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Announcements

Additonal office hours posted for next week.

Questions, comments, concerns?
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Stochastic computation graphs

Today we will review stochastic computation graphs (SCG)
framework.

I Gradient Estimation Using Stochastic Computation Graphs (Schulman
et al., 2015).

I Credit Assignment Techniques in Stochastic Computation Graphs
(Weber et al., 2019)

Summarizes a great deal of the topics on gradient estimation in the
last two weeks.
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Stochastic computation graphs—basic idea

Suppose we have a program that
computes realizations of f (X , θ) with
X ∼ qθ.

I X is a random variable with a prob.
density qθ.

I f : X × RD → R is a function.

Can we automatically derive a program
that computes an estimator of
∇θEX∼qθ [f (X , θ)]? 4 2 0 2 4
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Stochastic computation graphs

A SCG is a directed, acyclic graph (V, E).

An edge in E from v to w means that
w is a (random) function of v .

It has two types of nodes

Stochastic nodes S ⊆ V, which are
conditionally independent r.v.s given
their parents.

Deterministic nodes D ⊆ V, which are
deterministic functions of their parents.

stochastic

deterministic
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Stochastic computation graphs

Deterministic nodes are further specialized

Inputs are deterministic nodes that have
no parents. Includes the parameters θ.

Losses L ⊆ V are the deterministic
nodes whose average expectation we
aim to minimize in θ.

stochastic

deterministic

input

loss
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Stochastic computation graphs

hv are the parents of a node v .

w descends from v , v ≺ w , if a directed
path from v to w exists.

I Sim. X ≺ w for X ⊆ V, if a directed
path exists from some node in X to w .

Can evalute a node, eval(w).
I Resolve the value of it’s ancestors
Aw = {v : v ≺ w}.

I All inputs in Aw need to have their
values given by a user or fixed.

I Value of a stochastic node is a
realization of the random variable.

We use v synonymously with its value
in a realization of the graph.

stochastic

deterministic

<latexit sha1_base64="arqtPKy33XukxrtAqHvhX1vhPC0=">AAAB+XicbVC7SgNBFL3rM4mvVUubxSDEJuxaqGXAxjKieUASwuxkNhkyO7vM3I3EJX9iY6GIrZ9hZyH4N84mKTTxwMDhnHu5Z44fC67Rdb+tldW19Y3NXL6wtb2zu2fvH9R1lCjKajQSkWr6RDPBJashR8GasWIk9AVr+MOrzG+MmNI8knc4jlknJH3JA04JGqlr2+2Q4AAxZSMiJqX7065ddMvuFM4y8eakWMk9fH3cVvPVrv3Z7kU0CZlEKojWLc+NsZMShZwKNim0E81iQoekz1qGShIy3UmnySfOiVF6ThAp8yQ6U/X3RkpCrcehbyaznHrRy8T/vFaCwWUn5TJOkEk6OxQkwsHIyWpwelwximJsCKGKm6wOHRBFKJqyCqYEb/HLy6R+VvbOy+6NaaMEM+TgCI6hBB5cQAWuoQo1oDCCR3iGFyu1nqxX6202umLNdw7hD6z3H7Ywlpc=</latexit>

eval(w)
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Finite-horizon MDP—example

Finite-horizon MDP with policy πθ(at |st).

<latexit sha1_base64="7NWynQdIZsHWESiaAmo51CUzFm0=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb5mDD3t5ld8+EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCARXBvX/XYya+sbm1vZ7Vx+Z3dvv3BQbOg4VQzrLBaxegioRsEl1g03Ah8ShTQKBDaDwfXUbz6i0jyW92aYoB/RnuQhZ9RY6U533E6h5FbcGcgq8RakVC1Onp/KJ/lap/DV7sYsjVAaJqjWLc9NjD+iynAmcJxrpxoTyga0hy1LJY1Q+6PZqWNyapUuCWNlSxoyU39PjGik9TAKbGdETV8ve1PxP6+VmvDSH3GZpAYlmy8KU0FMTKZ/ky5XyIwYWkKZ4vZWwvpUUWZsOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnFdn4nzMWzPOYuYQ/sD5/AEacI/j</latexit>s0
<latexit sha1_base64="dmvQ8o1Natvkx2OJO/BW+TpC1Hc=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSnem43UKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEb9I/k</latexit>s1

<latexit sha1_base64="OY/fPKWDjQrm1i85TG+TX5AnDFQ=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCiexyUE+GxItHjPJIYENmh1mYMDO7mZk1IRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7gpizrRx3W8ns7G5tb2T3c3l9/YPDgtHxaaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm5rceqdIskg9mHFNf4IFkISPYWOle96q9QsmtuHOgdeItSalWnD4/lc/y9V7hq9uPSCKoNIRjrTueGxs/xcowwukk1000jTEZ4QHtWCqxoNpP56dO0LlV+iiMlC1p0Fz9PZFiofVYBLZTYDPUq95M/M/rJCa88lMm48RQSRaLwoQjE6HZ36jPFCWGjy3BRDF7KyJDrDAxNp2cDcFbfXmdNKsV76Li3tk0rmGBLJzAKZTBg0uowS3UoQEEBvACb/DucOfVmTofi9aMs5w5hj9wPn8AHXiP5Q==</latexit>s2
<latexit sha1_base64="k+773FHqMMpurCZTrx/6BZnTrr4=">AAAB6nicbVDLSgNBEOyNr5j4iPHoZTAKOYVdBfUkAS8eI5oHJEuYncwmQ2ZnlplZISzxC/TiQQle/SJv/o2Tx0ETCxqKqm66u4KYM21c99vJrK1vbG5lt3P5nd29/cJBsaFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2keDCjmPoR7gsWMoKNle5197xbKLkVdwa0SrwFKVWLk+en8km+1i18dXqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT2aljdGqVHgqlsiUMmqm/J1IcaT2KAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0b9RjihLDR5Zgopi9FZEBVpgYm07OhuAtv7xKGmcV76Li3tk0rmGOLBzBMZTBg0uowi3UoA4E+vACb/DucOfVmTgf89aMs5g5hD9wPn8AHvyP5g==</latexit>s3

<latexit sha1_base64="yHmB0wFu5W0HAMrzq7bnmXwgn7M=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC5lb9mDD3t5ld8+EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCARXBvX/XYya+sbm1vZ7Vx+Z3dvv3BQbOg4VZTVaSxi9RCgZoJLVjfcCPaQKIZRIFgzGFxP/eYjU5rH8t4ME+ZH2JM85BSNle6w43YKJbfizkBWibcgpWpx8vxUPsnXOoWvdjemacSkoQK1bnluYvwRKsOpYONcO9UsQTrAHmtZKjFi2h/NTh2TU6t0SRgrW9KQmfp7YoSR1sMosJ0Rmr5e9qbif14rNeGlP+IySQ2TdL4oTAUxMZn+TbpcMWrE0BKkittbCe2jQmpsOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOlDowQu8wbsjnFdn4nzMWzPOYuYQ/sD5/AH+9Y/R</latexit>a0
<latexit sha1_base64="3PdwYPCMiwh9AANFwmsryrKhgGk=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSne043UKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEAiI/S</latexit>a1

<latexit sha1_base64="GhxWPtQ0W3Ijq2jDjn4KS9GPlWY=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCiexyUE+GxItHjPJIYENmh1mYMDO7mZk1IRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7gpizrRx3W8ns7G5tb2T3c3l9/YPDgtHxaaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm5rceqdIskg9mHFNf4IFkISPYWOke96q9QsmtuHOgdeItSalWnD4/lc/y9V7hq9uPSCKoNIRjrTueGxs/xcowwukk1000jTEZ4QHtWCqxoNpP56dO0LlV+iiMlC1p0Fz9PZFiofVYBLZTYDPUq95M/M/rJCa88lMm48RQSRaLwoQjE6HZ36jPFCWGjy3BRDF7KyJDrDAxNp2cDcFbfXmdNKsV76Li3tk0rmGBLJzAKZTBg0uowS3UoQEEBvACb/DucOfVmTofi9aMs5w5hj9wPn8AAgyP0w==</latexit>a2
<latexit sha1_base64="9XcBjqfM8z/o7Pi9HW+iSJNd8dk=">AAAB6nicbVDLSgNBEOyNr5j4iPHoZTAKOYVdBfUkAS8eI5oHJEuYncwmQ2ZnlplZISzxC/TiQQle/SJv/o2Tx0ETCxqKqm66u4KYM21c99vJrK1vbG5lt3P5nd29/cJBsaFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2keDCjmPoR7gsWMoKNle5x97xbKLkVdwa0SrwFKVWLk+en8km+1i18dXqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT2aljdGqVHgqlsiUMmqm/J1IcaT2KAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0b9RjihLDR5Zgopi9FZEBVpgYm07OhuAtv7xKGmcV76Li3tk0rmGOLBzBMZTBg0uowi3UoA4E+vACb/DucOfVmTgf89aMs5g5hD9wPn8AA5CP1A==</latexit>a3

<latexit sha1_base64="X2GAhUTU+N2ZBDe8/vjQqFSU0hw=">AAAB7XicbZDLSsNAFIYnXmu9VV26GSyCq5IoqCstuHFZwV6gDWUyPWnHTjJh5kQooe/gxoUibn0Q38Cdb+M07UJbfxj4+P9zmHNOkEhh0HW/naXlldW19cJGcXNre2e3tLffMCrVHOpcSaVbATMgRQx1FCihlWhgUSChGQxvJnnzEbQRKr7HUQJ+xPqxCAVnaK1GBweArFsquxU3F10Ebwbl68+zXLVu6avTUzyNIEYumTFtz03Qz5hGwSWMi53UQML4kPWhbTFmERg/y6cd02Pr9GiotH0x0tz93ZGxyJhRFNjKiOHAzGcT87+snWJ46WciTlKEmE8/ClNJUdHJ6rQnNHCUIwuMa2FnpXzANONoD1S0R/DmV16ExmnFO6+4d265ekWmKpBDckROiEcuSJXckhqpE04eyBN5Ia+Ocp6dN+d9WrrkzHoOyB85Hz+b4pFZ</latexit>

✓

<latexit sha1_base64="6/PdORwxrp8cCsSsXgNsbxfzrvU=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSne643YKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEY6o/i</latexit>r0
<latexit sha1_base64="wllaFC6T+pNSttHwGli94GIE/5E=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSne643UKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEabo/j</latexit>r1

<latexit sha1_base64="McBfdaU9dmQlW371btBV2u8EkCM=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCiexyUE+GxItHjPJIYENmh1mYMDO7mZk1IRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7gpizrRx3W8ns7G5tb2T3c3l9/YPDgtHxaaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm5rceqdIskg9mHFNf4IFkISPYWOle9aq9QsmtuHOgdeItSalWnD4/lc/y9V7hq9uPSCKoNIRjrTueGxs/xcowwukk1000jTEZ4QHtWCqxoNpP56dO0LlV+iiMlC1p0Fz9PZFiofVYBLZTYDPUq95M/M/rJCa88lMm48RQSRaLwoQjE6HZ36jPFCWGjy3BRDF7KyJDrDAxNp2cDcFbfXmdNKsV76Li3tk0rmGBLJzAKZTBg0uowS3UoQEEBvACb/DucOfVmTofi9aMs5w5hj9wPn8AG/KP5A==</latexit>r2
<latexit sha1_base64="MVuJ9gGArC7xEzY3IQcUPAtlXZg=">AAAB6nicbVDLSgNBEOyNr5j4iPHoZTAKOYVdBfUkAS8eI5oHJEuYncwmQ2ZnlplZISzxC/TiQQle/SJv/o2Tx0ETCxqKqm66u4KYM21c99vJrK1vbG5lt3P5nd29/cJBsaFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2keDCjmPoR7gsWMoKNle5V97xbKLkVdwa0SrwFKVWLk+en8km+1i18dXqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT2aljdGqVHgqlsiUMmqm/J1IcaT2KAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0b9RjihLDR5Zgopi9FZEBVpgYm07OhuAtv7xKGmcV76Li3tk0rmGOLBzBMZTBg0uowi3UoA4E+vACb/DucOfVmTgf89aMs5g5hD9wPn8AHXaP5Q==</latexit>r3

τ = (s0, a0 .. s3, a3), rt = r(st , at), r(τ) =
∑3

t=0 rt , J(θ) = E[r(τ)].
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Notation

If y is a function of x (may be a random function), then
I ∂y/∂x is the direct derivative of y with respect to x .
I dy/dx is the total derivative of y with respect to x , taking into

account all paths from x to y .
I If y is a random function of x , then ∂y/∂x = 0 by convention.
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Stochastic computation graphs

For L :=
∑

`∈L ` are interested in:

∇θJ(θ) = E [L] = E

[∑
`∈L

`

]

Stochastic nodes block gradients.

Then we have ∇θJ(θ) =

E

∑
v∈S
θ≺v

L
d log p(v |hv )

dθ
+
∑
`∈L
θ≺`

d`

dθ



stochastic

deterministic

input

loss
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Stochastic computation graphs

E

∑
v∈S
θ≺v

L
d log p(v |hv )

dθ
+
∑
`∈L
θ≺`

d`

dθ


We are ignoring smoothness assumptions needed to make this formal,
but at the very least we need the differentiability of all edges

Note, any paths from θ to v that include a stochastic node will
contribute 0 to the total derivative by convention.

Pathwise gradients usually contribute very little variance.

Score function gradients or REINFORCE contribute the most variance.

Usually. There are exceptions in which score function estimators are
lower variance.
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Stochastic computation graphs—examples
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Stochastic computation graphs—examples

<latexit sha1_base64="bjDHrKr4JvrWTPfQ97KZf+x9Tww=">AAAB63icbVC7SgNBFL0bXzE+ErWwsBkMglXYtVALkYCNZQTzgGQJs5PZZMjM7DIzK4Qlv2BjoYitX+Cf2PkBtvkGZ5MUmnjgwuGce7n3niDmTBvX/XJyK6tr6xv5zcLW9s5usbS339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5kfvOBKs0ieW9GMfUF7ksWMoJNJnXiAeuWym7FnQItE29OytXDyaR49fFd65Y+O72IJIJKQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pRILqv10eusYnVilh8JI2ZIGTdXfEykWWo9EYDsFNgO96GXif147MeGlnzIZJ4ZKMlsUJhyZCGWPox5TlBg+sgQTxeytiAywwsTYeAo2BG/x5WXSOKt45xX3zqZxDTPk4QiO4RQ8uIAq3EIN6kBgAI/wDC+OcJ6cV+dt1ppz5jMH8AfO+w+QU5JS</latexit>

�

<latexit sha1_base64="nfHTTZKcoyF2HSjG7PTKp5aFw8U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk7ahmWRIMkod+h9uXCji1o/wD9z5N2amLrT1QMjhnHvJyQlizrRx3S+nsLC4tLxSXC2trW9sbpW3d5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwegy81t3VGkmxY0Zx9SP8ECwPiPYWOm2G0ge6nFkr/Rh0itX3KqbA80T74dULj6Oc9R75c9uKEkSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP81TT9CBVULUl8oeYVCu/t5IcaSzaHYywmaoZ71M/M/rJKZ/5qdMxImhgkwf6iccGYmyClDIFCWGjy3BRDGbFZEhVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bk5BlTw=</latexit>z

<latexit sha1_base64="bjDHrKr4JvrWTPfQ97KZf+x9Tww=">AAAB63icbVC7SgNBFL0bXzE+ErWwsBkMglXYtVALkYCNZQTzgGQJs5PZZMjM7DIzK4Qlv2BjoYitX+Cf2PkBtvkGZ5MUmnjgwuGce7n3niDmTBvX/XJyK6tr6xv5zcLW9s5usbS339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5kfvOBKs0ieW9GMfUF7ksWMoJNJnXiAeuWym7FnQItE29OytXDyaR49fFd65Y+O72IJIJKQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pRILqv10eusYnVilh8JI2ZIGTdXfEykWWo9EYDsFNgO96GXif147MeGlnzIZJ4ZKMlsUJhyZCGWPox5TlBg+sgQTxeytiAywwsTYeAo2BG/x5WXSOKt45xX3zqZxDTPk4QiO4RQ8uIAq3EIN6kBgAI/wDC+OcJ6cV+dt1ppz5jMH8AfO+w+QU5JS</latexit>

�

<latexit sha1_base64="nfHTTZKcoyF2HSjG7PTKp5aFw8U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk7ahmWRIMkod+h9uXCji1o/wD9z5N2amLrT1QMjhnHvJyQlizrRx3S+nsLC4tLxSXC2trW9sbpW3d5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwegy81t3VGkmxY0Zx9SP8ECwPiPYWOm2G0ge6nFkr/Rh0itX3KqbA80T74dULj6Oc9R75c9uKEkSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP81TT9CBVULUl8oeYVCu/t5IcaSzaHYywmaoZ71M/M/rJKZ/5qdMxImhgkwf6iccGYmyClDIFCWGjy3BRDGbFZEhVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bk5BlTw=</latexit>z

score function gradient 
estimator needed

If a path from a loss to an input is blocked by a stochastic node, we must
use score function estimators.
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Stochastic computation graphs—examples

<latexit sha1_base64="bjDHrKr4JvrWTPfQ97KZf+x9Tww=">AAAB63icbVC7SgNBFL0bXzE+ErWwsBkMglXYtVALkYCNZQTzgGQJs5PZZMjM7DIzK4Qlv2BjoYitX+Cf2PkBtvkGZ5MUmnjgwuGce7n3niDmTBvX/XJyK6tr6xv5zcLW9s5usbS339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5kfvOBKs0ieW9GMfUF7ksWMoJNJnXiAeuWym7FnQItE29OytXDyaR49fFd65Y+O72IJIJKQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pRILqv10eusYnVilh8JI2ZIGTdXfEykWWo9EYDsFNgO96GXif147MeGlnzIZJ4ZKMlsUJhyZCGWPox5TlBg+sgQTxeytiAywwsTYeAo2BG/x5WXSOKt45xX3zqZxDTPk4QiO4RQ8uIAq3EIN6kBgAI/wDC+OcJ6cV+dt1ppz5jMH8AfO+w+QU5JS</latexit>

�

<latexit sha1_base64="nfHTTZKcoyF2HSjG7PTKp5aFw8U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk7ahmWRIMkod+h9uXCji1o/wD9z5N2amLrT1QMjhnHvJyQlizrRx3S+nsLC4tLxSXC2trW9sbpW3d5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwegy81t3VGkmxY0Zx9SP8ECwPiPYWOm2G0ge6nFkr/Rh0itX3KqbA80T74dULj6Oc9R75c9uKEkSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP81TT9CBVULUl8oeYVCu/t5IcaSzaHYywmaoZ71M/M/rJKZ/5qdMxImhgkwf6iccGYmyClDIFCWGjy3BRDGbFZEhVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bk5BlTw=</latexit>z 
<latexit sha1_base64="XoUb/oT8XwSSSAlWHxSpCmxf3do=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyVRUFdacOOygr1AG8pketIOnUzizEQooS/hxoUibn0O38Cdb+M07UJbfxj4+P9zmHNOkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzSRvPqLSPJb3ZpSgH9G+5CFn1Fir1cFEcxHLbqnsVtxcZBG8GZSvP89y1bqlr04vZmmE0jBBtW57bmL8jCrDmcBxsZNqTCgb0j62LUoaofazfN4xObZOj4Sxsk8akru/OzIaaT2KAlsZUTPQ89nE/C9rpya89DMuk9SgZNOPwlQQE5PJ8qTHFTIjRhYoU9zOStiAKsqMPVHRHsGbX3kRGqcV77zi3rnl6hVMVYBDOIIT8OACqnALNagDAwFP8AKvzoPz7Lw579PSJWfWcwB/5Hz8AES8klE=</latexit>✏

<latexit sha1_base64="bjDHrKr4JvrWTPfQ97KZf+x9Tww=">AAAB63icbVC7SgNBFL0bXzE+ErWwsBkMglXYtVALkYCNZQTzgGQJs5PZZMjM7DIzK4Qlv2BjoYitX+Cf2PkBtvkGZ5MUmnjgwuGce7n3niDmTBvX/XJyK6tr6xv5zcLW9s5usbS339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5kfvOBKs0ieW9GMfUF7ksWMoJNJnXiAeuWym7FnQItE29OytXDyaR49fFd65Y+O72IJIJKQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pRILqv10eusYnVilh8JI2ZIGTdXfEykWWo9EYDsFNgO96GXif147MeGlnzIZJ4ZKMlsUJhyZCGWPox5TlBg+sgQTxeytiAywwsTYeAo2BG/x5WXSOKt45xX3zqZxDTPk4QiO4RQ8uIAq3EIN6kBgAI/wDC+OcJ6cV+dt1ppz5jMH8AfO+w+QU5JS</latexit>

�

<latexit sha1_base64="nfHTTZKcoyF2HSjG7PTKp5aFw8U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk7ahmWRIMkod+h9uXCji1o/wD9z5N2amLrT1QMjhnHvJyQlizrRx3S+nsLC4tLxSXC2trW9sbpW3d5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwegy81t3VGkmxY0Zx9SP8ECwPiPYWOm2G0ge6nFkr/Rh0itX3KqbA80T74dULj6Oc9R75c9uKEkSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP81TT9CBVULUl8oeYVCu/t5IcaSzaHYywmaoZ71M/M/rJKZ/5qdMxImhgkwf6iccGYmyClDIFCWGjy3BRDGbFZEhVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bk5BlTw=</latexit>z
<latexit sha1_base64="80INYSMzdQTUpkz207kpo5Hgido=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQK6kUsePEkFewHtLFsNpN26WY37G6UEvI/vHhQxKv/RU/+GzepB219MPB4b4aZeX7MqNKO82WVFhaXllfKq5W19Y3Nrer2TluJRBJoEcGE7PpYAaMcWppqBt1YAo58Bh1/fJn7nXuQigp+qycxeBEechpSgrWR7voiN0GnQZaeZ4Nqzak7Bex54v6Q2sXncYHmoPrRDwRJIuCaMKxUz3Vi7aVYakoYZJV+oiDGZIyH0DOU4wiUlxZXZ/aBUQI7FNIU13ah/p5IcaTUJPJNZ4T1SM16ufif10t0eOallMeJBk6mi8KE2VrYeQR2QCUQzSaGYCKpudUmIywx0SaLignBnX15nrSP6u5J3blxao1rNEUZ7aF9dIhcdIoa6Ao1UQsRJNEjekYv1oP1ZL1ab9PWkvUzs4v+wHr/BlGHlUw=</latexit>

d
=

Suppose we can reparamterize z = g(ε, φ) for some random variable ε and
differentiable g .
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Stochastic computation graphs—examples

<latexit sha1_base64="bjDHrKr4JvrWTPfQ97KZf+x9Tww=">AAAB63icbVC7SgNBFL0bXzE+ErWwsBkMglXYtVALkYCNZQTzgGQJs5PZZMjM7DIzK4Qlv2BjoYitX+Cf2PkBtvkGZ5MUmnjgwuGce7n3niDmTBvX/XJyK6tr6xv5zcLW9s5usbS339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5kfvOBKs0ieW9GMfUF7ksWMoJNJnXiAeuWym7FnQItE29OytXDyaR49fFd65Y+O72IJIJKQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pRILqv10eusYnVilh8JI2ZIGTdXfEykWWo9EYDsFNgO96GXif147MeGlnzIZJ4ZKMlsUJhyZCGWPox5TlBg+sgQTxeytiAywwsTYeAo2BG/x5WXSOKt45xX3zqZxDTPk4QiO4RQ8uIAq3EIN6kBgAI/wDC+OcJ6cV+dt1ppz5jMH8AfO+w+QU5JS</latexit>

�

<latexit sha1_base64="nfHTTZKcoyF2HSjG7PTKp5aFw8U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk7ahmWRIMkod+h9uXCji1o/wD9z5N2amLrT1QMjhnHvJyQlizrRx3S+nsLC4tLxSXC2trW9sbpW3d5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwegy81t3VGkmxY0Zx9SP8ECwPiPYWOm2G0ge6nFkr/Rh0itX3KqbA80T74dULj6Oc9R75c9uKEkSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP81TT9CBVULUl8oeYVCu/t5IcaSzaHYywmaoZ71M/M/rJKZ/5qdMxImhgkwf6iccGYmyClDIFCWGjy3BRDGbFZEhVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bk5BlTw=</latexit>z 
<latexit sha1_base64="XoUb/oT8XwSSSAlWHxSpCmxf3do=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyVRUFdacOOygr1AG8pketIOnUzizEQooS/hxoUibn0O38Cdb+M07UJbfxj4+P9zmHNOkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzSRvPqLSPJb3ZpSgH9G+5CFn1Fir1cFEcxHLbqnsVtxcZBG8GZSvP89y1bqlr04vZmmE0jBBtW57bmL8jCrDmcBxsZNqTCgb0j62LUoaofazfN4xObZOj4Sxsk8akru/OzIaaT2KAlsZUTPQ89nE/C9rpya89DMuk9SgZNOPwlQQE5PJ8qTHFTIjRhYoU9zOStiAKsqMPVHRHsGbX3kRGqcV77zi3rnl6hVMVYBDOIIT8OACqnALNagDAwFP8AKvzoPz7Lw579PSJWfWcwB/5Hz8AES8klE=</latexit>✏

<latexit sha1_base64="bjDHrKr4JvrWTPfQ97KZf+x9Tww=">AAAB63icbVC7SgNBFL0bXzE+ErWwsBkMglXYtVALkYCNZQTzgGQJs5PZZMjM7DIzK4Qlv2BjoYitX+Cf2PkBtvkGZ5MUmnjgwuGce7n3niDmTBvX/XJyK6tr6xv5zcLW9s5usbS339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5kfvOBKs0ieW9GMfUF7ksWMoJNJnXiAeuWym7FnQItE29OytXDyaR49fFd65Y+O72IJIJKQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pRILqv10eusYnVilh8JI2ZIGTdXfEykWWo9EYDsFNgO96GXif147MeGlnzIZJ4ZKMlsUJhyZCGWPox5TlBg+sgQTxeytiAywwsTYeAo2BG/x5WXSOKt45xX3zqZxDTPk4QiO4RQ8uIAq3EIN6kBgAI/wDC+OcJ6cV+dt1ppz5jMH8AfO+w+QU5JS</latexit>

�

<latexit sha1_base64="nfHTTZKcoyF2HSjG7PTKp5aFw8U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswoqCstuHFZwT6gHUsmk7ahmWRIMkod+h9uXCji1o/wD9z5N2amLrT1QMjhnHvJyQlizrRx3S+nsLC4tLxSXC2trW9sbpW3d5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwegy81t3VGkmxY0Zx9SP8ECwPiPYWOm2G0ge6nFkr/Rh0itX3KqbA80T74dULj6Oc9R75c9uKEkSUWEIx1p3PDc2foqVYYTTSambaBpjMsID2rFU4IhqP81TT9CBVULUl8oeYVCu/t5IcaSzaHYywmaoZ71M/M/rJKZ/5qdMxImhgkwf6iccGYmyClDIFCWGjy3BRDGbFZEhVpgYW1TJluDNfnmeNI+q3knVvXYrtXOYogh7sA+H4MEp1OAK6tAAAgoe4RlenHvnyXl13qajBednZxf+wHn/Bk5BlTw=</latexit>z

score function gradient 
estimator needed

pathwise gradient estimator
available

Now we can use pathwise (which is typically lower variance!).
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Finite-horizon MDP—example

<latexit sha1_base64="7NWynQdIZsHWESiaAmo51CUzFm0=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb5mDD3t5ld8+EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCARXBvX/XYya+sbm1vZ7Vx+Z3dvv3BQbOg4VQzrLBaxegioRsEl1g03Ah8ShTQKBDaDwfXUbz6i0jyW92aYoB/RnuQhZ9RY6U533E6h5FbcGcgq8RakVC1Onp/KJ/lap/DV7sYsjVAaJqjWLc9NjD+iynAmcJxrpxoTyga0hy1LJY1Q+6PZqWNyapUuCWNlSxoyU39PjGik9TAKbGdETV8ve1PxP6+VmvDSH3GZpAYlmy8KU0FMTKZ/ky5XyIwYWkKZ4vZWwvpUUWZsOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnFdn4nzMWzPOYuYQ/sD5/AEacI/j</latexit>s0
<latexit sha1_base64="dmvQ8o1Natvkx2OJO/BW+TpC1Hc=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSnem43UKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEb9I/k</latexit>s1

<latexit sha1_base64="OY/fPKWDjQrm1i85TG+TX5AnDFQ=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCiexyUE+GxItHjPJIYENmh1mYMDO7mZk1IRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7gpizrRx3W8ns7G5tb2T3c3l9/YPDgtHxaaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm5rceqdIskg9mHFNf4IFkISPYWOle96q9QsmtuHOgdeItSalWnD4/lc/y9V7hq9uPSCKoNIRjrTueGxs/xcowwukk1000jTEZ4QHtWCqxoNpP56dO0LlV+iiMlC1p0Fz9PZFiofVYBLZTYDPUq95M/M/rJCa88lMm48RQSRaLwoQjE6HZ36jPFCWGjy3BRDF7KyJDrDAxNp2cDcFbfXmdNKsV76Li3tk0rmGBLJzAKZTBg0uowS3UoQEEBvACb/DucOfVmTofi9aMs5w5hj9wPn8AHXiP5Q==</latexit>s2
<latexit sha1_base64="k+773FHqMMpurCZTrx/6BZnTrr4=">AAAB6nicbVDLSgNBEOyNr5j4iPHoZTAKOYVdBfUkAS8eI5oHJEuYncwmQ2ZnlplZISzxC/TiQQle/SJv/o2Tx0ETCxqKqm66u4KYM21c99vJrK1vbG5lt3P5nd29/cJBsaFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2keDCjmPoR7gsWMoKNle5197xbKLkVdwa0SrwFKVWLk+en8km+1i18dXqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT2aljdGqVHgqlsiUMmqm/J1IcaT2KAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0b9RjihLDR5Zgopi9FZEBVpgYm07OhuAtv7xKGmcV76Li3tk0rmGOLBzBMZTBg0uowi3UoA4E+vACb/DucOfVmTgf89aMs5g5hD9wPn8AHvyP5g==</latexit>s3

<latexit sha1_base64="yHmB0wFu5W0HAMrzq7bnmXwgn7M=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC5lb9mDD3t5ld8+EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCARXBvX/XYya+sbm1vZ7Vx+Z3dvv3BQbOg4VZTVaSxi9RCgZoJLVjfcCPaQKIZRIFgzGFxP/eYjU5rH8t4ME+ZH2JM85BSNle6w43YKJbfizkBWibcgpWpx8vxUPsnXOoWvdjemacSkoQK1bnluYvwRKsOpYONcO9UsQTrAHmtZKjFi2h/NTh2TU6t0SRgrW9KQmfp7YoSR1sMosJ0Rmr5e9qbif14rNeGlP+IySQ2TdL4oTAUxMZn+TbpcMWrE0BKkittbCe2jQmpsOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOlDowQu8wbsjnFdn4nzMWzPOYuYQ/sD5/AH+9Y/R</latexit>a0
<latexit sha1_base64="3PdwYPCMiwh9AANFwmsryrKhgGk=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSne043UKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEAiI/S</latexit>a1

<latexit sha1_base64="GhxWPtQ0W3Ijq2jDjn4KS9GPlWY=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCiexyUE+GxItHjPJIYENmh1mYMDO7mZk1IRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7gpizrRx3W8ns7G5tb2T3c3l9/YPDgtHxaaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm5rceqdIskg9mHFNf4IFkISPYWOke96q9QsmtuHOgdeItSalWnD4/lc/y9V7hq9uPSCKoNIRjrTueGxs/xcowwukk1000jTEZ4QHtWCqxoNpP56dO0LlV+iiMlC1p0Fz9PZFiofVYBLZTYDPUq95M/M/rJCa88lMm48RQSRaLwoQjE6HZ36jPFCWGjy3BRDF7KyJDrDAxNp2cDcFbfXmdNKsV76Li3tk0rmGBLJzAKZTBg0uowS3UoQEEBvACb/DucOfVmTofi9aMs5w5hj9wPn8AAgyP0w==</latexit>a2
<latexit sha1_base64="9XcBjqfM8z/o7Pi9HW+iSJNd8dk=">AAAB6nicbVDLSgNBEOyNr5j4iPHoZTAKOYVdBfUkAS8eI5oHJEuYncwmQ2ZnlplZISzxC/TiQQle/SJv/o2Tx0ETCxqKqm66u4KYM21c99vJrK1vbG5lt3P5nd29/cJBsaFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2keDCjmPoR7gsWMoKNle5x97xbKLkVdwa0SrwFKVWLk+en8km+1i18dXqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT2aljdGqVHgqlsiUMmqm/J1IcaT2KAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0b9RjihLDR5Zgopi9FZEBVpgYm07OhuAtv7xKGmcV76Li3tk0rmGOLBzBMZTBg0uowi3UoA4E+vACb/DucOfVmTgf89aMs5g5hD9wPn8AA5CP1A==</latexit>a3

<latexit sha1_base64="X2GAhUTU+N2ZBDe8/vjQqFSU0hw=">AAAB7XicbZDLSsNAFIYnXmu9VV26GSyCq5IoqCstuHFZwV6gDWUyPWnHTjJh5kQooe/gxoUibn0Q38Cdb+M07UJbfxj4+P9zmHNOkEhh0HW/naXlldW19cJGcXNre2e3tLffMCrVHOpcSaVbATMgRQx1FCihlWhgUSChGQxvJnnzEbQRKr7HUQJ+xPqxCAVnaK1GBweArFsquxU3F10Ebwbl68+zXLVu6avTUzyNIEYumTFtz03Qz5hGwSWMi53UQML4kPWhbTFmERg/y6cd02Pr9GiotH0x0tz93ZGxyJhRFNjKiOHAzGcT87+snWJ46WciTlKEmE8/ClNJUdHJ6rQnNHCUIwuMa2FnpXzANONoD1S0R/DmV16ExmnFO6+4d265ekWmKpBDckROiEcuSJXckhqpE04eyBN5Ia+Ocp6dN+d9WrrkzHoOyB85Hz+b4pFZ</latexit>

✓

<latexit sha1_base64="6/PdORwxrp8cCsSsXgNsbxfzrvU=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSne643YKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEY6o/i</latexit>r0
<latexit sha1_base64="wllaFC6T+pNSttHwGli94GIE/5E=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSne643UKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEabo/j</latexit>r1

<latexit sha1_base64="McBfdaU9dmQlW371btBV2u8EkCM=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCiexyUE+GxItHjPJIYENmh1mYMDO7mZk1IRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7gpizrRx3W8ns7G5tb2T3c3l9/YPDgtHxaaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm5rceqdIskg9mHFNf4IFkISPYWOle9aq9QsmtuHOgdeItSalWnD4/lc/y9V7hq9uPSCKoNIRjrTueGxs/xcowwukk1000jTEZ4QHtWCqxoNpP56dO0LlV+iiMlC1p0Fz9PZFiofVYBLZTYDPUq95M/M/rJCa88lMm48RQSRaLwoQjE6HZ36jPFCWGjy3BRDF7KyJDrDAxNp2cDcFbfXmdNKsV76Li3tk0rmGBLJzAKZTBg0uowS3UoQEEBvACb/DucOfVmTofi9aMs5w5hj9wPn8AG/KP5A==</latexit>r2
<latexit sha1_base64="MVuJ9gGArC7xEzY3IQcUPAtlXZg=">AAAB6nicbVDLSgNBEOyNr5j4iPHoZTAKOYVdBfUkAS8eI5oHJEuYncwmQ2ZnlplZISzxC/TiQQle/SJv/o2Tx0ETCxqKqm66u4KYM21c99vJrK1vbG5lt3P5nd29/cJBsaFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2keDCjmPoR7gsWMoKNle5V97xbKLkVdwa0SrwFKVWLk+en8km+1i18dXqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT2aljdGqVHgqlsiUMmqm/J1IcaT2KAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0b9RjihLDR5Zgopi9FZEBVpgYm07OhuAtv7xKGmcV76Li3tk0rmGOLBzBMZTBg0uowi3UoA4E+vACb/DucOfVmTgf89aMs5g5hD9wPn8AHXaP5Q==</latexit>r3

∇J(θ) = Eτ∼p

[∑3

t=0

(
3∑

t=0

rt

)
∇ log πθ(at |st)

]
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Stochastic computation graphs

The most important thing is not the formal details of this framework
(unless you will implement a new TensorFlow package), but that you
get the intuitions.

We will now define values, baselines, and critics on general SCGs.

The reason is that these are powerful techniques for lowering the
variance of gradient estimators and this framework can help you
develop an intuition for designing new techniques.
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Values

Let X ⊆ V. Let x be an assignment of possible values to variables in
X . The value function of x for a scalar function S of the nodes is

VX (x ; S) = E[S(V) | X = x ]

S(V) is typically the cost-to-go of X , i.e., the sum of loss nodes that
descend from X .

S(V) = L(X ) :=
∑
`∈L
X≺`

`
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Values

Red nodes are conditioned on; green nodes are marginalized.

<latexit sha1_base64="zuPjEvvSCZ2xGDsntK1netN/zoE=">AAAB7XicbVA9SwNBEJ3zMyZ+xFjaLEYhVbizUCsJ2FhGMB+QHGFvM5es2ds7dveEEOIvsLCxiIit/8fOf+Pmo9DEBwOP92aYmRckgmvjut/O2vrG5tZ2Zieb293bP8gfFuo6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNxM/cYjKs1jeW+GCfoR7UkeckaNleptFKLjdvJFt+zOQFaJtyDFSmHy/FQ6zVU7+a92N2ZphNIwQbVueW5i/BFVhjOB42w71ZhQNqA9bFkqaYTaH82uHZMzq3RJGCtb0pCZ+ntiRCOth1FgOyNq+nrZm4r/ea3UhFf+iMskNSjZfFGYCmJiMn2ddLlCZsTQEsoUt7cS1qeKMmMDytoQvOWXV0n9vOxdlN07m8Y1zJGBYziBEnhwCRW4hSrUgMEDvMAE3pzYeXXenY9565qzmDmCP3A+fwBLepEn</latexit>

`0
<latexit sha1_base64="ZsXpnm7N5DKkhL2uJ9XEU1f6kaw=">AAAB7XicbVA9SwNBEJ3zMyZ+xFjaLEYhVbizUCsJ2FhGMB+QHGFvM5es2ds7dveEEOIvsLCxiIit/8fOf+Pmo9DEBwOP92aYmRckgmvjut/O2vrG5tZ2Zieb293bP8gfFuo6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNxM/cYjKs1jeW+GCfoR7UkeckaNleptFKLjdfJFt+zOQFaJtyDFSmHy/FQ6zVU7+a92N2ZphNIwQbVueW5i/BFVhjOB42w71ZhQNqA9bFkqaYTaH82uHZMzq3RJGCtb0pCZ+ntiRCOth1FgOyNq+nrZm4r/ea3UhFf+iMskNSjZfFGYCmJiMn2ddLlCZsTQEsoUt7cS1qeKMmMDytoQvOWXV0n9vOxdlN07m8Y1zJGBYziBEnhwCRW4hSrUgMEDvMAE3pzYeXXenY9565qzmDmCP3A+fwBM/pEo</latexit>

`1

<latexit sha1_base64="BNNAE9vkceiCHuhpY2cwe4ZaVZU=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCicx6UE+GxItHjPJIYENmh1mYMDu7mZklIRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7vJjwbXB+NvJbGxube9kd3P5vf2Dw8JRsaGjRFFWp5GIVMsnmgkuWd1wI1grVoyEvmBNf3g785sjpjSP5KMZx8wLSV/ygFNirPQw6uJuoYQreA60TtwlKVWL0+en8lm+1i18dXoRTUImDRVE67aLY+OlRBlOBZvkOolmMaFD0mdtSyUJmfbS+akTdG6VHgoiZUsaNFd/T6Qk1Hoc+rYzJGagV72Z+J/XTkxw7aVcxolhki4WBYlAJkKzv1GPK0aNGFtCqOL2VkQHRBFqbDo5G4K7+vI6aVxU3MsKvrdp3MACWTiBUyiDC1dQhTuoQR0o9OEF3uDdEc6rM3U+Fq0ZZzlzDH/gfP4AHwKP5g==</latexit>v0

<latexit sha1_base64="tMqgqrrrOvFbqJ6TOGMZt/TThqg=">AAAB6nicbVDLTgJBEOzBF4IPxKOXiWjCiex6UE+GxItHjPJIYENmh1mYMDu7mZklIRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7vJjwbVxnG+U2djc2t7J7ubye/sHh4WjYkNHiaKsTiMRqZZPNBNcsrrhRrBWrBgJfcGa/vB25jdHTGkeyUczjpkXkr7kAafEWOlh1HW7hZJTcebA68RdklK1OH1+Kp/la93CV6cX0SRk0lBBtG67Tmy8lCjDqWCTXCfRLCZ0SPqsbakkIdNeOj91gs+t0sNBpGxJg+fq74mUhFqPQ992hsQM9Ko3E//z2okJrr2UyzgxTNLFoiAR2ER49jfuccWoEWNLCFXc3orpgChCjU0nZ0NwV19eJ42LintZce5tGjewQBZO4BTK4MIVVOEOalAHCn14gTd4RwK9oin6WLRm0HLmGP4Aff4AIIaP5w==</latexit>v1

<latexit sha1_base64="uV2m6nM/Ol/szyE+EdJc6Q9iQgQ=">AAAB6nicbVDLSgNBEOz1GRMfMR69DEYhp7CroJ4k4MVjRPOAZAmzk9lkyOzMMjMbCEv8Ar14UIJXv8ibf+PkcdDEgoaiqpvuriDmTBvX/XbW1jc2t7YzO9nc7t7+Qf6wUNcyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIBrdTvzGkSjMpHs0opn6Ee4KFjGBjpYdh56KTL7pldwa0SrwFKVYKk+en0mmu2sl/tbuSJBEVhnCsdctzY+OnWBlGOB1n24mmMSYD3KMtSwWOqPbT2aljdGaVLgqlsiUMmqm/J1IcaT2KAtsZYdPXy95U/M9rJSa89lMm4sRQQeaLwoQjI9H0b9RlihLDR5Zgopi9FZE+VpgYm07WhuAtv7xK6udl77Ls3ts0bmCODBzDCZTAgyuowB1UoQYEevACb/DucOfVmTgf89Y1ZzFzBH/gfP4AI46P6Q==</latexit>v3
<latexit sha1_base64="WoWASQUuzFUrDUHvWSRn81slfXw=">AAAB6nicbVDLTgJBEOz1ieAD8ehlIppwIrsc1JMh8eIRozwS2JDZYRYmzMxuZmZJyAa/QC8eNMSrX+TNv3F4HBSspJNKVXe6u4KYM21c99vZ2Nza3tnN7GVz+weHR/njQkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg785sjqjSL5KMZx9QXuC9ZyAg2VnoYdSvdfNEtu3OgdeItSbFamD4/lc5ztW7+q9OLSCKoNIRjrdueGxs/xcowwukk20k0jTEZ4j5tWyqxoNpP56dO0IVVeiiMlC1p0Fz9PZFiofVYBLZTYDPQq95M/M9rJya89lMm48RQSRaLwoQjE6HZ36jHFCWGjy3BRDF7KyIDrDAxNp2sDcFbfXmdNCpl77Ls3ts0bmCBDJzCGZTAgyuowh3UoA4E+vACb/DucOfVmTofi9YNZzlzAn/gfP4AIgqP6A==</latexit>v2

<latexit sha1_base64="zuPjEvvSCZ2xGDsntK1netN/zoE=">AAAB7XicbVA9SwNBEJ3zMyZ+xFjaLEYhVbizUCsJ2FhGMB+QHGFvM5es2ds7dveEEOIvsLCxiIit/8fOf+Pmo9DEBwOP92aYmRckgmvjut/O2vrG5tZ2Zieb293bP8gfFuo6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNxM/cYjKs1jeW+GCfoR7UkeckaNleptFKLjdvJFt+zOQFaJtyDFSmHy/FQ6zVU7+a92N2ZphNIwQbVueW5i/BFVhjOB42w71ZhQNqA9bFkqaYTaH82uHZMzq3RJGCtb0pCZ+ntiRCOth1FgOyNq+nrZm4r/ea3UhFf+iMskNSjZfFGYCmJiMn2ddLlCZsTQEsoUt7cS1qeKMmMDytoQvOWXV0n9vOxdlN07m8Y1zJGBYziBEnhwCRW4hSrUgMEDvMAE3pzYeXXenY9565qzmDmCP3A+fwBLepEn</latexit>

`0
<latexit sha1_base64="ZsXpnm7N5DKkhL2uJ9XEU1f6kaw=">AAAB7XicbVA9SwNBEJ3zMyZ+xFjaLEYhVbizUCsJ2FhGMB+QHGFvM5es2ds7dveEEOIvsLCxiIit/8fOf+Pmo9DEBwOP92aYmRckgmvjut/O2vrG5tZ2Zieb293bP8gfFuo6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNxM/cYjKs1jeW+GCfoR7UkeckaNleptFKLjdfJFt+zOQFaJtyDFSmHy/FQ6zVU7+a92N2ZphNIwQbVueW5i/BFVhjOB42w71ZhQNqA9bFkqaYTaH82uHZMzq3RJGCtb0pCZ+ntiRCOth1FgOyNq+nrZm4r/ea3UhFf+iMskNSjZfFGYCmJiMn2ddLlCZsTQEsoUt7cS1qeKMmMDytoQvOWXV0n9vOxdlN07m8Y1zJGBYziBEnhwCRW4hSrUgMEDvMAE3pzYeXXenY9565qzmDmCP3A+fwBM/pEo</latexit>

`1

<latexit sha1_base64="BNNAE9vkceiCHuhpY2cwe4ZaVZU=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCicx6UE+GxItHjPJIYENmh1mYMDu7mZklIRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7vJjwbXB+NvJbGxube9kd3P5vf2Dw8JRsaGjRFFWp5GIVMsnmgkuWd1wI1grVoyEvmBNf3g785sjpjSP5KMZx8wLSV/ygFNirPQw6uJuoYQreA60TtwlKVWL0+en8lm+1i18dXoRTUImDRVE67aLY+OlRBlOBZvkOolmMaFD0mdtSyUJmfbS+akTdG6VHgoiZUsaNFd/T6Qk1Hoc+rYzJGagV72Z+J/XTkxw7aVcxolhki4WBYlAJkKzv1GPK0aNGFtCqOL2VkQHRBFqbDo5G4K7+vI6aVxU3MsKvrdp3MACWTiBUyiDC1dQhTuoQR0o9OEF3uDdEc6rM3U+Fq0ZZzlzDH/gfP4AHwKP5g==</latexit>v0

<latexit sha1_base64="tMqgqrrrOvFbqJ6TOGMZt/TThqg=">AAAB6nicbVDLTgJBEOzBF4IPxKOXiWjCiex6UE+GxItHjPJIYENmh1mYMDu7mZklIRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7vJjwbVxnG+U2djc2t7J7ubye/sHh4WjYkNHiaKsTiMRqZZPNBNcsrrhRrBWrBgJfcGa/vB25jdHTGkeyUczjpkXkr7kAafEWOlh1HW7hZJTcebA68RdklK1OH1+Kp/la93CV6cX0SRk0lBBtG67Tmy8lCjDqWCTXCfRLCZ0SPqsbakkIdNeOj91gs+t0sNBpGxJg+fq74mUhFqPQ992hsQM9Ko3E//z2okJrr2UyzgxTNLFoiAR2ER49jfuccWoEWNLCFXc3orpgChCjU0nZ0NwV19eJ42LintZce5tGjewQBZO4BTK4MIVVOEOalAHCn14gTd4RwK9oin6WLRm0HLmGP4Aff4AIIaP5w==</latexit>v1

<latexit sha1_base64="WoWASQUuzFUrDUHvWSRn81slfXw=">AAAB6nicbVDLTgJBEOz1ieAD8ehlIppwIrsc1JMh8eIRozwS2JDZYRYmzMxuZmZJyAa/QC8eNMSrX+TNv3F4HBSspJNKVXe6u4KYM21c99vZ2Nza3tnN7GVz+weHR/njQkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg785sjqjSL5KMZx9QXuC9ZyAg2VnoYdSvdfNEtu3OgdeItSbFamD4/lc5ztW7+q9OLSCKoNIRjrdueGxs/xcowwukk20k0jTEZ4j5tWyqxoNpP56dO0IVVeiiMlC1p0Fz9PZFiofVYBLZTYDPQq95M/M9rJya89lMm48RQSRaLwoQjE6HZ36jHFCWGjy3BRDF7KyIDrDAxNp2sDcFbfXmdNCpl77Ls3ts0bmCBDJzCGZTAgyuowh3UoA4E+vACb/DucOfVmTofi9YNZzlzAn/gfP4AIgqP6A==</latexit>v2
<latexit sha1_base64="uV2m6nM/Ol/szyE+EdJc6Q9iQgQ=">AAAB6nicbVDLSgNBEOz1GRMfMR69DEYhp7CroJ4k4MVjRPOAZAmzk9lkyOzMMjMbCEv8Ar14UIJXv8ibf+PkcdDEgoaiqpvuriDmTBvX/XbW1jc2t7YzO9nc7t7+Qf6wUNcyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIBrdTvzGkSjMpHs0opn6Ee4KFjGBjpYdh56KTL7pldwa0SrwFKVYKk+en0mmu2sl/tbuSJBEVhnCsdctzY+OnWBlGOB1n24mmMSYD3KMtSwWOqPbT2aljdGaVLgqlsiUMmqm/J1IcaT2KAtsZYdPXy95U/M9rJSa89lMm4sRQQeaLwoQjI9H0b9RlihLDR5Zgopi9FZE+VpgYm07WhuAtv7xK6udl77Ls3ts0bmCODBzDCZTAgyuowB1UoQYEevACb/DucOfVmTgf89Y1ZzFzBH/gfP4AI46P6Q==</latexit>v3

<latexit sha1_base64="zuPjEvvSCZ2xGDsntK1netN/zoE=">AAAB7XicbVA9SwNBEJ3zMyZ+xFjaLEYhVbizUCsJ2FhGMB+QHGFvM5es2ds7dveEEOIvsLCxiIit/8fOf+Pmo9DEBwOP92aYmRckgmvjut/O2vrG5tZ2Zieb293bP8gfFuo6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNxM/cYjKs1jeW+GCfoR7UkeckaNleptFKLjdvJFt+zOQFaJtyDFSmHy/FQ6zVU7+a92N2ZphNIwQbVueW5i/BFVhjOB42w71ZhQNqA9bFkqaYTaH82uHZMzq3RJGCtb0pCZ+ntiRCOth1FgOyNq+nrZm4r/ea3UhFf+iMskNSjZfFGYCmJiMn2ddLlCZsTQEsoUt7cS1qeKMmMDytoQvOWXV0n9vOxdlN07m8Y1zJGBYziBEnhwCRW4hSrUgMEDvMAE3pzYeXXenY9565qzmDmCP3A+fwBLepEn</latexit>

`0
<latexit sha1_base64="ZsXpnm7N5DKkhL2uJ9XEU1f6kaw=">AAAB7XicbVA9SwNBEJ3zMyZ+xFjaLEYhVbizUCsJ2FhGMB+QHGFvM5es2ds7dveEEOIvsLCxiIit/8fOf+Pmo9DEBwOP92aYmRckgmvjut/O2vrG5tZ2Zieb293bP8gfFuo6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNxM/cYjKs1jeW+GCfoR7UkeckaNleptFKLjdfJFt+zOQFaJtyDFSmHy/FQ6zVU7+a92N2ZphNIwQbVueW5i/BFVhjOB42w71ZhQNqA9bFkqaYTaH82uHZMzq3RJGCtb0pCZ+ntiRCOth1FgOyNq+nrZm4r/ea3UhFf+iMskNSjZfFGYCmJiMn2ddLlCZsTQEsoUt7cS1qeKMmMDytoQvOWXV0n9vOxdlN07m8Y1zJGBYziBEnhwCRW4hSrUgMEDvMAE3pzYeXXenY9565qzmDmCP3A+fwBM/pEo</latexit>

`1

<latexit sha1_base64="WoWASQUuzFUrDUHvWSRn81slfXw=">AAAB6nicbVDLTgJBEOz1ieAD8ehlIppwIrsc1JMh8eIRozwS2JDZYRYmzMxuZmZJyAa/QC8eNMSrX+TNv3F4HBSspJNKVXe6u4KYM21c99vZ2Nza3tnN7GVz+weHR/njQkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg785sjqjSL5KMZx9QXuC9ZyAg2VnoYdSvdfNEtu3OgdeItSbFamD4/lc5ztW7+q9OLSCKoNIRjrdueGxs/xcowwukk20k0jTEZ4j5tWyqxoNpP56dO0IVVeiiMlC1p0Fz9PZFiofVYBLZTYDPQq95M/M9rJya89lMm48RQSRaLwoQjE6HZ36jHFCWGjy3BRDF7KyIDrDAxNp2sDcFbfXmdNCpl77Ls3ts0bmCBDJzCGZTAgyuowh3UoA4E+vACb/DucOfVmTofi9YNZzlzAn/gfP4AIgqP6A==</latexit>v2
<latexit sha1_base64="BNNAE9vkceiCHuhpY2cwe4ZaVZU=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCicx6UE+GxItHjPJIYENmh1mYMDu7mZklIRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7vJjwbXB+NvJbGxube9kd3P5vf2Dw8JRsaGjRFFWp5GIVMsnmgkuWd1wI1grVoyEvmBNf3g785sjpjSP5KMZx8wLSV/ygFNirPQw6uJuoYQreA60TtwlKVWL0+en8lm+1i18dXoRTUImDRVE67aLY+OlRBlOBZvkOolmMaFD0mdtSyUJmfbS+akTdG6VHgoiZUsaNFd/T6Qk1Hoc+rYzJGagV72Z+J/XTkxw7aVcxolhki4WBYlAJkKzv1GPK0aNGFtCqOL2VkQHRBFqbDo5G4K7+vI6aVxU3MsKvrdp3MACWTiBUyiDC1dQhTuoQR0o9OEF3uDdEc6rM3U+Fq0ZZzlzDH/gfP4AHwKP5g==</latexit>v0

<latexit sha1_base64="tMqgqrrrOvFbqJ6TOGMZt/TThqg=">AAAB6nicbVDLTgJBEOzBF4IPxKOXiWjCiex6UE+GxItHjPJIYENmh1mYMDu7mZklIRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7vJjwbVxnG+U2djc2t7J7ubye/sHh4WjYkNHiaKsTiMRqZZPNBNcsrrhRrBWrBgJfcGa/vB25jdHTGkeyUczjpkXkr7kAafEWOlh1HW7hZJTcebA68RdklK1OH1+Kp/la93CV6cX0SRk0lBBtG67Tmy8lCjDqWCTXCfRLCZ0SPqsbakkIdNeOj91gs+t0sNBpGxJg+fq74mUhFqPQ992hsQM9Ko3E//z2okJrr2UyzgxTNLFoiAR2ER49jfuccWoEWNLCFXc3orpgChCjU0nZ0NwV19eJ42LintZce5tGjewQBZO4BTK4MIVVOEOalAHCn14gTd4RwK9oin6WLRm0HLmGP4Aff4AIIaP5w==</latexit>v1

<latexit sha1_base64="uV2m6nM/Ol/szyE+EdJc6Q9iQgQ=">AAAB6nicbVDLSgNBEOz1GRMfMR69DEYhp7CroJ4k4MVjRPOAZAmzk9lkyOzMMjMbCEv8Ar14UIJXv8ibf+PkcdDEgoaiqpvuriDmTBvX/XbW1jc2t7YzO9nc7t7+Qf6wUNcyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIBrdTvzGkSjMpHs0opn6Ee4KFjGBjpYdh56KTL7pldwa0SrwFKVYKk+en0mmu2sl/tbuSJBEVhnCsdctzY+OnWBlGOB1n24mmMSYD3KMtSwWOqPbT2aljdGaVLgqlsiUMmqm/J1IcaT2KAtsZYdPXy95U/M9rJSa89lMm4sRQQeaLwoQjI9H0b9RlihLDR5Zgopi9FZE+VpgYm07WhuAtv7xK6udl77Ls3ts0bmCODBzDCZTAgyuowB1UoQYEevACb/DucOfVmTgf89Y1ZzFzBH/gfP4AI46P6Q==</latexit>v3

<latexit sha1_base64="chZzS/sUYnPBc1LznBoMEoKzuU0=">AAACBHicbZDLSgMxFIYz9VbrbdRlQYJFqAgl40IFQQpuXFawF2iHIZNm2tBMZkgyhTJ04cZ30Bdw40IRtz6EO9/GTNuFtv4Q+PjPOZyc3485Uxqhbyu3tLyyupZfL2xsbm3v2Lt7DRUlktA6iXgkWz5WlDNB65ppTluxpDj0OW36g+us3hxSqVgk7vQopm6Ie4IFjGBtLM8uNrx06KFxeXgJO5RzD8GTKTjHnl1CFTQRXARnBqXqwWOmp5pnf3W6EUlCKjThWKm2g2LtplhqRjgdFzqJojEmA9yjbYMCh1S56eSIMTwyThcGkTRPaDhxf0+kOFRqFPqmM8S6r+ZrmflfrZ3o4MJNmYgTTQWZLgoSDnUEs0Rgl0lKNB8ZwEQy81dI+lhiok1uBROCM3/yIjROK85ZBd2aNK7AVHlQBIegDBxwDqrgBtRAHRBwD57BK3izHqwX6936mLbmrNnMPvgj6/MHLLyaOw==</latexit>

Vv0(v; `0 + `1)
<latexit sha1_base64="/Q6oBiAyCenSpSYS+Qj7WYcDD/E=">AAACBHicbZDLSsNAFIYn9VbrLeqyIINFqAgl6UIFQQpuXFawF2hDmExP26GTCzOTQglduPEd9AXcuFDErQ/hzrdx0nSh1R8GPv5zDmfO70WcSWVZX0ZuaXlldS2/XtjY3NreMXf3mjKMBYUGDXko2h6RwFkADcUUh3YkgPgeh5Y3ukrrrTEIycLgVk0icHwyCFifUaK05ZrFppuM3eq0PL7AXeDctfBJBvaxa5asijUT/gv2HEq1g4dUj3XX/Oz2Qhr7ECjKiZQd24qUkxChGOUwLXRjCRGhIzKAjsaA+CCdZHbEFB9pp4f7odAvUHjm/pxIiC/lxPd0p0/UUC7WUvO/WidW/XMnYUEUKwhotqgfc6xCnCaCe0wAVXyigVDB9F8xHRJBqNK5FXQI9uLJf6FZrdinFetGp3GJMuVRER2iMrLRGaqha1RHDUTRHXpCL+jVuDeejTfjPWvNGfOZffRLxsc3L+6aPQ==</latexit>

Vv2(v; `0 + `1)
<latexit sha1_base64="VhKy88311iA6Cx/ORsQykdublT8=">AAAB+3icbVDLSsNAFL3xWesr1qUgg0Wom5IoqCBIwY3LCvYBbQiT6aQdOnkwMymWkA/RhRsXirj1R9z5N07aLrT1wIXDOfdy7z1ezJlUlvVtLC2vrK6tFzaKm1vbO7vmXqkpo0QQ2iARj0Tbw5JyFtKGYorTdiwoDjxOW97wJvdbIyoki8J7NY6pE+B+yHxGsNKSa5aabjpyz7LK6Ap1KeeufeKaZatqTYAWiT0j5drhY46numt+dXsRSQIaKsKxlB3bipWTYqEY4TQrdhNJY0yGuE87moY4oNJJJ7dn6FgrPeRHQleo0ET9PZHiQMpx4OnOAKuBnPdy8T+vkyj/0klZGCeKhmS6yE84UhHKg0A9JihRfKwJJoLpWxEZYIGJ0nEVdQj2/MuLpHlatc+r1p1O4xqmKMABHEEFbLiAGtxCHRpA4AGe4RXejMx4Md6Nj2nrkjGb2Yc/MD5/ALvrl1E=</latexit>

Vv3(v; `1)

(Omitting the θ input from which all nodes descend.)
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Finite-horizon MDP—example

<latexit sha1_base64="7NWynQdIZsHWESiaAmo51CUzFm0=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb5mDD3t5ld8+EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCARXBvX/XYya+sbm1vZ7Vx+Z3dvv3BQbOg4VQzrLBaxegioRsEl1g03Ah8ShTQKBDaDwfXUbz6i0jyW92aYoB/RnuQhZ9RY6U533E6h5FbcGcgq8RakVC1Onp/KJ/lap/DV7sYsjVAaJqjWLc9NjD+iynAmcJxrpxoTyga0hy1LJY1Q+6PZqWNyapUuCWNlSxoyU39PjGik9TAKbGdETV8ve1PxP6+VmvDSH3GZpAYlmy8KU0FMTKZ/ky5XyIwYWkKZ4vZWwvpUUWZsOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnFdn4nzMWzPOYuYQ/sD5/AEacI/j</latexit>s0
<latexit sha1_base64="dmvQ8o1Natvkx2OJO/BW+TpC1Hc=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSnem43UKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEb9I/k</latexit>s1

<latexit sha1_base64="OY/fPKWDjQrm1i85TG+TX5AnDFQ=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCiexyUE+GxItHjPJIYENmh1mYMDO7mZk1IRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7gpizrRx3W8ns7G5tb2T3c3l9/YPDgtHxaaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm5rceqdIskg9mHFNf4IFkISPYWOle96q9QsmtuHOgdeItSalWnD4/lc/y9V7hq9uPSCKoNIRjrTueGxs/xcowwukk1000jTEZ4QHtWCqxoNpP56dO0LlV+iiMlC1p0Fz9PZFiofVYBLZTYDPUq95M/M/rJCa88lMm48RQSRaLwoQjE6HZ36jPFCWGjy3BRDF7KyJDrDAxNp2cDcFbfXmdNKsV76Li3tk0rmGBLJzAKZTBg0uowS3UoQEEBvACb/DucOfVmTofi9aMs5w5hj9wPn8AHXiP5Q==</latexit>s2
<latexit sha1_base64="k+773FHqMMpurCZTrx/6BZnTrr4=">AAAB6nicbVDLSgNBEOyNr5j4iPHoZTAKOYVdBfUkAS8eI5oHJEuYncwmQ2ZnlplZISzxC/TiQQle/SJv/o2Tx0ETCxqKqm66u4KYM21c99vJrK1vbG5lt3P5nd29/cJBsaFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2keDCjmPoR7gsWMoKNle5197xbKLkVdwa0SrwFKVWLk+en8km+1i18dXqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT2aljdGqVHgqlsiUMmqm/J1IcaT2KAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0b9RjihLDR5Zgopi9FZEBVpgYm07OhuAtv7xKGmcV76Li3tk0rmGOLBzBMZTBg0uowi3UoA4E+vACb/DucOfVmTgf89aMs5g5hD9wPn8AHvyP5g==</latexit>s3

<latexit sha1_base64="yHmB0wFu5W0HAMrzq7bnmXwgn7M=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC5lb9mDD3t5ld8+EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCARXBvX/XYya+sbm1vZ7Vx+Z3dvv3BQbOg4VZTVaSxi9RCgZoJLVjfcCPaQKIZRIFgzGFxP/eYjU5rH8t4ME+ZH2JM85BSNle6w43YKJbfizkBWibcgpWpx8vxUPsnXOoWvdjemacSkoQK1bnluYvwRKsOpYONcO9UsQTrAHmtZKjFi2h/NTh2TU6t0SRgrW9KQmfp7YoSR1sMosJ0Rmr5e9qbif14rNeGlP+IySQ2TdL4oTAUxMZn+TbpcMWrE0BKkittbCe2jQmpsOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOlDowQu8wbsjnFdn4nzMWzPOYuYQ/sD5/AH+9Y/R</latexit>a0
<latexit sha1_base64="3PdwYPCMiwh9AANFwmsryrKhgGk=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSne043UKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEAiI/S</latexit>a1

<latexit sha1_base64="GhxWPtQ0W3Ijq2jDjn4KS9GPlWY=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCiexyUE+GxItHjPJIYENmh1mYMDO7mZk1IRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7gpizrRx3W8ns7G5tb2T3c3l9/YPDgtHxaaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm5rceqdIskg9mHFNf4IFkISPYWOke96q9QsmtuHOgdeItSalWnD4/lc/y9V7hq9uPSCKoNIRjrTueGxs/xcowwukk1000jTEZ4QHtWCqxoNpP56dO0LlV+iiMlC1p0Fz9PZFiofVYBLZTYDPUq95M/M/rJCa88lMm48RQSRaLwoQjE6HZ36jPFCWGjy3BRDF7KyJDrDAxNp2cDcFbfXmdNKsV76Li3tk0rmGBLJzAKZTBg0uowS3UoQEEBvACb/DucOfVmTofi9aMs5w5hj9wPn8AAgyP0w==</latexit>a2
<latexit sha1_base64="9XcBjqfM8z/o7Pi9HW+iSJNd8dk=">AAAB6nicbVDLSgNBEOyNr5j4iPHoZTAKOYVdBfUkAS8eI5oHJEuYncwmQ2ZnlplZISzxC/TiQQle/SJv/o2Tx0ETCxqKqm66u4KYM21c99vJrK1vbG5lt3P5nd29/cJBsaFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2keDCjmPoR7gsWMoKNle5x97xbKLkVdwa0SrwFKVWLk+en8km+1i18dXqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT2aljdGqVHgqlsiUMmqm/J1IcaT2KAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0b9RjihLDR5Zgopi9FZEBVpgYm07OhuAtv7xKGmcV76Li3tk0rmGOLBzBMZTBg0uowi3UoA4E+vACb/DucOfVmTgf89aMs5g5hD9wPn8AA5CP1A==</latexit>a3

<latexit sha1_base64="X2GAhUTU+N2ZBDe8/vjQqFSU0hw=">AAAB7XicbZDLSsNAFIYnXmu9VV26GSyCq5IoqCstuHFZwV6gDWUyPWnHTjJh5kQooe/gxoUibn0Q38Cdb+M07UJbfxj4+P9zmHNOkEhh0HW/naXlldW19cJGcXNre2e3tLffMCrVHOpcSaVbATMgRQx1FCihlWhgUSChGQxvJnnzEbQRKr7HUQJ+xPqxCAVnaK1GBweArFsquxU3F10Ebwbl68+zXLVu6avTUzyNIEYumTFtz03Qz5hGwSWMi53UQML4kPWhbTFmERg/y6cd02Pr9GiotH0x0tz93ZGxyJhRFNjKiOHAzGcT87+snWJ46WciTlKEmE8/ClNJUdHJ6rQnNHCUIwuMa2FnpXzANONoD1S0R/DmV16ExmnFO6+4d265ekWmKpBDckROiEcuSJXckhqpE04eyBN5Ia+Ocp6dN+d9WrrkzHoOyB85Hz+b4pFZ</latexit>

✓

<latexit sha1_base64="6/PdORwxrp8cCsSsXgNsbxfzrvU=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSne643YKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEY6o/i</latexit>r0
<latexit sha1_base64="wllaFC6T+pNSttHwGli94GIE/5E=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSne643UKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEabo/j</latexit>r1

<latexit sha1_base64="McBfdaU9dmQlW371btBV2u8EkCM=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCiexyUE+GxItHjPJIYENmh1mYMDO7mZk1IRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7gpizrRx3W8ns7G5tb2T3c3l9/YPDgtHxaaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm5rceqdIskg9mHFNf4IFkISPYWOle9aq9QsmtuHOgdeItSalWnD4/lc/y9V7hq9uPSCKoNIRjrTueGxs/xcowwukk1000jTEZ4QHtWCqxoNpP56dO0LlV+iiMlC1p0Fz9PZFiofVYBLZTYDPUq95M/M/rJCa88lMm48RQSRaLwoQjE6HZ36jPFCWGjy3BRDF7KyJDrDAxNp2cDcFbfXmdNKsV76Li3tk0rmGBLJzAKZTBg0uowS3UoQEEBvACb/DucOfVmTofi9aMs5w5hj9wPn8AG/KP5A==</latexit>r2
<latexit sha1_base64="MVuJ9gGArC7xEzY3IQcUPAtlXZg=">AAAB6nicbVDLSgNBEOyNr5j4iPHoZTAKOYVdBfUkAS8eI5oHJEuYncwmQ2ZnlplZISzxC/TiQQle/SJv/o2Tx0ETCxqKqm66u4KYM21c99vJrK1vbG5lt3P5nd29/cJBsaFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2keDCjmPoR7gsWMoKNle5V97xbKLkVdwa0SrwFKVWLk+en8km+1i18dXqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT2aljdGqVHgqlsiUMmqm/J1IcaT2KAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0b9RjihLDR5Zgopi9FZEBVpgYm07OhuAtv7xKGmcV76Li3tk0rmGOLBzBMZTBg0uowi3UoA4E+vACb/DucOfVmTgf89aMs5g5hD9wPn8AHXaP5Q==</latexit>r3

Vs1(s; L(s1)) = E
[∑3

t=1
rt

∣∣∣ s1 = s
]

= V π
1 (s)
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Finite-horizon MDP—example

<latexit sha1_base64="7NWynQdIZsHWESiaAmo51CUzFm0=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb5mDD3t5ld8+EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCARXBvX/XYya+sbm1vZ7Vx+Z3dvv3BQbOg4VQzrLBaxegioRsEl1g03Ah8ShTQKBDaDwfXUbz6i0jyW92aYoB/RnuQhZ9RY6U533E6h5FbcGcgq8RakVC1Onp/KJ/lap/DV7sYsjVAaJqjWLc9NjD+iynAmcJxrpxoTyga0hy1LJY1Q+6PZqWNyapUuCWNlSxoyU39PjGik9TAKbGdETV8ve1PxP6+VmvDSH3GZpAYlmy8KU0FMTKZ/ky5XyIwYWkKZ4vZWwvpUUWZsOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnFdn4nzMWzPOYuYQ/sD5/AEacI/j</latexit>s0
<latexit sha1_base64="dmvQ8o1Natvkx2OJO/BW+TpC1Hc=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSnem43UKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEb9I/k</latexit>s1

<latexit sha1_base64="OY/fPKWDjQrm1i85TG+TX5AnDFQ=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCiexyUE+GxItHjPJIYENmh1mYMDO7mZk1IRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7gpizrRx3W8ns7G5tb2T3c3l9/YPDgtHxaaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm5rceqdIskg9mHFNf4IFkISPYWOle96q9QsmtuHOgdeItSalWnD4/lc/y9V7hq9uPSCKoNIRjrTueGxs/xcowwukk1000jTEZ4QHtWCqxoNpP56dO0LlV+iiMlC1p0Fz9PZFiofVYBLZTYDPUq95M/M/rJCa88lMm48RQSRaLwoQjE6HZ36jPFCWGjy3BRDF7KyJDrDAxNp2cDcFbfXmdNKsV76Li3tk0rmGBLJzAKZTBg0uowS3UoQEEBvACb/DucOfVmTofi9aMs5w5hj9wPn8AHXiP5Q==</latexit>s2
<latexit sha1_base64="k+773FHqMMpurCZTrx/6BZnTrr4=">AAAB6nicbVDLSgNBEOyNr5j4iPHoZTAKOYVdBfUkAS8eI5oHJEuYncwmQ2ZnlplZISzxC/TiQQle/SJv/o2Tx0ETCxqKqm66u4KYM21c99vJrK1vbG5lt3P5nd29/cJBsaFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2keDCjmPoR7gsWMoKNle5197xbKLkVdwa0SrwFKVWLk+en8km+1i18dXqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT2aljdGqVHgqlsiUMmqm/J1IcaT2KAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0b9RjihLDR5Zgopi9FZEBVpgYm07OhuAtv7xKGmcV76Li3tk0rmGOLBzBMZTBg0uowi3UoA4E+vACb/DucOfVmTgf89aMs5g5hD9wPn8AHvyP5g==</latexit>s3

<latexit sha1_base64="yHmB0wFu5W0HAMrzq7bnmXwgn7M=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC5lb9mDD3t5ld8+EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCARXBvX/XYya+sbm1vZ7Vx+Z3dvv3BQbOg4VZTVaSxi9RCgZoJLVjfcCPaQKIZRIFgzGFxP/eYjU5rH8t4ME+ZH2JM85BSNle6w43YKJbfizkBWibcgpWpx8vxUPsnXOoWvdjemacSkoQK1bnluYvwRKsOpYONcO9UsQTrAHmtZKjFi2h/NTh2TU6t0SRgrW9KQmfp7YoSR1sMosJ0Rmr5e9qbif14rNeGlP+IySQ2TdL4oTAUxMZn+TbpcMWrE0BKkittbCe2jQmpsOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOlDowQu8wbsjnFdn4nzMWzPOYuYQ/sD5/AH+9Y/R</latexit>a0
<latexit sha1_base64="3PdwYPCMiwh9AANFwmsryrKhgGk=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSne043UKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEAiI/S</latexit>a1

<latexit sha1_base64="GhxWPtQ0W3Ijq2jDjn4KS9GPlWY=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCiexyUE+GxItHjPJIYENmh1mYMDO7mZk1IRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7gpizrRx3W8ns7G5tb2T3c3l9/YPDgtHxaaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm5rceqdIskg9mHFNf4IFkISPYWOke96q9QsmtuHOgdeItSalWnD4/lc/y9V7hq9uPSCKoNIRjrTueGxs/xcowwukk1000jTEZ4QHtWCqxoNpP56dO0LlV+iiMlC1p0Fz9PZFiofVYBLZTYDPUq95M/M/rJCa88lMm48RQSRaLwoQjE6HZ36jPFCWGjy3BRDF7KyJDrDAxNp2cDcFbfXmdNKsV76Li3tk0rmGBLJzAKZTBg0uowS3UoQEEBvACb/DucOfVmTofi9aMs5w5hj9wPn8AAgyP0w==</latexit>a2
<latexit sha1_base64="9XcBjqfM8z/o7Pi9HW+iSJNd8dk=">AAAB6nicbVDLSgNBEOyNr5j4iPHoZTAKOYVdBfUkAS8eI5oHJEuYncwmQ2ZnlplZISzxC/TiQQle/SJv/o2Tx0ETCxqKqm66u4KYM21c99vJrK1vbG5lt3P5nd29/cJBsaFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2keDCjmPoR7gsWMoKNle5x97xbKLkVdwa0SrwFKVWLk+en8km+1i18dXqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT2aljdGqVHgqlsiUMmqm/J1IcaT2KAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0b9RjihLDR5Zgopi9FZEBVpgYm07OhuAtv7xKGmcV76Li3tk0rmGOLBzBMZTBg0uowi3UoA4E+vACb/DucOfVmTgf89aMs5g5hD9wPn8AA5CP1A==</latexit>a3

<latexit sha1_base64="X2GAhUTU+N2ZBDe8/vjQqFSU0hw=">AAAB7XicbZDLSsNAFIYnXmu9VV26GSyCq5IoqCstuHFZwV6gDWUyPWnHTjJh5kQooe/gxoUibn0Q38Cdb+M07UJbfxj4+P9zmHNOkEhh0HW/naXlldW19cJGcXNre2e3tLffMCrVHOpcSaVbATMgRQx1FCihlWhgUSChGQxvJnnzEbQRKr7HUQJ+xPqxCAVnaK1GBweArFsquxU3F10Ebwbl68+zXLVu6avTUzyNIEYumTFtz03Qz5hGwSWMi53UQML4kPWhbTFmERg/y6cd02Pr9GiotH0x0tz93ZGxyJhRFNjKiOHAzGcT87+snWJ46WciTlKEmE8/ClNJUdHJ6rQnNHCUIwuMa2FnpXzANONoD1S0R/DmV16ExmnFO6+4d265ekWmKpBDckROiEcuSJXckhqpE04eyBN5Ia+Ocp6dN+d9WrrkzHoOyB85Hz+b4pFZ</latexit>

✓

<latexit sha1_base64="6/PdORwxrp8cCsSsXgNsbxfzrvU=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSne643YKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEY6o/i</latexit>r0
<latexit sha1_base64="wllaFC6T+pNSttHwGli94GIE/5E=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSne643UKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEabo/j</latexit>r1

<latexit sha1_base64="McBfdaU9dmQlW371btBV2u8EkCM=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCiexyUE+GxItHjPJIYENmh1mYMDO7mZk1IRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7gpizrRx3W8ns7G5tb2T3c3l9/YPDgtHxaaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm5rceqdIskg9mHFNf4IFkISPYWOle9aq9QsmtuHOgdeItSalWnD4/lc/y9V7hq9uPSCKoNIRjrTueGxs/xcowwukk1000jTEZ4QHtWCqxoNpP56dO0LlV+iiMlC1p0Fz9PZFiofVYBLZTYDPUq95M/M/rJCa88lMm48RQSRaLwoQjE6HZ36jPFCWGjy3BRDF7KyJDrDAxNp2cDcFbfXmdNKsV76Li3tk0rmGBLJzAKZTBg0uowS3UoQEEBvACb/DucOfVmTofi9aMs5w5hj9wPn8AG/KP5A==</latexit>r2
<latexit sha1_base64="MVuJ9gGArC7xEzY3IQcUPAtlXZg=">AAAB6nicbVDLSgNBEOyNr5j4iPHoZTAKOYVdBfUkAS8eI5oHJEuYncwmQ2ZnlplZISzxC/TiQQle/SJv/o2Tx0ETCxqKqm66u4KYM21c99vJrK1vbG5lt3P5nd29/cJBsaFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2keDCjmPoR7gsWMoKNle5V97xbKLkVdwa0SrwFKVWLk+en8km+1i18dXqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT2aljdGqVHgqlsiUMmqm/J1IcaT2KAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0b9RjihLDR5Zgopi9FZEBVpgYm07OhuAtv7xKGmcV76Li3tk0rmGOLBzBMZTBg0uowi3UoA4E+vACb/DucOfVmTgf89aMs5g5hD9wPn8AHXaP5Q==</latexit>r3

V{s1,a1}(s, a; L({s1, a1})) = E
[∑3

t=1
rt

∣∣∣ s1 = s, a1 = a
]

= Qπ
1 (s, a)
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Baselines

A baseline for a node v is a scalar-valued function B(V) of the node
values in V such that

E
[
d log p(v |hv )

dθ
B(V)

]
= 0

Important fact: if B ⊆ V is such that for all b ∈ B, b is not a
descendant of w , w ⊀ b, and B(B) is a scalar-valued function, then

E
[
d log p(v |hv )

dθ
B(B)

]
= E

[
E
[
d log p(v |hv )

dθ

∣∣∣∣hv]E [B(B)|hv ]

]
= 0
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Baselines

Values can be used as baselines. Which are valid baselines for v2?

<latexit sha1_base64="zuPjEvvSCZ2xGDsntK1netN/zoE=">AAAB7XicbVA9SwNBEJ3zMyZ+xFjaLEYhVbizUCsJ2FhGMB+QHGFvM5es2ds7dveEEOIvsLCxiIit/8fOf+Pmo9DEBwOP92aYmRckgmvjut/O2vrG5tZ2Zieb293bP8gfFuo6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNxM/cYjKs1jeW+GCfoR7UkeckaNleptFKLjdvJFt+zOQFaJtyDFSmHy/FQ6zVU7+a92N2ZphNIwQbVueW5i/BFVhjOB42w71ZhQNqA9bFkqaYTaH82uHZMzq3RJGCtb0pCZ+ntiRCOth1FgOyNq+nrZm4r/ea3UhFf+iMskNSjZfFGYCmJiMn2ddLlCZsTQEsoUt7cS1qeKMmMDytoQvOWXV0n9vOxdlN07m8Y1zJGBYziBEnhwCRW4hSrUgMEDvMAE3pzYeXXenY9565qzmDmCP3A+fwBLepEn</latexit>

`0
<latexit sha1_base64="ZsXpnm7N5DKkhL2uJ9XEU1f6kaw=">AAAB7XicbVA9SwNBEJ3zMyZ+xFjaLEYhVbizUCsJ2FhGMB+QHGFvM5es2ds7dveEEOIvsLCxiIit/8fOf+Pmo9DEBwOP92aYmRckgmvjut/O2vrG5tZ2Zieb293bP8gfFuo6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNxM/cYjKs1jeW+GCfoR7UkeckaNleptFKLjdfJFt+zOQFaJtyDFSmHy/FQ6zVU7+a92N2ZphNIwQbVueW5i/BFVhjOB42w71ZhQNqA9bFkqaYTaH82uHZMzq3RJGCtb0pCZ+ntiRCOth1FgOyNq+nrZm4r/ea3UhFf+iMskNSjZfFGYCmJiMn2ddLlCZsTQEsoUt7cS1qeKMmMDytoQvOWXV0n9vOxdlN07m8Y1zJGBYziBEnhwCRW4hSrUgMEDvMAE3pzYeXXenY9565qzmDmCP3A+fwBM/pEo</latexit>

`1

<latexit sha1_base64="BNNAE9vkceiCHuhpY2cwe4ZaVZU=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCicx6UE+GxItHjPJIYENmh1mYMDu7mZklIRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7vJjwbXB+NvJbGxube9kd3P5vf2Dw8JRsaGjRFFWp5GIVMsnmgkuWd1wI1grVoyEvmBNf3g785sjpjSP5KMZx8wLSV/ygFNirPQw6uJuoYQreA60TtwlKVWL0+en8lm+1i18dXoRTUImDRVE67aLY+OlRBlOBZvkOolmMaFD0mdtSyUJmfbS+akTdG6VHgoiZUsaNFd/T6Qk1Hoc+rYzJGagV72Z+J/XTkxw7aVcxolhki4WBYlAJkKzv1GPK0aNGFtCqOL2VkQHRBFqbDo5G4K7+vI6aVxU3MsKvrdp3MACWTiBUyiDC1dQhTuoQR0o9OEF3uDdEc6rM3U+Fq0ZZzlzDH/gfP4AHwKP5g==</latexit>v0

<latexit sha1_base64="tMqgqrrrOvFbqJ6TOGMZt/TThqg=">AAAB6nicbVDLTgJBEOzBF4IPxKOXiWjCiex6UE+GxItHjPJIYENmh1mYMDu7mZklIRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7vJjwbVxnG+U2djc2t7J7ubye/sHh4WjYkNHiaKsTiMRqZZPNBNcsrrhRrBWrBgJfcGa/vB25jdHTGkeyUczjpkXkr7kAafEWOlh1HW7hZJTcebA68RdklK1OH1+Kp/la93CV6cX0SRk0lBBtG67Tmy8lCjDqWCTXCfRLCZ0SPqsbakkIdNeOj91gs+t0sNBpGxJg+fq74mUhFqPQ992hsQM9Ko3E//z2okJrr2UyzgxTNLFoiAR2ER49jfuccWoEWNLCFXc3orpgChCjU0nZ0NwV19eJ42LintZce5tGjewQBZO4BTK4MIVVOEOalAHCn14gTd4RwK9oin6WLRm0HLmGP4Aff4AIIaP5w==</latexit>v1

<latexit sha1_base64="uV2m6nM/Ol/szyE+EdJc6Q9iQgQ=">AAAB6nicbVDLSgNBEOz1GRMfMR69DEYhp7CroJ4k4MVjRPOAZAmzk9lkyOzMMjMbCEv8Ar14UIJXv8ibf+PkcdDEgoaiqpvuriDmTBvX/XbW1jc2t7YzO9nc7t7+Qf6wUNcyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIBrdTvzGkSjMpHs0opn6Ee4KFjGBjpYdh56KTL7pldwa0SrwFKVYKk+en0mmu2sl/tbuSJBEVhnCsdctzY+OnWBlGOB1n24mmMSYD3KMtSwWOqPbT2aljdGaVLgqlsiUMmqm/J1IcaT2KAtsZYdPXy95U/M9rJSa89lMm4sRQQeaLwoQjI9H0b9RlihLDR5Zgopi9FZE+VpgYm07WhuAtv7xK6udl77Ls3ts0bmCODBzDCZTAgyuowB1UoQYEevACb/DucOfVmTgf89Y1ZzFzBH/gfP4AI46P6Q==</latexit>v3
<latexit sha1_base64="WoWASQUuzFUrDUHvWSRn81slfXw=">AAAB6nicbVDLTgJBEOz1ieAD8ehlIppwIrsc1JMh8eIRozwS2JDZYRYmzMxuZmZJyAa/QC8eNMSrX+TNv3F4HBSspJNKVXe6u4KYM21c99vZ2Nza3tnN7GVz+weHR/njQkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg785sjqjSL5KMZx9QXuC9ZyAg2VnoYdSvdfNEtu3OgdeItSbFamD4/lc5ztW7+q9OLSCKoNIRjrdueGxs/xcowwukk20k0jTEZ4j5tWyqxoNpP56dO0IVVeiiMlC1p0Fz9PZFiofVYBLZTYDPQq95M/M9rJya89lMm48RQSRaLwoQjE6HZ36jHFCWGjy3BRDF7KyIDrDAxNp2sDcFbfXmdNCpl77Ls3ts0bmCBDJzCGZTAgyuowh3UoA4E+vACb/DucOfVmTofi9YNZzlzAn/gfP4AIgqP6A==</latexit>v2

<latexit sha1_base64="zuPjEvvSCZ2xGDsntK1netN/zoE=">AAAB7XicbVA9SwNBEJ3zMyZ+xFjaLEYhVbizUCsJ2FhGMB+QHGFvM5es2ds7dveEEOIvsLCxiIit/8fOf+Pmo9DEBwOP92aYmRckgmvjut/O2vrG5tZ2Zieb293bP8gfFuo6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNxM/cYjKs1jeW+GCfoR7UkeckaNleptFKLjdvJFt+zOQFaJtyDFSmHy/FQ6zVU7+a92N2ZphNIwQbVueW5i/BFVhjOB42w71ZhQNqA9bFkqaYTaH82uHZMzq3RJGCtb0pCZ+ntiRCOth1FgOyNq+nrZm4r/ea3UhFf+iMskNSjZfFGYCmJiMn2ddLlCZsTQEsoUt7cS1qeKMmMDytoQvOWXV0n9vOxdlN07m8Y1zJGBYziBEnhwCRW4hSrUgMEDvMAE3pzYeXXenY9565qzmDmCP3A+fwBLepEn</latexit>

`0
<latexit sha1_base64="ZsXpnm7N5DKkhL2uJ9XEU1f6kaw=">AAAB7XicbVA9SwNBEJ3zMyZ+xFjaLEYhVbizUCsJ2FhGMB+QHGFvM5es2ds7dveEEOIvsLCxiIit/8fOf+Pmo9DEBwOP92aYmRckgmvjut/O2vrG5tZ2Zieb293bP8gfFuo6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNxM/cYjKs1jeW+GCfoR7UkeckaNleptFKLjdfJFt+zOQFaJtyDFSmHy/FQ6zVU7+a92N2ZphNIwQbVueW5i/BFVhjOB42w71ZhQNqA9bFkqaYTaH82uHZMzq3RJGCtb0pCZ+ntiRCOth1FgOyNq+nrZm4r/ea3UhFf+iMskNSjZfFGYCmJiMn2ddLlCZsTQEsoUt7cS1qeKMmMDytoQvOWXV0n9vOxdlN07m8Y1zJGBYziBEnhwCRW4hSrUgMEDvMAE3pzYeXXenY9565qzmDmCP3A+fwBM/pEo</latexit>

`1

<latexit sha1_base64="BNNAE9vkceiCHuhpY2cwe4ZaVZU=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCicx6UE+GxItHjPJIYENmh1mYMDu7mZklIRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7vJjwbXB+NvJbGxube9kd3P5vf2Dw8JRsaGjRFFWp5GIVMsnmgkuWd1wI1grVoyEvmBNf3g785sjpjSP5KMZx8wLSV/ygFNirPQw6uJuoYQreA60TtwlKVWL0+en8lm+1i18dXoRTUImDRVE67aLY+OlRBlOBZvkOolmMaFD0mdtSyUJmfbS+akTdG6VHgoiZUsaNFd/T6Qk1Hoc+rYzJGagV72Z+J/XTkxw7aVcxolhki4WBYlAJkKzv1GPK0aNGFtCqOL2VkQHRBFqbDo5G4K7+vI6aVxU3MsKvrdp3MACWTiBUyiDC1dQhTuoQR0o9OEF3uDdEc6rM3U+Fq0ZZzlzDH/gfP4AHwKP5g==</latexit>v0

<latexit sha1_base64="tMqgqrrrOvFbqJ6TOGMZt/TThqg=">AAAB6nicbVDLTgJBEOzBF4IPxKOXiWjCiex6UE+GxItHjPJIYENmh1mYMDu7mZklIRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7vJjwbVxnG+U2djc2t7J7ubye/sHh4WjYkNHiaKsTiMRqZZPNBNcsrrhRrBWrBgJfcGa/vB25jdHTGkeyUczjpkXkr7kAafEWOlh1HW7hZJTcebA68RdklK1OH1+Kp/la93CV6cX0SRk0lBBtG67Tmy8lCjDqWCTXCfRLCZ0SPqsbakkIdNeOj91gs+t0sNBpGxJg+fq74mUhFqPQ992hsQM9Ko3E//z2okJrr2UyzgxTNLFoiAR2ER49jfuccWoEWNLCFXc3orpgChCjU0nZ0NwV19eJ42LintZce5tGjewQBZO4BTK4MIVVOEOalAHCn14gTd4RwK9oin6WLRm0HLmGP4Aff4AIIaP5w==</latexit>v1

<latexit sha1_base64="WoWASQUuzFUrDUHvWSRn81slfXw=">AAAB6nicbVDLTgJBEOz1ieAD8ehlIppwIrsc1JMh8eIRozwS2JDZYRYmzMxuZmZJyAa/QC8eNMSrX+TNv3F4HBSspJNKVXe6u4KYM21c99vZ2Nza3tnN7GVz+weHR/njQkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg785sjqjSL5KMZx9QXuC9ZyAg2VnoYdSvdfNEtu3OgdeItSbFamD4/lc5ztW7+q9OLSCKoNIRjrdueGxs/xcowwukk20k0jTEZ4j5tWyqxoNpP56dO0IVVeiiMlC1p0Fz9PZFiofVYBLZTYDPQq95M/M9rJya89lMm48RQSRaLwoQjE6HZ36jHFCWGjy3BRDF7KyIDrDAxNp2sDcFbfXmdNCpl77Ls3ts0bmCBDJzCGZTAgyuowh3UoA4E+vACb/DucOfVmTofi9YNZzlzAn/gfP4AIgqP6A==</latexit>v2
<latexit sha1_base64="uV2m6nM/Ol/szyE+EdJc6Q9iQgQ=">AAAB6nicbVDLSgNBEOz1GRMfMR69DEYhp7CroJ4k4MVjRPOAZAmzk9lkyOzMMjMbCEv8Ar14UIJXv8ibf+PkcdDEgoaiqpvuriDmTBvX/XbW1jc2t7YzO9nc7t7+Qf6wUNcyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIBrdTvzGkSjMpHs0opn6Ee4KFjGBjpYdh56KTL7pldwa0SrwFKVYKk+en0mmu2sl/tbuSJBEVhnCsdctzY+OnWBlGOB1n24mmMSYD3KMtSwWOqPbT2aljdGaVLgqlsiUMmqm/J1IcaT2KAtsZYdPXy95U/M9rJSa89lMm4sRQQeaLwoQjI9H0b9RlihLDR5Zgopi9FZE+VpgYm07WhuAtv7xK6udl77Ls3ts0bmCODBzDCZTAgyuowB1UoQYEevACb/DucOfVmTgf89Y1ZzFzBH/gfP4AI46P6Q==</latexit>v3

<latexit sha1_base64="zuPjEvvSCZ2xGDsntK1netN/zoE=">AAAB7XicbVA9SwNBEJ3zMyZ+xFjaLEYhVbizUCsJ2FhGMB+QHGFvM5es2ds7dveEEOIvsLCxiIit/8fOf+Pmo9DEBwOP92aYmRckgmvjut/O2vrG5tZ2Zieb293bP8gfFuo6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNxM/cYjKs1jeW+GCfoR7UkeckaNleptFKLjdvJFt+zOQFaJtyDFSmHy/FQ6zVU7+a92N2ZphNIwQbVueW5i/BFVhjOB42w71ZhQNqA9bFkqaYTaH82uHZMzq3RJGCtb0pCZ+ntiRCOth1FgOyNq+nrZm4r/ea3UhFf+iMskNSjZfFGYCmJiMn2ddLlCZsTQEsoUt7cS1qeKMmMDytoQvOWXV0n9vOxdlN07m8Y1zJGBYziBEnhwCRW4hSrUgMEDvMAE3pzYeXXenY9565qzmDmCP3A+fwBLepEn</latexit>

`0
<latexit sha1_base64="ZsXpnm7N5DKkhL2uJ9XEU1f6kaw=">AAAB7XicbVA9SwNBEJ3zMyZ+xFjaLEYhVbizUCsJ2FhGMB+QHGFvM5es2ds7dveEEOIvsLCxiIit/8fOf+Pmo9DEBwOP92aYmRckgmvjut/O2vrG5tZ2Zieb293bP8gfFuo6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNxM/cYjKs1jeW+GCfoR7UkeckaNleptFKLjdfJFt+zOQFaJtyDFSmHy/FQ6zVU7+a92N2ZphNIwQbVueW5i/BFVhjOB42w71ZhQNqA9bFkqaYTaH82uHZMzq3RJGCtb0pCZ+ntiRCOth1FgOyNq+nrZm4r/ea3UhFf+iMskNSjZfFGYCmJiMn2ddLlCZsTQEsoUt7cS1qeKMmMDytoQvOWXV0n9vOxdlN07m8Y1zJGBYziBEnhwCRW4hSrUgMEDvMAE3pzYeXXenY9565qzmDmCP3A+fwBM/pEo</latexit>

`1

<latexit sha1_base64="WoWASQUuzFUrDUHvWSRn81slfXw=">AAAB6nicbVDLTgJBEOz1ieAD8ehlIppwIrsc1JMh8eIRozwS2JDZYRYmzMxuZmZJyAa/QC8eNMSrX+TNv3F4HBSspJNKVXe6u4KYM21c99vZ2Nza3tnN7GVz+weHR/njQkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg785sjqjSL5KMZx9QXuC9ZyAg2VnoYdSvdfNEtu3OgdeItSbFamD4/lc5ztW7+q9OLSCKoNIRjrdueGxs/xcowwukk20k0jTEZ4j5tWyqxoNpP56dO0IVVeiiMlC1p0Fz9PZFiofVYBLZTYDPQq95M/M9rJya89lMm48RQSRaLwoQjE6HZ36jHFCWGjy3BRDF7KyIDrDAxNp2sDcFbfXmdNCpl77Ls3ts0bmCBDJzCGZTAgyuowh3UoA4E+vACb/DucOfVmTofi9YNZzlzAn/gfP4AIgqP6A==</latexit>v2
<latexit sha1_base64="BNNAE9vkceiCHuhpY2cwe4ZaVZU=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCicx6UE+GxItHjPJIYENmh1mYMDu7mZklIRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7vJjwbXB+NvJbGxube9kd3P5vf2Dw8JRsaGjRFFWp5GIVMsnmgkuWd1wI1grVoyEvmBNf3g785sjpjSP5KMZx8wLSV/ygFNirPQw6uJuoYQreA60TtwlKVWL0+en8lm+1i18dXoRTUImDRVE67aLY+OlRBlOBZvkOolmMaFD0mdtSyUJmfbS+akTdG6VHgoiZUsaNFd/T6Qk1Hoc+rYzJGagV72Z+J/XTkxw7aVcxolhki4WBYlAJkKzv1GPK0aNGFtCqOL2VkQHRBFqbDo5G4K7+vI6aVxU3MsKvrdp3MACWTiBUyiDC1dQhTuoQR0o9OEF3uDdEc6rM3U+Fq0ZZzlzDH/gfP4AHwKP5g==</latexit>v0

<latexit sha1_base64="tMqgqrrrOvFbqJ6TOGMZt/TThqg=">AAAB6nicbVDLTgJBEOzBF4IPxKOXiWjCiex6UE+GxItHjPJIYENmh1mYMDu7mZklIRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7vJjwbVxnG+U2djc2t7J7ubye/sHh4WjYkNHiaKsTiMRqZZPNBNcsrrhRrBWrBgJfcGa/vB25jdHTGkeyUczjpkXkr7kAafEWOlh1HW7hZJTcebA68RdklK1OH1+Kp/la93CV6cX0SRk0lBBtG67Tmy8lCjDqWCTXCfRLCZ0SPqsbakkIdNeOj91gs+t0sNBpGxJg+fq74mUhFqPQ992hsQM9Ko3E//z2okJrr2UyzgxTNLFoiAR2ER49jfuccWoEWNLCFXc3orpgChCjU0nZ0NwV19eJ42LintZce5tGjewQBZO4BTK4MIVVOEOalAHCn14gTd4RwK9oin6WLRm0HLmGP4Aff4AIIaP5w==</latexit>v1

<latexit sha1_base64="uV2m6nM/Ol/szyE+EdJc6Q9iQgQ=">AAAB6nicbVDLSgNBEOz1GRMfMR69DEYhp7CroJ4k4MVjRPOAZAmzk9lkyOzMMjMbCEv8Ar14UIJXv8ibf+PkcdDEgoaiqpvuriDmTBvX/XbW1jc2t7YzO9nc7t7+Qf6wUNcyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIBrdTvzGkSjMpHs0opn6Ee4KFjGBjpYdh56KTL7pldwa0SrwFKVYKk+en0mmu2sl/tbuSJBEVhnCsdctzY+OnWBlGOB1n24mmMSYD3KMtSwWOqPbT2aljdGaVLgqlsiUMmqm/J1IcaT2KAtsZYdPXy95U/M9rJSa89lMm4sRQQeaLwoQjI9H0b9RlihLDR5Zgopi9FZE+VpgYm07WhuAtv7xK6udl77Ls3ts0bmCODBzDCZTAgyuowB1UoQYEevACb/DucOfVmTgf89Y1ZzFzBH/gfP4AI46P6Q==</latexit>v3

VALID INVALID INVALID

<latexit sha1_base64="chZzS/sUYnPBc1LznBoMEoKzuU0=">AAACBHicbZDLSgMxFIYz9VbrbdRlQYJFqAgl40IFQQpuXFawF2iHIZNm2tBMZkgyhTJ04cZ30Bdw40IRtz6EO9/GTNuFtv4Q+PjPOZyc3485Uxqhbyu3tLyyupZfL2xsbm3v2Lt7DRUlktA6iXgkWz5WlDNB65ppTluxpDj0OW36g+us3hxSqVgk7vQopm6Ie4IFjGBtLM8uNrx06KFxeXgJO5RzD8GTKTjHnl1CFTQRXARnBqXqwWOmp5pnf3W6EUlCKjThWKm2g2LtplhqRjgdFzqJojEmA9yjbYMCh1S56eSIMTwyThcGkTRPaDhxf0+kOFRqFPqmM8S6r+ZrmflfrZ3o4MJNmYgTTQWZLgoSDnUEs0Rgl0lKNB8ZwEQy81dI+lhiok1uBROCM3/yIjROK85ZBd2aNK7AVHlQBIegDBxwDqrgBtRAHRBwD57BK3izHqwX6936mLbmrNnMPvgj6/MHLLyaOw==</latexit>

Vv0(v; `0 + `1)
<latexit sha1_base64="/Q6oBiAyCenSpSYS+Qj7WYcDD/E=">AAACBHicbZDLSsNAFIYn9VbrLeqyIINFqAgl6UIFQQpuXFawF2hDmExP26GTCzOTQglduPEd9AXcuFDErQ/hzrdx0nSh1R8GPv5zDmfO70WcSWVZX0ZuaXlldS2/XtjY3NreMXf3mjKMBYUGDXko2h6RwFkADcUUh3YkgPgeh5Y3ukrrrTEIycLgVk0icHwyCFifUaK05ZrFppuM3eq0PL7AXeDctfBJBvaxa5asijUT/gv2HEq1g4dUj3XX/Oz2Qhr7ECjKiZQd24qUkxChGOUwLXRjCRGhIzKAjsaA+CCdZHbEFB9pp4f7odAvUHjm/pxIiC/lxPd0p0/UUC7WUvO/WidW/XMnYUEUKwhotqgfc6xCnCaCe0wAVXyigVDB9F8xHRJBqNK5FXQI9uLJf6FZrdinFetGp3GJMuVRER2iMrLRGaqha1RHDUTRHXpCL+jVuDeejTfjPWvNGfOZffRLxsc3L+6aPQ==</latexit>

Vv2(v; `0 + `1)
<latexit sha1_base64="VhKy88311iA6Cx/ORsQykdublT8=">AAAB+3icbVDLSsNAFL3xWesr1qUgg0Wom5IoqCBIwY3LCvYBbQiT6aQdOnkwMymWkA/RhRsXirj1R9z5N07aLrT1wIXDOfdy7z1ezJlUlvVtLC2vrK6tFzaKm1vbO7vmXqkpo0QQ2iARj0Tbw5JyFtKGYorTdiwoDjxOW97wJvdbIyoki8J7NY6pE+B+yHxGsNKSa5aabjpyz7LK6Ap1KeeufeKaZatqTYAWiT0j5drhY46numt+dXsRSQIaKsKxlB3bipWTYqEY4TQrdhNJY0yGuE87moY4oNJJJ7dn6FgrPeRHQleo0ET9PZHiQMpx4OnOAKuBnPdy8T+vkyj/0klZGCeKhmS6yE84UhHKg0A9JihRfKwJJoLpWxEZYIGJ0nEVdQj2/MuLpHlatc+r1p1O4xqmKMABHEEFbLiAGtxCHRpA4AGe4RXejMx4Md6Nj2nrkjGb2Yc/MD5/ALvrl1E=</latexit>

Vv3(v; `1)
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Baselines

Application: L(θ)− L(v) is a valid baseline for v , so we can quickly
get the following identity:

E

∑
v∈S
θ≺v

L
d log p(v |hv )

dθ
+
∑
`∈L
θ≺`

d`

dθ


= E

∑
v∈S
θ≺v

L(v)
d log p(v |hv )

dθ
+
∑
`∈L
θ≺`

d`

dθ
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Critics

A critic for a node v is a scalar-valued function Q(V) of the node
values in V such that

E
[
d log p(v |hv )

dθ
L(v)

]
= E

[
d log p(v |hv )

dθ
Q(V)

]
Can be designed easily using the tower property of expectation:

E
[
d log p(v |hv )

dθ
L(v)

]
= E

[
d log p(v |hv )

dθ
E[L(v)|v , hv ]

]
So Qv (V) = E[L(v)|v , hv ] = V (v , hv ; L(v)) is a valid critic.
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Critics

Values can be used as critics. Which are valid critics for v1?

<latexit sha1_base64="zuPjEvvSCZ2xGDsntK1netN/zoE=">AAAB7XicbVA9SwNBEJ3zMyZ+xFjaLEYhVbizUCsJ2FhGMB+QHGFvM5es2ds7dveEEOIvsLCxiIit/8fOf+Pmo9DEBwOP92aYmRckgmvjut/O2vrG5tZ2Zieb293bP8gfFuo6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNxM/cYjKs1jeW+GCfoR7UkeckaNleptFKLjdvJFt+zOQFaJtyDFSmHy/FQ6zVU7+a92N2ZphNIwQbVueW5i/BFVhjOB42w71ZhQNqA9bFkqaYTaH82uHZMzq3RJGCtb0pCZ+ntiRCOth1FgOyNq+nrZm4r/ea3UhFf+iMskNSjZfFGYCmJiMn2ddLlCZsTQEsoUt7cS1qeKMmMDytoQvOWXV0n9vOxdlN07m8Y1zJGBYziBEnhwCRW4hSrUgMEDvMAE3pzYeXXenY9565qzmDmCP3A+fwBLepEn</latexit>

`0
<latexit sha1_base64="ZsXpnm7N5DKkhL2uJ9XEU1f6kaw=">AAAB7XicbVA9SwNBEJ3zMyZ+xFjaLEYhVbizUCsJ2FhGMB+QHGFvM5es2ds7dveEEOIvsLCxiIit/8fOf+Pmo9DEBwOP92aYmRckgmvjut/O2vrG5tZ2Zieb293bP8gfFuo6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNxM/cYjKs1jeW+GCfoR7UkeckaNleptFKLjdfJFt+zOQFaJtyDFSmHy/FQ6zVU7+a92N2ZphNIwQbVueW5i/BFVhjOB42w71ZhQNqA9bFkqaYTaH82uHZMzq3RJGCtb0pCZ+ntiRCOth1FgOyNq+nrZm4r/ea3UhFf+iMskNSjZfFGYCmJiMn2ddLlCZsTQEsoUt7cS1qeKMmMDytoQvOWXV0n9vOxdlN07m8Y1zJGBYziBEnhwCRW4hSrUgMEDvMAE3pzYeXXenY9565qzmDmCP3A+fwBM/pEo</latexit>

`1

<latexit sha1_base64="BNNAE9vkceiCHuhpY2cwe4ZaVZU=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCicx6UE+GxItHjPJIYENmh1mYMDu7mZklIRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7vJjwbXB+NvJbGxube9kd3P5vf2Dw8JRsaGjRFFWp5GIVMsnmgkuWd1wI1grVoyEvmBNf3g785sjpjSP5KMZx8wLSV/ygFNirPQw6uJuoYQreA60TtwlKVWL0+en8lm+1i18dXoRTUImDRVE67aLY+OlRBlOBZvkOolmMaFD0mdtSyUJmfbS+akTdG6VHgoiZUsaNFd/T6Qk1Hoc+rYzJGagV72Z+J/XTkxw7aVcxolhki4WBYlAJkKzv1GPK0aNGFtCqOL2VkQHRBFqbDo5G4K7+vI6aVxU3MsKvrdp3MACWTiBUyiDC1dQhTuoQR0o9OEF3uDdEc6rM3U+Fq0ZZzlzDH/gfP4AHwKP5g==</latexit>v0

<latexit sha1_base64="tMqgqrrrOvFbqJ6TOGMZt/TThqg=">AAAB6nicbVDLTgJBEOzBF4IPxKOXiWjCiex6UE+GxItHjPJIYENmh1mYMDu7mZklIRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7vJjwbVxnG+U2djc2t7J7ubye/sHh4WjYkNHiaKsTiMRqZZPNBNcsrrhRrBWrBgJfcGa/vB25jdHTGkeyUczjpkXkr7kAafEWOlh1HW7hZJTcebA68RdklK1OH1+Kp/la93CV6cX0SRk0lBBtG67Tmy8lCjDqWCTXCfRLCZ0SPqsbakkIdNeOj91gs+t0sNBpGxJg+fq74mUhFqPQ992hsQM9Ko3E//z2okJrr2UyzgxTNLFoiAR2ER49jfuccWoEWNLCFXc3orpgChCjU0nZ0NwV19eJ42LintZce5tGjewQBZO4BTK4MIVVOEOalAHCn14gTd4RwK9oin6WLRm0HLmGP4Aff4AIIaP5w==</latexit>v1

<latexit sha1_base64="uV2m6nM/Ol/szyE+EdJc6Q9iQgQ=">AAAB6nicbVDLSgNBEOz1GRMfMR69DEYhp7CroJ4k4MVjRPOAZAmzk9lkyOzMMjMbCEv8Ar14UIJXv8ibf+PkcdDEgoaiqpvuriDmTBvX/XbW1jc2t7YzO9nc7t7+Qf6wUNcyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIBrdTvzGkSjMpHs0opn6Ee4KFjGBjpYdh56KTL7pldwa0SrwFKVYKk+en0mmu2sl/tbuSJBEVhnCsdctzY+OnWBlGOB1n24mmMSYD3KMtSwWOqPbT2aljdGaVLgqlsiUMmqm/J1IcaT2KAtsZYdPXy95U/M9rJSa89lMm4sRQQeaLwoQjI9H0b9RlihLDR5Zgopi9FZE+VpgYm07WhuAtv7xK6udl77Ls3ts0bmCODBzDCZTAgyuowB1UoQYEevACb/DucOfVmTgf89Y1ZzFzBH/gfP4AI46P6Q==</latexit>v3
<latexit sha1_base64="WoWASQUuzFUrDUHvWSRn81slfXw=">AAAB6nicbVDLTgJBEOz1ieAD8ehlIppwIrsc1JMh8eIRozwS2JDZYRYmzMxuZmZJyAa/QC8eNMSrX+TNv3F4HBSspJNKVXe6u4KYM21c99vZ2Nza3tnN7GVz+weHR/njQkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg785sjqjSL5KMZx9QXuC9ZyAg2VnoYdSvdfNEtu3OgdeItSbFamD4/lc5ztW7+q9OLSCKoNIRjrdueGxs/xcowwukk20k0jTEZ4j5tWyqxoNpP56dO0IVVeiiMlC1p0Fz9PZFiofVYBLZTYDPQq95M/M9rJya89lMm48RQSRaLwoQjE6HZ36jHFCWGjy3BRDF7KyIDrDAxNp2sDcFbfXmdNCpl77Ls3ts0bmCBDJzCGZTAgyuowh3UoA4E+vACb/DucOfVmTofi9YNZzlzAn/gfP4AIgqP6A==</latexit>v2

<latexit sha1_base64="zuPjEvvSCZ2xGDsntK1netN/zoE=">AAAB7XicbVA9SwNBEJ3zMyZ+xFjaLEYhVbizUCsJ2FhGMB+QHGFvM5es2ds7dveEEOIvsLCxiIit/8fOf+Pmo9DEBwOP92aYmRckgmvjut/O2vrG5tZ2Zieb293bP8gfFuo6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNxM/cYjKs1jeW+GCfoR7UkeckaNleptFKLjdvJFt+zOQFaJtyDFSmHy/FQ6zVU7+a92N2ZphNIwQbVueW5i/BFVhjOB42w71ZhQNqA9bFkqaYTaH82uHZMzq3RJGCtb0pCZ+ntiRCOth1FgOyNq+nrZm4r/ea3UhFf+iMskNSjZfFGYCmJiMn2ddLlCZsTQEsoUt7cS1qeKMmMDytoQvOWXV0n9vOxdlN07m8Y1zJGBYziBEnhwCRW4hSrUgMEDvMAE3pzYeXXenY9565qzmDmCP3A+fwBLepEn</latexit>

`0
<latexit sha1_base64="ZsXpnm7N5DKkhL2uJ9XEU1f6kaw=">AAAB7XicbVA9SwNBEJ3zMyZ+xFjaLEYhVbizUCsJ2FhGMB+QHGFvM5es2ds7dveEEOIvsLCxiIit/8fOf+Pmo9DEBwOP92aYmRckgmvjut/O2vrG5tZ2Zieb293bP8gfFuo6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNxM/cYjKs1jeW+GCfoR7UkeckaNleptFKLjdfJFt+zOQFaJtyDFSmHy/FQ6zVU7+a92N2ZphNIwQbVueW5i/BFVhjOB42w71ZhQNqA9bFkqaYTaH82uHZMzq3RJGCtb0pCZ+ntiRCOth1FgOyNq+nrZm4r/ea3UhFf+iMskNSjZfFGYCmJiMn2ddLlCZsTQEsoUt7cS1qeKMmMDytoQvOWXV0n9vOxdlN07m8Y1zJGBYziBEnhwCRW4hSrUgMEDvMAE3pzYeXXenY9565qzmDmCP3A+fwBM/pEo</latexit>

`1

<latexit sha1_base64="BNNAE9vkceiCHuhpY2cwe4ZaVZU=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCicx6UE+GxItHjPJIYENmh1mYMDu7mZklIRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7vJjwbXB+NvJbGxube9kd3P5vf2Dw8JRsaGjRFFWp5GIVMsnmgkuWd1wI1grVoyEvmBNf3g785sjpjSP5KMZx8wLSV/ygFNirPQw6uJuoYQreA60TtwlKVWL0+en8lm+1i18dXoRTUImDRVE67aLY+OlRBlOBZvkOolmMaFD0mdtSyUJmfbS+akTdG6VHgoiZUsaNFd/T6Qk1Hoc+rYzJGagV72Z+J/XTkxw7aVcxolhki4WBYlAJkKzv1GPK0aNGFtCqOL2VkQHRBFqbDo5G4K7+vI6aVxU3MsKvrdp3MACWTiBUyiDC1dQhTuoQR0o9OEF3uDdEc6rM3U+Fq0ZZzlzDH/gfP4AHwKP5g==</latexit>v0

<latexit sha1_base64="tMqgqrrrOvFbqJ6TOGMZt/TThqg=">AAAB6nicbVDLTgJBEOzBF4IPxKOXiWjCiex6UE+GxItHjPJIYENmh1mYMDu7mZklIRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7vJjwbVxnG+U2djc2t7J7ubye/sHh4WjYkNHiaKsTiMRqZZPNBNcsrrhRrBWrBgJfcGa/vB25jdHTGkeyUczjpkXkr7kAafEWOlh1HW7hZJTcebA68RdklK1OH1+Kp/la93CV6cX0SRk0lBBtG67Tmy8lCjDqWCTXCfRLCZ0SPqsbakkIdNeOj91gs+t0sNBpGxJg+fq74mUhFqPQ992hsQM9Ko3E//z2okJrr2UyzgxTNLFoiAR2ER49jfuccWoEWNLCFXc3orpgChCjU0nZ0NwV19eJ42LintZce5tGjewQBZO4BTK4MIVVOEOalAHCn14gTd4RwK9oin6WLRm0HLmGP4Aff4AIIaP5w==</latexit>v1

<latexit sha1_base64="WoWASQUuzFUrDUHvWSRn81slfXw=">AAAB6nicbVDLTgJBEOz1ieAD8ehlIppwIrsc1JMh8eIRozwS2JDZYRYmzMxuZmZJyAa/QC8eNMSrX+TNv3F4HBSspJNKVXe6u4KYM21c99vZ2Nza3tnN7GVz+weHR/njQkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg785sjqjSL5KMZx9QXuC9ZyAg2VnoYdSvdfNEtu3OgdeItSbFamD4/lc5ztW7+q9OLSCKoNIRjrdueGxs/xcowwukk20k0jTEZ4j5tWyqxoNpP56dO0IVVeiiMlC1p0Fz9PZFiofVYBLZTYDPQq95M/M9rJya89lMm48RQSRaLwoQjE6HZ36jHFCWGjy3BRDF7KyIDrDAxNp2sDcFbfXmdNCpl77Ls3ts0bmCBDJzCGZTAgyuowh3UoA4E+vACb/DucOfVmTofi9YNZzlzAn/gfP4AIgqP6A==</latexit>v2
<latexit sha1_base64="uV2m6nM/Ol/szyE+EdJc6Q9iQgQ=">AAAB6nicbVDLSgNBEOz1GRMfMR69DEYhp7CroJ4k4MVjRPOAZAmzk9lkyOzMMjMbCEv8Ar14UIJXv8ibf+PkcdDEgoaiqpvuriDmTBvX/XbW1jc2t7YzO9nc7t7+Qf6wUNcyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIBrdTvzGkSjMpHs0opn6Ee4KFjGBjpYdh56KTL7pldwa0SrwFKVYKk+en0mmu2sl/tbuSJBEVhnCsdctzY+OnWBlGOB1n24mmMSYD3KMtSwWOqPbT2aljdGaVLgqlsiUMmqm/J1IcaT2KAtsZYdPXy95U/M9rJSa89lMm4sRQQeaLwoQjI9H0b9RlihLDR5Zgopi9FZE+VpgYm07WhuAtv7xK6udl77Ls3ts0bmCODBzDCZTAgyuowB1UoQYEevACb/DucOfVmTgf89Y1ZzFzBH/gfP4AI46P6Q==</latexit>v3

VALID INVALID

<latexit sha1_base64="GG62mCBBBUhV8ZsNexHqN8i6g3w=">AAACEHicbZDLSsNAFIYn9VbrLerShYOl2KKUxIUKghTcuKxgL9CEMJlO26GTSZiZFEroI7jxEXyFblwo4talO1/FldOmC239YeDjP+dw5vx+xKhUlvVlZJaWV1bXsuu5jc2t7R1zd68uw1hgUsMhC0XTR5IwyklNUcVIMxIEBT4jDb9/M6k3BkRIGvJ7NYyIG6Aupx2KkdKWZx7XvcRJBp51Cgee7YxGxVjTFXQIY54FT1KwS56Zt8rWVHAR7BnkK4Wn0uH4m1c989NphzgOCFeYISlbthUpN0FCUczIKOfEkkQI91GXtDRyFBDpJtODRrCgnTbshEI/ruDU/T2RoEDKYeDrzgCpnpyvTcz/aq1YdS7dhPIoVoTjdFEnZlCFcJIObFNBsGJDDQgLqv8KcQ8JhJXOMKdDsOdPXoT6Wdk+L1t3Oo1rkCoLDsARKAIbXIAKuAVVUAMYPIAxeAGvxqPxbLwZ72lrxpjN7IM/Mj5+AGR3nes=</latexit>

V{v0,v1}(u, v; `0 + `1)
<latexit sha1_base64="THnx6GcODRBY2vt+RHTyL8qS83c=">AAACBHicbZDLSsNAFIYn9VbrLeqyIINFqAglcaGCIAU3LivYC7QhTKYn7dDJhZlJoYQu3PgO+gJuXCji1odw59s4abvQ1h8GPv5zDmfO78WcSWVZ30ZuaXlldS2/XtjY3NreMXf3GjJKBIU6jXgkWh6RwFkIdcUUh1YsgAQeh6Y3uM7qzSEIyaLwTo1icALSC5nPKFHacs1iw02Hrj0uDy9xBzh3LXwyBfvYNUtWxZoIL4I9g1L14DHTU801vzrdiCYBhIpyImXbtmLlpEQoRjmMC51EQkzogPSgrTEkAUgnnRwxxkfa6WI/EvqFCk/c3xMpCaQcBZ7uDIjqy/laZv5XayfKv3BSFsaJgpBOF/kJxyrCWSK4ywRQxUcaCBVM/xXTPhGEKp1bQYdgz5+8CI3Tin1WsW51GldoqjwqokNURjY6R1V0g2qojii6R8/oFb0ZD8aL8W58TFtzxmxmH/2R8fkDLlWaPA==</latexit>

Vv1(v; `0 + `1)

Why? L(v1) is not conditionally independent of d log p(v1|v0)/dθ given v1.
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Baselines and critics

Critics and baselines are motivated by the following fact. Let Qv and Bv

be critics and baselines, respectively, for each stochastic node v , then

∇θJ(θ) = E

∑
v∈S
θ≺v

(Qv (V)− Bv (V))
d log p(v |hv )

dθ
+
∑
`∈L
θ≺`

d`

dθ


Depending on the choice of Qv and Bv we can greatly reduce variance,
while remaining unbiased.
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Finite-horizon MDP—example

<latexit sha1_base64="7NWynQdIZsHWESiaAmo51CUzFm0=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb5mDD3t5ld8+EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCARXBvX/XYya+sbm1vZ7Vx+Z3dvv3BQbOg4VQzrLBaxegioRsEl1g03Ah8ShTQKBDaDwfXUbz6i0jyW92aYoB/RnuQhZ9RY6U533E6h5FbcGcgq8RakVC1Onp/KJ/lap/DV7sYsjVAaJqjWLc9NjD+iynAmcJxrpxoTyga0hy1LJY1Q+6PZqWNyapUuCWNlSxoyU39PjGik9TAKbGdETV8ve1PxP6+VmvDSH3GZpAYlmy8KU0FMTKZ/ky5XyIwYWkKZ4vZWwvpUUWZsOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnFdn4nzMWzPOYuYQ/sD5/AEacI/j</latexit>s0
<latexit sha1_base64="dmvQ8o1Natvkx2OJO/BW+TpC1Hc=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSnem43UKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEb9I/k</latexit>s1

<latexit sha1_base64="OY/fPKWDjQrm1i85TG+TX5AnDFQ=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCiexyUE+GxItHjPJIYENmh1mYMDO7mZk1IRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7gpizrRx3W8ns7G5tb2T3c3l9/YPDgtHxaaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm5rceqdIskg9mHFNf4IFkISPYWOle96q9QsmtuHOgdeItSalWnD4/lc/y9V7hq9uPSCKoNIRjrTueGxs/xcowwukk1000jTEZ4QHtWCqxoNpP56dO0LlV+iiMlC1p0Fz9PZFiofVYBLZTYDPUq95M/M/rJCa88lMm48RQSRaLwoQjE6HZ36jPFCWGjy3BRDF7KyJDrDAxNp2cDcFbfXmdNKsV76Li3tk0rmGBLJzAKZTBg0uowS3UoQEEBvACb/DucOfVmTofi9aMs5w5hj9wPn8AHXiP5Q==</latexit>s2
<latexit sha1_base64="k+773FHqMMpurCZTrx/6BZnTrr4=">AAAB6nicbVDLSgNBEOyNr5j4iPHoZTAKOYVdBfUkAS8eI5oHJEuYncwmQ2ZnlplZISzxC/TiQQle/SJv/o2Tx0ETCxqKqm66u4KYM21c99vJrK1vbG5lt3P5nd29/cJBsaFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2keDCjmPoR7gsWMoKNle5197xbKLkVdwa0SrwFKVWLk+en8km+1i18dXqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT2aljdGqVHgqlsiUMmqm/J1IcaT2KAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0b9RjihLDR5Zgopi9FZEBVpgYm07OhuAtv7xKGmcV76Li3tk0rmGOLBzBMZTBg0uowi3UoA4E+vACb/DucOfVmTgf89aMs5g5hD9wPn8AHvyP5g==</latexit>s3

<latexit sha1_base64="yHmB0wFu5W0HAMrzq7bnmXwgn7M=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC5lb9mDD3t5ld8+EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCARXBvX/XYya+sbm1vZ7Vx+Z3dvv3BQbOg4VZTVaSxi9RCgZoJLVjfcCPaQKIZRIFgzGFxP/eYjU5rH8t4ME+ZH2JM85BSNle6w43YKJbfizkBWibcgpWpx8vxUPsnXOoWvdjemacSkoQK1bnluYvwRKsOpYONcO9UsQTrAHmtZKjFi2h/NTh2TU6t0SRgrW9KQmfp7YoSR1sMosJ0Rmr5e9qbif14rNeGlP+IySQ2TdL4oTAUxMZn+TbpcMWrE0BKkittbCe2jQmpsOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOlDowQu8wbsjnFdn4nzMWzPOYuYQ/sD5/AH+9Y/R</latexit>a0
<latexit sha1_base64="3PdwYPCMiwh9AANFwmsryrKhgGk=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSne043UKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEAiI/S</latexit>a1

<latexit sha1_base64="GhxWPtQ0W3Ijq2jDjn4KS9GPlWY=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCiexyUE+GxItHjPJIYENmh1mYMDO7mZk1IRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7gpizrRx3W8ns7G5tb2T3c3l9/YPDgtHxaaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm5rceqdIskg9mHFNf4IFkISPYWOke96q9QsmtuHOgdeItSalWnD4/lc/y9V7hq9uPSCKoNIRjrTueGxs/xcowwukk1000jTEZ4QHtWCqxoNpP56dO0LlV+iiMlC1p0Fz9PZFiofVYBLZTYDPUq95M/M/rJCa88lMm48RQSRaLwoQjE6HZ36jPFCWGjy3BRDF7KyJDrDAxNp2cDcFbfXmdNKsV76Li3tk0rmGBLJzAKZTBg0uowS3UoQEEBvACb/DucOfVmTofi9aMs5w5hj9wPn8AAgyP0w==</latexit>a2
<latexit sha1_base64="9XcBjqfM8z/o7Pi9HW+iSJNd8dk=">AAAB6nicbVDLSgNBEOyNr5j4iPHoZTAKOYVdBfUkAS8eI5oHJEuYncwmQ2ZnlplZISzxC/TiQQle/SJv/o2Tx0ETCxqKqm66u4KYM21c99vJrK1vbG5lt3P5nd29/cJBsaFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2keDCjmPoR7gsWMoKNle5x97xbKLkVdwa0SrwFKVWLk+en8km+1i18dXqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT2aljdGqVHgqlsiUMmqm/J1IcaT2KAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0b9RjihLDR5Zgopi9FZEBVpgYm07OhuAtv7xKGmcV76Li3tk0rmGOLBzBMZTBg0uowi3UoA4E+vACb/DucOfVmTgf89aMs5g5hD9wPn8AA5CP1A==</latexit>a3

<latexit sha1_base64="X2GAhUTU+N2ZBDe8/vjQqFSU0hw=">AAAB7XicbZDLSsNAFIYnXmu9VV26GSyCq5IoqCstuHFZwV6gDWUyPWnHTjJh5kQooe/gxoUibn0Q38Cdb+M07UJbfxj4+P9zmHNOkEhh0HW/naXlldW19cJGcXNre2e3tLffMCrVHOpcSaVbATMgRQx1FCihlWhgUSChGQxvJnnzEbQRKr7HUQJ+xPqxCAVnaK1GBweArFsquxU3F10Ebwbl68+zXLVu6avTUzyNIEYumTFtz03Qz5hGwSWMi53UQML4kPWhbTFmERg/y6cd02Pr9GiotH0x0tz93ZGxyJhRFNjKiOHAzGcT87+snWJ46WciTlKEmE8/ClNJUdHJ6rQnNHCUIwuMa2FnpXzANONoD1S0R/DmV16ExmnFO6+4d265ekWmKpBDckROiEcuSJXckhqpE04eyBN5Ia+Ocp6dN+d9WrrkzHoOyB85Hz+b4pFZ</latexit>

✓

<latexit sha1_base64="6/PdORwxrp8cCsSsXgNsbxfzrvU=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSne643YKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEY6o/i</latexit>r0
<latexit sha1_base64="wllaFC6T+pNSttHwGli94GIE/5E=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSne643UKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEabo/j</latexit>r1

<latexit sha1_base64="McBfdaU9dmQlW371btBV2u8EkCM=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCiexyUE+GxItHjPJIYENmh1mYMDO7mZk1IRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7gpizrRx3W8ns7G5tb2T3c3l9/YPDgtHxaaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm5rceqdIskg9mHFNf4IFkISPYWOle9aq9QsmtuHOgdeItSalWnD4/lc/y9V7hq9uPSCKoNIRjrTueGxs/xcowwukk1000jTEZ4QHtWCqxoNpP56dO0LlV+iiMlC1p0Fz9PZFiofVYBLZTYDPUq95M/M/rJCa88lMm48RQSRaLwoQjE6HZ36jPFCWGjy3BRDF7KyJDrDAxNp2cDcFbfXmdNKsV76Li3tk0rmGBLJzAKZTBg0uowS3UoQEEBvACb/DucOfVmTofi9aMs5w5hj9wPn8AG/KP5A==</latexit>r2
<latexit sha1_base64="MVuJ9gGArC7xEzY3IQcUPAtlXZg=">AAAB6nicbVDLSgNBEOyNr5j4iPHoZTAKOYVdBfUkAS8eI5oHJEuYncwmQ2ZnlplZISzxC/TiQQle/SJv/o2Tx0ETCxqKqm66u4KYM21c99vJrK1vbG5lt3P5nd29/cJBsaFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2keDCjmPoR7gsWMoKNle5V97xbKLkVdwa0SrwFKVWLk+en8km+1i18dXqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT2aljdGqVHgqlsiUMmqm/J1IcaT2KAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0b9RjihLDR5Zgopi9FZEBVpgYm07OhuAtv7xKGmcV76Li3tk0rmGOLBzBMZTBg0uowi3UoA4E+vACb/DucOfVmTgf89aMs5g5hD9wPn8AHXaP5Q==</latexit>r3

<latexit sha1_base64="7NWynQdIZsHWESiaAmo51CUzFm0=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb5mDD3t5ld8+EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCARXBvX/XYya+sbm1vZ7Vx+Z3dvv3BQbOg4VQzrLBaxegioRsEl1g03Ah8ShTQKBDaDwfXUbz6i0jyW92aYoB/RnuQhZ9RY6U533E6h5FbcGcgq8RakVC1Onp/KJ/lap/DV7sYsjVAaJqjWLc9NjD+iynAmcJxrpxoTyga0hy1LJY1Q+6PZqWNyapUuCWNlSxoyU39PjGik9TAKbGdETV8ve1PxP6+VmvDSH3GZpAYlmy8KU0FMTKZ/ky5XyIwYWkKZ4vZWwvpUUWZsOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnFdn4nzMWzPOYuYQ/sD5/AEacI/j</latexit>s0
<latexit sha1_base64="dmvQ8o1Natvkx2OJO/BW+TpC1Hc=">AAAB6nicbVA9TwJBEJ3DLwQ/EEubjWhCRe4s1MqQ2FhiFDCBC9lb9mDD3t5ld86EEPwF2lhoiK2/yM5/4/JRKPiSSV7em8nMvCCRwqDrfjuZtfWNza3sdi6/s7u3XzgoNkycasbrLJaxfgio4VIoXkeBkj8kmtMokLwZDK6nfvORayNidY/DhPsR7SkRCkbRSnem43UKJbfizkBWibcgpWpx8vxUPsnXOoWvdjdmacQVMkmNaXlugv6IahRM8nGunRqeUDagPd6yVNGIG380O3VMTq3SJWGsbSkkM/X3xIhGxgyjwHZGFPtm2ZuK/3mtFMNLfyRUkiJXbL4oTCXBmEz/Jl2hOUM5tIQyLeythPWppgxtOjkbgrf88ippnFW884p7a9O4gjmycATHUAYPLqAKN1CDOjDowQu8wbsjnVdn4nzMWzPOYuYQ/sD5/AEb9I/k</latexit>s1

<latexit sha1_base64="OY/fPKWDjQrm1i85TG+TX5AnDFQ=">AAAB6nicbVDLTgJBEOzFF4IPxKOXiWjCiexyUE+GxItHjPJIYENmh1mYMDO7mZk1IRv8Ar140BCvfpE3/8bhcVCwkk4qVd3p7gpizrRx3W8ns7G5tb2T3c3l9/YPDgtHxaaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm5rceqdIskg9mHFNf4IFkISPYWOle96q9QsmtuHOgdeItSalWnD4/lc/y9V7hq9uPSCKoNIRjrTueGxs/xcowwukk1000jTEZ4QHtWCqxoNpP56dO0LlV+iiMlC1p0Fz9PZFiofVYBLZTYDPUq95M/M/rJCa88lMm48RQSRaLwoQjE6HZ36jPFCWGjy3BRDF7KyJDrDAxNp2cDcFbfXmdNKsV76Li3tk0rmGBLJzAKZTBg0uowS3UoQEEBvACb/DucOfVmTofi9aMs5w5hj9wPn8AHXiP5Q==</latexit>s2
<latexit sha1_base64="k+773FHqMMpurCZTrx/6BZnTrr4=">AAAB6nicbVDLSgNBEOyNr5j4iPHoZTAKOYVdBfUkAS8eI5oHJEuYncwmQ2ZnlplZISzxC/TiQQle/SJv/o2Tx0ETCxqKqm66u4KYM21c99vJrK1vbG5lt3P5nd29/cJBsaFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2keDCjmPoR7gsWMoKNle5197xbKLkVdwa0SrwFKVWLk+en8km+1i18dXqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT2aljdGqVHgqlsiUMmqm/J1IcaT2KAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0b9RjihLDR5Zgopi9FZEBVpgYm07OhuAtv7xKGmcV76Li3tk0rmGOLBzBMZTBg0uowi3UoA4E+vACb/DucOfVmTgf89aMs5g5hD9wPn8AHvyP5g==</latexit>s3
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Stochastic computation graphs

Framework includes other generalizations.

Weber et al. (2019) define the following.
I Generalized Bellman equation.
I “Bootstrapping” methods, i.e., generalizations of TD learning.
I Some other slightly more exotic variance reduction ideas.
I Lots to explore, some of which may not really have been widely

applied. Opportunity?

Let’s look at an application: variational autoencoders.
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Variational autoencoders
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Modelling high-dimensional, multi-modal data

MNIST handwritten digit dataset.

(a) MNIST (t = 1.0) (b) CIFAR-10 (t = 0.7) (c) CelebA 64 (t = 0.6)

(d) CelebA HQ (t = 0.6) (e) FFHQ (t = 0.5)

(f) MaCow [67] trained on CelebA HQ (t = 0.7) (g) Glow [62] trained on CelebA HQ (t = 0.7)

Figure 4: (a)-(e) Sampled images from NVAE with the temperature in prior (t). (f)-(g) A few images
generated by MaCow [67] and Glow [62] are shown for comparison (images are from the original
publications). NVAE generates diverse high quality samples even with a small temperature, and it
exhibits remarkably better hair details and diversity (best seen when zoomed in).

This is done by scaling down the standard deviation of the Normal distributions in each conditional
in the prior, and it often improves the quality of the samples, but it also reduces their diversity.

In NVAE, we observe that if we use the single batch statistics during sampling for the BN layers,
instead of the default running averages, we obtain much more diverse and higher quality samples
even with small temperatures3. A similar observation was made in BigGAN [78] and DCGAN [79].
However, in this case, samples will depend on other data points in the batch. To avoid this, similar to
BigGAN, we readjust running mean and standard deviation in the BN layers by sampling from the
generative model 500 times for the given temperature, and then we use the readjusted statistics for
the final sampling4. We visualize samples with the default BN behavior in Sec. B.2 in the appendix.

3For the evaluation in Sec. 4.1, we do use the default setting to ensure that our reported results are valid.
4This intriguing effect of BN on VAEs and GANs requires further study in future work. We could not obtain

the same quantitative and qualitative results with instance norm which is a batch-independent extension to BN.

7

(Vahdat and Kautz, 2020)
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Modelling high-dimensional, multi-modal data

CIFAR-10 small natural image dataset.

(Krizhevsky, 2009)
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Modelling high-dimensional, multi-modal data

CelebA large images of celebreties

(Liu et al., 2015)
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Variational autoencoders

1. Variational autoencoders (VAEs) are
latent variables models for high
dimensional data x ∈ Rn.

2. A latent variable model is specified in
terms of a joint distribution between x
and a latent variable z ∈ Rm that
factorizes as follows:

pθ(x, z) = pθ(z)pθ(x|z)

3. Latent variable models are an expressive
class, because the marginal pθ(x) can
be very complex due to the likelihood
pθ(x|z) warping the probability mass of
a simple prior pθ(z).

2.8. Challenges 31

Decoder: pθ(x|z)

Prior distribution: pθ(z)

Marginal: pθ(x)

x-space

z-space

Encoder: qφ(z|x)

Marginal: qφ(z)

Data distribution: qD(x)

ML objective = - DKL( qD(x) || pθ(x) ) 
   ELBO objective = - DKL( qD,φ(x,z) || pθ(x,z) )

qD,φ(x,z) = qD(x) qφ(z|x) pθ(x,z) = pθ(z) pθ(x|z)

Figure 2.4: The maximum likelihood (ML) objective can be viewed as the mini-
mization of DKL(qD,„(x)||p◊(x)), while the ELBO objective can be viewed as the
minimization of DKL(qD,„(x, z)||p◊(x, z)), which upper bounds DKL(qD,„(x)||p◊(x)).
If a perfect fit is not possible, then p◊(x, z) will typically end up with higher variance
than qD,„(x, z), because of the direction of the KL divergence.

(Kingma and Welling, 2019)
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Variational autoencoders—example

1. Consider the binary data case,
x ∈ {0, 1}n.

2. Consider a deep Gaussian latent
variable model.

z ∼ N (µ, σ2I )

xi ∼ Bernoulli(bz,i ) indept.

where bz = NN θ(z) is computed using
a neural network NN θ : Rm → Rn with
parameters θ.

3. The marginal pΘ(x) can be multimodal
and expressive.
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Variational autoencoders

1. Let Θ = (θ, µ, σ2). How can we do
maximum likelihood over Θ in this
model?

2. What we want is

arg max
Θ

log pΘ(x)

but pΘ(x) =
∫
pΘ(x, z) dz is too

expensive to compute.

3. The basic idea behind the variational
autoencoder is to optimize a tractable
variational lower bound on log pΘ(x), in
fact the ELBO (Lecture 1)!
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Evidence lower bound

Recall the evidence lower bound (ELBO)

ELBO(Θ, φ, x) = Ez∼qφ

[
log

pΘ(z, x)

qφ(z|x)

]
= log pΘ(x)−KL(qφ(z|x) ‖ pΘ(z|x))

Where

qφ is a density in a parametric family of probability densities.

The objective is called the ELBO, because:

ELBO(Θ, φ, x) ≤ log pΘ(x)

Idea: what if we optimized the ELBO in terms of Θ, φ?
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Variational autoencoders

1. Approximate maximum likelihood for
VAEs is carried out by introducing a
approximate posterior qφ(z|x).

2. To fit a VAE, optimize ELBO using
gradient ascent as a surrogate for the
the marginal likelihood of x,

Ez∼qφ

[
log

pΘ(z, x)

qφ(z|x)

]
3. The key question is then how to

estimate ∇Θ ELBO(Θ, φ, x) and
∇φ ELBO(Θ, φ, x)

2.2. Evidence Lower Bound (ELBO) 17

x-space

z-space

Encoder: qφ(z|x) Decoder: pθ(x|z)

Prior distribution: pθ(z)

Dataset: D

Figure 2.1: A VAE learns stochastic mappings between an observed x-space, whose
empirical distribution qD(x) is typically complicated, and a latent z-space, whose
distribution can be relatively simple (such as spherical, as in this figure). The
generative model learns a joint distribution p◊(x, z) that is often (but not always)
factorized as p◊(x, z) = p◊(z)p◊(x|z), with a prior distribution over latent space
p◊(z), and a stochastic decoder p◊(x|z). The stochastic encoder q„(z|x), also called
inference model, approximates the true but intractable posterior p◊(z|x) of the
generative model.

(Kingma and Welling, 2019)
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