLJQk=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozCupKC25cVugN2qFk0kwbm8kMyRmhlL6DGxeKuPVBfAN3vo3ptAtt/SHw8f/nkHNOkEhh0HW/ndzK6tr6Rn6zsLW9s7tX3D9omDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGt9O8+ci1EbGq4SjhfkT7SoSCUbRWo1MbcKTdYsktu5nIMnhzKN18nmeqdotfnV7M0ogrZJIa0/bcBP0x1SiY5JNCJzU8oWxI+7xtUdGIG3+cTTshJ9bpkTDW9ikkmfu7Y0wjY0ZRYCsjigOzmE3N/7J2iuGVPxYqSZErNvsoTCXBmExXJz2hOUM5skCZFnZWwgZUU4b2QAV7BG9x5WVonJW9i7J775Yq1zBTHo7gGE7Bg0uowB1UoQ4MHuAJXuDViZ1n5815n5XmnHnPIfyR8/EDauKROQ==</latexit>

⇥

ELBO(Θ, φ, x) = Ez∼qφ [log pΘ(z) + log pΘ(x|z)− log qφ(z|x)]
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SCG for the ELBO

z blocks 2 paths. Can use score function est., but high variance.
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�
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<latexit sha1_base64="nfHTTZKcoyF2HSjG7PTKp5aFw8U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk7ahmWRIMkod+h9uXCji1o/wD9z5N2amLrT1QMjhnHvJyQlizrRx3S+nsLC4tLxSXC2trW9sbpW3d5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwegy81t3VGkmxY0Zx9SP8ECwPiPYWOm2G0ge6nFkr/Rh0itX3KqbA80T74dULj6Oc9R75c9uKEkSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP81TT9CBVULUl8oeYVCu/t5IcaSzaHYywmaoZ71M/M/rJKZ/5qdMxImhgkwf6iccGYmyClDIFCWGjy3BRDGbFZEhVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bk5BlTw=</latexit>z

<latexit sha1_base64="huQX63JzAckElcOgKcdhMtHLJQk=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozCupKC25cVugN2qFk0kwbm8kMyRmhlL6DGxeKuPVBfAN3vo3ptAtt/SHw8f/nkHNOkEhh0HW/ndzK6tr6Rn6zsLW9s7tX3D9omDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGt9O8+ci1EbGq4SjhfkT7SoSCUbRWo1MbcKTdYsktu5nIMnhzKN18nmeqdotfnV7M0ogrZJIa0/bcBP0x1SiY5JNCJzU8oWxI+7xtUdGIG3+cTTshJ9bpkTDW9ikkmfu7Y0wjY0ZRYCsjigOzmE3N/7J2iuGVPxYqSZErNvsoTCXBmExXJz2hOUM5skCZFnZWwgZUU4b2QAV7BG9x5WVonJW9i7J775Yq1zBTHo7gGE7Bg0uowB1UoQ4MHuAJXuDViZ1n5815n5XmnHnPIfyR8/EDauKROQ==</latexit>

⇥

ELBO(Θ, φ, x) = Ez∼qφ [log pΘ(z) + log pΘ(x|z)− log qφ(z|x)]
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SCG for the ELBO

Luckily, we can reparameterize the graph with z = σxε+ µx:

<latexit sha1_base64="bjDHrKr4JvrWTPfQ97KZf+x9Tww=">AAAB63icbVC7SgNBFL0bXzE+ErWwsBkMglXYtVALkYCNZQTzgGQJs5PZZMjM7DIzK4Qlv2BjoYitX+Cf2PkBtvkGZ5MUmnjgwuGce7n3niDmTBvX/XJyK6tr6xv5zcLW9s5usbS339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5kfvOBKs0ieW9GMfUF7ksWMoJNJnXiAeuWym7FnQItE29OytXDyaR49fFd65Y+O72IJIJKQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pRILqv10eusYnVilh8JI2ZIGTdXfEykWWo9EYDsFNgO96GXif147MeGlnzIZJ4ZKMlsUJhyZCGWPox5TlBg+sgQTxeytiAywwsTYeAo2BG/x5WXSOKt45xX3zqZxDTPk4QiO4RQ8uIAq3EIN6kBgAI/wDC+OcJ6cV+dt1ppz5jMH8AfO+w+QU5JS</latexit>
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<latexit sha1_base64="R+LKB8lxuCyNCaHql48W0N0sY/w=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk2lDM8mQZNQy9D/cuFDErR/hH7jzb8y0LrT1QMjhnHvJyQkSzrRx3S+nsLC4tLxSXC2trW9sbpW3d5paporQBpFcqnaANeVM0IZhhtN2oiiOA05bwfAy91t3VGkmxY0ZJdSPcV+wiBFsrHTbDSQP9Si2V/Yw7pUrbtWdAM0T74dULj6OJ6j3yp/dUJI0psIQjrXueG5i/Awrwwin41I31TTBZIj7tGOpwDHVfjZJPUYHVglRJJU9wqCJ+nsjw7HOo9nJGJuBnvVy8T+vk5rozM+YSFJDBZk+FKUcGYnyClDIFCWGjyzBRDGbFZEBVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bks3lTo=</latexit>x

<latexit sha1_base64="nfHTTZKcoyF2HSjG7PTKp5aFw8U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk7ahmWRIMkod+h9uXCji1o/wD9z5N2amLrT1QMjhnHvJyQlizrRx3S+nsLC4tLxSXC2trW9sbpW3d5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwegy81t3VGkmxY0Zx9SP8ECwPiPYWOm2G0ge6nFkr/Rh0itX3KqbA80T74dULj6Oc9R75c9uKEkSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP81TT9CBVULUl8oeYVCu/t5IcaSzaHYywmaoZ71M/M/rJKZ/5qdMxImhgkwf6iccGYmyClDIFCWGjy3BRDGbFZEhVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bk5BlTw=</latexit>z

<latexit sha1_base64="huQX63JzAckElcOgKcdhMtHLJQk=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozCupKC25cVugN2qFk0kwbm8kMyRmhlL6DGxeKuPVBfAN3vo3ptAtt/SHw8f/nkHNOkEhh0HW/ndzK6tr6Rn6zsLW9s7tX3D9omDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGt9O8+ci1EbGq4SjhfkT7SoSCUbRWo1MbcKTdYsktu5nIMnhzKN18nmeqdotfnV7M0ogrZJIa0/bcBP0x1SiY5JNCJzU8oWxI+7xtUdGIG3+cTTshJ9bpkTDW9ikkmfu7Y0wjY0ZRYCsjigOzmE3N/7J2iuGVPxYqSZErNvsoTCXBmExXJz2hOUM5skCZFnZWwgZUU4b2QAV7BG9x5WVonJW9i7J775Yq1zBTHo7gGE7Bg0uowB1UoQ4MHuAJXuDViZ1n5815n5XmnHnPIfyR8/EDauKROQ==</latexit>

⇥
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ELBO(Θ, φ, x) = Ez∼qφ [log pΘ(z) + log pΘ(x|z)− log qφ(z|x)]
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SCG for the ELBO

Now we get pathwise gradients! Much lower variance!

<latexit sha1_base64="bjDHrKr4JvrWTPfQ97KZf+x9Tww=">AAAB63icbVC7SgNBFL0bXzE+ErWwsBkMglXYtVALkYCNZQTzgGQJs5PZZMjM7DIzK4Qlv2BjoYitX+Cf2PkBtvkGZ5MUmnjgwuGce7n3niDmTBvX/XJyK6tr6xv5zcLW9s5usbS339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5kfvOBKs0ieW9GMfUF7ksWMoJNJnXiAeuWym7FnQItE29OytXDyaR49fFd65Y+O72IJIJKQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pRILqv10eusYnVilh8JI2ZIGTdXfEykWWo9EYDsFNgO96GXif147MeGlnzIZJ4ZKMlsUJhyZCGWPox5TlBg+sgQTxeytiAywwsTYeAo2BG/x5WXSOKt45xX3zqZxDTPk4QiO4RQ8uIAq3EIN6kBgAI/wDC+OcJ6cV+dt1ppz5jMH8AfO+w+QU5JS</latexit>
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<latexit sha1_base64="nfHTTZKcoyF2HSjG7PTKp5aFw8U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk7ahmWRIMkod+h9uXCji1o/wD9z5N2amLrT1QMjhnHvJyQlizrRx3S+nsLC4tLxSXC2trW9sbpW3d5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwegy81t3VGkmxY0Zx9SP8ECwPiPYWOm2G0ge6nFkr/Rh0itX3KqbA80T74dULj6Oc9R75c9uKEkSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP81TT9CBVULUl8oeYVCu/t5IcaSzaHYywmaoZ71M/M/rJKZ/5qdMxImhgkwf6iccGYmyClDIFCWGjy3BRDGbFZEhVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bk5BlTw=</latexit>z

<latexit sha1_base64="huQX63JzAckElcOgKcdhMtHLJQk=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozCupKC25cVugN2qFk0kwbm8kMyRmhlL6DGxeKuPVBfAN3vo3ptAtt/SHw8f/nkHNOkEhh0HW/ndzK6tr6Rn6zsLW9s7tX3D9omDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGt9O8+ci1EbGq4SjhfkT7SoSCUbRWo1MbcKTdYsktu5nIMnhzKN18nmeqdotfnV7M0ogrZJIa0/bcBP0x1SiY5JNCJzU8oWxI+7xtUdGIG3+cTTshJ9bpkTDW9ikkmfu7Y0wjY0ZRYCsjigOzmE3N/7J2iuGVPxYqSZErNvsoTCXBmExXJz2hOUM5skCZFnZWwgZUU4b2QAV7BG9x5WVonJW9i7J775Yq1zBTHo7gGE7Bg0uowB1UoQ4MHuAJXuDViZ1n5815n5XmnHnPIfyR8/EDauKROQ==</latexit>

⇥

<latexit sha1_base64="XoUb/oT8XwSSSAlWHxSpCmxf3do=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyVRUFdacOOygr1AG8pketIOnUzizEQooS/hxoUibn0O38Cdb+M07UJbfxj4+P9zmHNOkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzSRvPqLSPJb3ZpSgH9G+5CFn1Fir1cFEcxHLbqnsVtxcZBG8GZSvP89y1bqlr04vZmmE0jBBtW57bmL8jCrDmcBxsZNqTCgb0j62LUoaofazfN4xObZOj4Sxsk8akru/OzIaaT2KAlsZUTPQ89nE/C9rpya89DMuk9SgZNOPwlQQE5PJ8qTHFTIjRhYoU9zOStiAKsqMPVHRHsGbX3kRGqcV77zi3rnl6hVMVYBDOIIT8OACqnALNagDAwFP8AKvzoPz7Lw579PSJWfWcwB/5Hz8AES8klE=</latexit>✏

ELBO(Θ, φ, x) = Ez∼qφ [log pΘ(z) + log pΘ(x|z)− log qφ(z|x)]
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Variational autoencoders—summary

1. A VAE is a latent variable model
pΘ(x, z).

2. To fit a VAE,
I introduce an approximate posterior

qφ(z|z).
I optimizing the ELBO using gradient

ascent

Ez∼qφ

[
log

pΘ(z, x)

qφ(z|x)

]
I compute ELBO gradients by

reparameterizing a SCG that simulates
the ELBO.

2.2. Evidence Lower Bound (ELBO) 17

x-space

z-space

Encoder: qφ(z|x) Decoder: pθ(x|z)

Prior distribution: pθ(z)

Dataset: D

Figure 2.1: A VAE learns stochastic mappings between an observed x-space, whose
empirical distribution qD(x) is typically complicated, and a latent z-space, whose
distribution can be relatively simple (such as spherical, as in this figure). The
generative model learns a joint distribution p◊(x, z) that is often (but not always)
factorized as p◊(x, z) = p◊(z)p◊(x|z), with a prior distribution over latent space
p◊(z), and a stochastic decoder p◊(x|z). The stochastic encoder q„(z|x), also called
inference model, approximates the true but intractable posterior p◊(z|x) of the
generative model.

(Kingma and Welling, 2019)
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Variational autoencoders

Variational autoencoders can get quite elaborate.

A (now old, but cool) example is the DRAW model (Gregor et al.,
2015).

I DRAW: A Recurrent Neural Network For Image Generation

This is a time-series model that turns generation in an iterative
process using attention.

It is basically an elaborate VAE.
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Variational bayes

The idea of variational inference is applicable beyond latent variable
models.

We can use variational inference for the problem of Bayesian inference.

Suppose we have a regression or classification task from inputs
x ∈ Rd to labels y ∈ Y. We can use a neural network with
parameters w ∈ Rn that parameterizes a distribution p(y|,

¯
w).

Maximum likelihood corresponds to

max
w∈Rn

log p(y|x,w)
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Variational bayes

Maximum likelihood is prone to overfitting, why not “be Bayesian”?
I This course is not about statistical inference, so I don’t want to get

into pointless arguments about whether being Bayesian is correct.
I Training multiple diverse models and averaging their predictions

(ensembling) is a very effective technique for reducing variance
(overfitting) in practice (and theory in some settings).

Being Bayesian ultimately amounts to saying that you want to
average over multiple parameter settings, instead of maximize. I.e.,
you want to use the following to predict:

p(y|x) =

∫
p(y|x,w)p(w|y, x) dw

(UofT) STA4273-Lec6 23 / 25



Variational bayes

What the heck is p(w|y, x) and how do we get it?

p(w|y, x) ∝ p(y|x,w)p(w) is the “posterior” and it is determined by
some choice of prior p(w).

The topic of Bayesian inference ultimately amounts to computing
expectations w.r.t. p(w|y, x), and we can approximate it with
variational inference! Variational bayes:

p(w|y, x) = arg max
q

E
[

log
p(y|x,w)p(w)

q(w|y, x)

]
Main idea is, we can use variational inference (and the techniques
we’ve learned today) for more than just latent variable models.
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Talks today

Variational bayes for neural network parameters using the
reparameterization trick (just like VAEs!).

Variational bayes over the neural network function space using ideas
from gradient estimation for implicit models.

Optimizing variational objectives that are not the ELBO (KLs in the
other direction).
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