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Announcements

Project handout out later today, sorry for delay (grad admissions).

Please fill out the presentation sign-up Google Form (see
Announcements tab on Quercus)!

I I will settle those assignments soon.
I If you haven’t signed up, I will assign randomly.

Office hours now held on Zoom—GatherTown was not stable enough.

A word about code notebooks.
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Code notebook

Do not re-implement the whole paper.

The requirement is to demonstrate one or two key ideas:
I Can reimplement a toy experiment.
I Can create an illustrative figure.

We will be generous, but ask me for tips if you need them.

Example codebook here (and on course website).
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Recall

Let X be random variable taking values in X (some simple space, e.g.
finite set, countably infinite set, or RD). Let f : X ×Q → R be a
function, where Q is a set of probability densities over X . Recall, that in
this course we are interested in problems of the form

inf
q∈Q

EX∼q[f (X , q)]

f itself may be an expectation over another random variable whose
distribution we do not control, as in reinforcement learning.

Maximizing over q is equivalent.

Captures entropy penalties.

We assume that the minimum is achieved (clearly will depend on Q).
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Recall

An example are Markov Decision Processes (MDP), defined by
I S: State space. Discrete or continuous, but let’s assume it is finite.
I A: Action space. We consider finite action space.
I p(st+1|st , at): Environment transition probability distribution.
I p(s0): Initial state distribution.
I r(st , at): Bounded reward function (can be a random variable).
I γ: Discount factor (0 < γ ≤ 1).
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Recall

The agent operates in an MDP environment using a policy:
I π(at |st): a stochastic policy that the agent uses to choose action.
I π(st): a deterministic policy that the agent uses to choose action.

The agent’s objectives is to maximize its return:

arg max
π

Eτ∼p [rγ(τ)] = arg max
π

E

[ ∞∑
t=0

γtr(st , at)

]

where τ = (s0, a0, s1, a1, . . .) ∼ p(s0)π(a0|s0)p(s1|s0, a0) . . ..
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Today

We will study iterative methods, which are
methods that construct a sequence of q(t)

(typically in Q) that converge

q(t) → q∗

to an element of Q that is either in its
argminimum or a local minimum.

These ideas form the foundation of the
methods that we will look at throughout the
course.
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Outline

Direct gradient-based methods
I Gradient descent
I Stochastic gradient descent

Dynamic programming
I Value iteration
I Policy iteration
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Direct gradient-based methods
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Policy parameters and gradients

For the first half of the lecture, let’s assume that Q is a parametric
family of mass functions, i.e.,

Q = {qθ | θ ∈ RD}

Inspired by reinforcement learning, let’s call qθ ∈ Q a policy.

We will also assume that

J(θ) = EX∼qθ [f (X , θ)]

is continuously differentiable in θ (where we abused notation for the
second argument of f ).
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Policy parameters and gradientss—example

As an example, consider a simple softmax policy family,

Q =

qθ =

(
exp(θi )∑N
j=1 exp(θj)

)N

i=1

∣∣∣∣∣∣ θ ∈ RN


f : {1, . . . ,N} → R as any function that doesn’t depend on θ.

X = {1, . . . ,N}.
Does ∇J(θ) := (∂J(θ)/∂θi ) exist and is it continuous?
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Policy parameters and gradients—example

∇J(θ) = ∇
N∑
i=1

f (i)qθ(i)

=
N∑
i=1

f (i)∇qθ(i)

=
N∑
i=1

f (i)qθ(i) (ei − qθ)

where ei ∈ RN is the ith standard basis vector. This is continuous in θ.
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Gradient descent

We can use −∇J(θ) to optimize J.

Note, that ∇J(θ) is the direction from
θ in which J has the highest rate of
decrease.

−∇J(θ) ∈ arg min

{
d>∇J(θ)

‖d‖

∣∣∣∣ d 6= 0

}
Gradient descent: move in direction of
−∇J(θ) with step size η > 0,

θ(t+1) := θ(t) − η∇J(θ(t))

which forms our sequence of iterates
q(t) = qθ(t) . Does it converge?
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Lipschitz gradients

To guarantee convergence, the most
common sufficient condition is
L-Lipschitz gradients for L > 0, i.e., for
all x , y ∈ RD

‖∇J(x)−∇J(y)‖ ≤ L‖x − y‖

One can show (good practice) that this
implies

J(x) ≤ J(y) +∇J(y)>(x − y) +
L

2
‖x − y‖2

:= UL(x , y)

I.e., we can form a quadratic upper
bound UL(x , y) of f (x) about y .
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Convergence of gradient descent

Consider iterate θ(t) (blue dot).

Assume J has L-Lipschitz gradients and
form the quadratic upper bound
UL(x , θ(t)) about the point θ(t).

The red region is the sublevel set

S = {x : UL(x , θ(t)) ≤ J(θ(t))}

We can pick any point x in this sublevel
set and be guaranteed a descent in J:

∀x ∈ S , J(x) ≤ UL(x , θ(t)) ≤ J(θ(t))
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Convergence of gradient descent

Gradient descent can be re-written as a
minimization (good practice).

θ(t+1) = arg min
x

U1/η(x , θ(t))

So, if η = 1/L, we step right to the
centre of the sublevel set.

Because the quadratic upper bound
holds for all RD , we get guaranteed
convergence in f (assuming fixed
step-size).
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Convergence of gradient descent

We can actually step a bit farther than
η > 1/L, as long as we do not step past
the boundary of the sublevel set.
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Convergence of gradient descent

But, if η > 2/L, we step past the
boundary of the sublevel set and we
lose our descent guarantee.

Divergence may happen.
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Convergence of gradient descent

If η < 2/L, gradient descent converges to a critical point θ∗, i.e.,
∇J(θ∗) = 0, which is not necessarily an optimum.

I This just tells us that the function is perfectly flat at this point.

Typically, gradient descent will converge to a local minimum, and
which local minimum depends on initialization.
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Stochastic gradient descent

Computing ∇J is usually prohibitively expensive.

Consider an episodic MDP with finite, fixed T , policy πθ(at |st) that is
continuosly differentiable in θ ∈ RD , and discount γ = 1. I.e., we are
interested in

J(θ) =
∑
τ

r(τ)p(s0)πθ(a0|s0) . . . p(sT |sT−1, aT−1)πθ(aT |sT )

Computing ∇J exactly scales like O(|A|T |S|T ).

(UofT) STA4273-Lec2 20 / 61



Computing gradients and stochastic gradient descent

On the other hand,

∇J(θ) = ∇
∑
τ

r(τ)p(s0)πθ(a0|s0) . . . p(sT |sT−1, aT−1)πθ(aT |sT )

=
∑
τ

r(τ)∇
(

T∏
t=0

πθ(at |st)
)
p(s0)

T∏
t=1

p(st |st−1, at−1)

=
∑
τ

T∑
t=0

r(τ)∇πθ(at |st)
∏
t′ 6=t

πθ(at′ |st′)p(s0)
T∏
t=1

p(st |st−1, at−1)

=
∑
τ

T∑
t=0

r(τ)∇ log πθ(at |st)p(τ)

= Eτ∼p
[∑T

t=0
r(τ)∇ log πθ(at |st)

]
where we used ∇pθ(x) = pθ(x)∇ log pθ(x).
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Computing gradients and stochastic gradient descent

∇J(θ) = Eτ∼p
[∑T

t=0
r(τ)∇ log πθ(at |st)

]
We can use this to form a gradient estimator:

Simulate a random trajectory τ ∼ p in O(T ) by interacting with the
MDP using πθ.

Form a Monte Carlo estimate of ∇J(θ) using∑T
t=0 r(τ)∇ log πθ(at |st).
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Stochastic gradient descent (SGD)

The main idea behind stochastic gradient descent is to use a Monte
Carlo estimate of ∇J(θ) instead.

More precisely, we can use a gradient estimator, which is built from a
random variable ξ ∼ p taking value in Ξ and a function
g : RD × Ξ→ RD such that

Eξ[g(θ, ξ)] = ∇J(θ) = ∇EX∼qθ [f (X , θ)]

I E.g. for our MDP ξ = τ and g(θ, τ) =
∑T

t=0 r(τ)∇ log πθ(at |st).

Let’s analyze the convergence properties.
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Stochastic gradient descent (SGD)

What if we use g(θ, ξ) instead of ∇J(θ)?

θ(t+1) = θ(t) − η(t)g(θ(t), ξ(t)) (1)

Theorem

Let J have L-Lipschitz gradients and be bounded below by J∗. Let g(θ, ξ)
be an unbiased estimate of ∇J(θ) for some random variable ξ with
bounded Eξ∼p[‖g(θ, ξ)‖2] ≤ σ2. Let ξ(t) be i.i.d. as ξ and let η(t) > 0.

The iterates of (1) satisfy,

K∑
t=1

η(t)E[‖∇J(θ(t))‖2] ≤ J(θ(1))− J∗ +
Lσ2

2

K∑
t=1

(η(t))2.
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Proof

E[J(θ(t+1))− J(θ(t))|θ(t)]

≤ E
[
∇J(θ(t))>(θ(t+1) − θ(t)) +

L

2
‖θ(t+1) − θ(t)‖2

∣∣∣∣θ(t)]
= E

[
−η(t)∇J(θ(t))>g(θ(t), ξ(t))

∣∣∣θ(t)]+
L(η(t))2σ2

2

≤ −η(t)‖∇J(θ(t))‖2 +
L(η(t))2σ2

2
Summing from for t = 1, . . . ,K we get

K∑
t=1

η(t)E[‖∇J(θ(t))‖2] ≤ J(θ(1))− E[J(θ(K))] +
K∑
t=1

L(η(t))2σ2

2

≤ J(θ(1))− J∗ +
K∑
t=1

L(η(t))2σ2

2
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Implications of this theorem I

Under some smoothness assumptions on J and if the step-sizes satisfy

∞∑
t=1

η(t) =∞
∞∑
t=1

(η(t))2 <∞,

then Cor. 4.12 of (Bottou et al., 2018) shows that

lim
t→∞

E[‖∇J(θ(t))‖2] = 0

This is intuitive from the form of the bound

K∑
t=1

η(t)E[‖∇J(θ(t))‖2] ≤ O
(

K∑
t=1

(η(t))2

)
<∞

which means we get convergence in expectation to a stationary point.
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Implications of this theorem II

If the step-sizes are constant, then the result simplifies to

K∑
t=1

1

K
E[‖∇J(θ(t))‖2] ≤ J(θ(1))− J∗

Kη
+

Lησ2

2

For a fixed step-size there’s some irreducible error, which shrinks as η → 0.
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Implications of this theorem II

Stochastic gradient descent
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smaller fixed step-size η → 0 for a fixed σ,K .
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Implications of this theorem II

so, we can reduce this error by decreasing the step-size. In particular, if
η ∝

√
1/K , using a crude simple Markov inequality we get

lim
K→∞

P(at least one ‖∇J(θ(t))‖ < ε) ≥ lim
K→∞

1−O
(

1

K 1/4ε

)
= 1

This has some implications for machine learning.
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Implications of this theorem II

By far the most common application of SGD in machine learning is for
empirical risk minimization. Here, we have an objective of the form

J(θ) =
m∑
i=1

1

m
fi (θ)

for fi : RD → R differentiable. A valid gradient estimator for this would be
to take ξ ∼ unif{1, . . . ,m}, and take

g(θ, ξ) = ∇fξ(θ)
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Implications of this theorem II

To find a point ‖∇J(θ(t))‖ < ε, gradient descent requires O(ε−2)
iterations that each cost O(m).

Plugging through the inequality again, we find that to find a point
‖∇J(θ(t))‖ < ε with high probability, stochastic gradient descent
requires O(ε−4) iterations that each cost O(1).

So, in a very handwavy way, if m� ε−2, we’re much better off using
stochastic gradient descent.
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Variants of (S)GD that are common in ML

(S)GD is just the beginning of the story. You should be aware of variants.

Momentum-based methods.
I Polyak momentum (Polyak, 1964).
I Nesterov accelerated gradient method (Nesterov, 1983)

Adaptive gradient methods.
I AdaGrad (Duchi et al., 2011)
I Adam (Kingma and Ba, 2014) ← most popular for deep learning

If you want to think of all of these as “just (S)GD with some tweaks”,
that’s probably fine for this course, but the details get quite interesting.
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Variance reduction and control variates

The E[‖g(θ, ξ)‖2] ≤ σ2 is a bit brutal, but it can be loosened (Bottou
et al., 2018), and you should think of this as a variance bound.

There are a few ways to reduce the variance of g , but one of the most
popular is the use of control variates. The idea is to use

g ′(θ, ξ) = g(θ, ξ) + c · h(θ)

instead of g for c > 0 and some random h(θ) such that E[h(θ)] = 0.

For one-dimensional g and h, the optimal choice c∗ of c that
minimizes the variance of g + ch gives an overall variance of

Var (g(θ, ξ) + c∗h(θ)) = Var(g(θ, ξ))− Cov(g(θ, ξ), h(θ))2

Var(h(θ))

So you want correlated h with expectation 0. Will return to this!

(UofT) STA4273-Lec2 33 / 61



Next two weeks—gradient estimation

Over the next two weeks, we will cover gradient estimation in great
detail.

The themes that we will consider:
I Gradient estimation for different families Q.
I More elaborate control variates.
I Gradient estimators for higher-order derivatives.
I Etc.
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Dynamic programming
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Dynamic programming

agent environment

action

next state, reward

We motivated SGD for RL, but is it good enough?
I often the variance of the gradient estimator is very large and

convergence is prohibitively slow,
I it is sometimes prone to convergence to bad local optima

(deterministic, but suboptimal policies).

SGD does not make much use of essential structure in RL. We will
now consider dynamic programming ideas for reinforcement learning
that exploit the additive structure of the return in RL.
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Value Functions

Let’s consider the infinite horizon setting.

The value function V π for a policy π measures the expected return if
you start in state s and follow policy π(a|s).

V π(s) := Eπ

[ ∞∑
t=0

γtr(st , at) | s0 = s

]
.

V π measures the desirability of the state s.

Our ultimately goal is

arg max
π

J(π) := arg max
π

Es0∼p[V π(s0)]

(UofT) STA4273-Lec2 37 / 61



Value Function

Rewards: −1 per time-step and
γ = 1

Actions: N, E, S, W

States: Agent’s location

Goal is a terminal state

[Slide credit: D. Silver]
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Value Function

Arrows represent a
deterministic policy π(s) for
each state s

[Slide credit: D. Silver]
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Value Function

Numbers represent value V π(s)
of each state s

[Slide credit: D. Silver]
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Bellman equations

The foundation of many RL algorithms is the fact that value functions
satisfy a recursive relationship, called the Bellman equation:

V π(s) = Eπ[r(s, a0) + γ
∑∞

t=1
γt−1r(st , at) | s0 = s]

=
∑
a

π(a | s)

[
r(s, a) + γ

∑
s′

p(s ′ | a, s)Eπ[
∑∞

t=1
γt−1r(st , at) | s1 = s ′]

]

=
∑
a

π(a | s)

[
r(s, a) + γ

∑
s′

p(s ′ | a, s)V π(s ′)

]
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Bellman equations

Viewing V π as a vector (where entries correspond to
states), define the Bellman backup operator Tπ.

(TπV )(s) :=∑
a

π(a | s)

[
r(s, a) + γ

∑
s′

p(s ′ | a, s)V (s ′)

]

The Bellman equation states that the value function
V π is fixed point of the Bellman operator:

TπV π = V π.
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Value Function

A value function for golf:

3.5. Policies and Value Functions 61

rewards important, or only the intervals between them? Prove, using (3.8), that adding a
constant c to all the rewards adds a constant, vc, to the values of all states, and thus
does not a↵ect the relative values of any states under any policies. What is vc in terms
of c and �? ⇤
Exercise 3.16 Now consider adding a constant c to all the rewards in an episodic task,
such as maze running. Would this have any e↵ect, or would it leave the task unchanged
as in the continuing task above? Why or why not? Give an example. ⇤
Example 3.6: Golf To formulate playing a hole of golf as a reinforcement learning
task, we count a penalty (negative reward) of �1 for each stroke until we hit the ball
into the hole. The state is the location of the ball. The value of a state is the negative of
the number of strokes to the hole from that location. Our actions are how we aim and
swing at the ball, of course, and which club we select. Let us take the former as given
and consider just the choice of club, which we assume is either a putter or a driver. The
upper part of Figure 3.3 shows a possible state-value function, vputt(s), for the policy that
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Figure 3.3: A golf example: the state-value func-
tion for putting (upper) and the optimal action-
value function for using the driver (lower).

always uses the putter. The terminal
state in-the-hole has a value of 0. From
anywhere on the green we assume we can
make a putt; these states have value �1.
O↵ the green we cannot reach the hole
by putting, and the value is greater. If
we can reach the green from a state by
putting, then that state must have value
one less than the green’s value, that is,
�2. For simplicity, let us assume we can
putt very precisely and deterministically,
but with a limited range. This gives us
the sharp contour line labeled �2 in the
figure; all locations between that line and
the green require exactly two strokes to
complete the hole. Similarly, any location
within putting range of the �2 contour
line must have a value of �3, and so
on to get all the contour lines shown in
the figure. Putting doesn’t get us out of
sand traps, so they have a value of �1.
Overall, it takes us six strokes to get from
the tee to the hole by putting.

r

s0

s, a

a0
⇡

p

q⇡ backup diagram

Exercise 3.17 What is the Bellman equation for action values, that
is, for q⇡? It must give the action value q⇡(s, a) in terms of the action
values, q⇡(s0, a0), of possible successors to the state–action pair (s, a).
Hint: the backup diagram to the right corresponds to this equation.
Show the sequence of equations analogous to (3.14), but for action
values. ⇤

— Sutton and Barto, Reinforcement Learning: An Introduction
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State-Action Value Function

A closely related but usefully different function is the state-action value
function, or Q-function, Qπ for policy π, defined as:

Qπ(s, a) := Eπ
[
r(s, a) + γ

∑∞

t=1
γt−1r(st , at) | s0 = s, a0 = a

]
.

<latexit sha1_base64="CysZ3OdNUDWO3wb+lBNZy540u3s=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRlRdFl047KifUA7lEyaaUMzyZhkCmXa73DjQhG3fow7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdgqbu/s7u2XDg4bWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwNvObI6o0k+LRjGPqR7gvWMgINlbyJ50ImwHBPH2YTrqlsltxZ0DLxMtJGXLUuqWvTk+SJKLCEI61bntubPwUK8MIp9NiJ9E0xmSI+7RtqcAR1X46Cz1Fp1bpoVAq+4RBM/X3RoojrcdRYCezjHrRy8T/vHZiwms/ZSJODBVkfihMODISZQ2gHlOUGD62BBPFbFZEBlhhYmxPRVuCt/jlZdI4r3iXFff+oly9yesowDGcwBl4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5qMrTr5zBH/gfP4AWTuSeQ==</latexit>|S|
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Q⇡
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State-Action Value Function

If you knew Qπ, how would you obtain V π?

V π(s) =
∑
a

π(a | s)Qπ(s, a).

If you knew V π, how would you obtain Qπ?
I Apply a Bellman-like equation:

Qπ(s, a) = r(s, a) + γ
∑
s′

p(s ′ | a, s)V π(s ′)

I This requires knowing the dynamics, so in general it’s not easy to
recover Qπ from V π.

Qπ satisfies a Bellman equation

Qπ(s, a) = r(s, a) + γ
∑
s′

p(s ′ | a, s)
∑
a′

π(a′ | s ′)Qπ(s ′, a′)︸ ︷︷ ︸
:=(TπQπ)(s,a)
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Value Iteration
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Optimal State-Action Value Function

A remarkable feature of MDPs is that that exists a deterministic,
stationary policy π that is optimal w.r.t. J(π) (even when considering
π possibly non-stationary!) (e.g., Thm 1.7 of Agarwal et al., 2020).

If a deterministic policy π∗ is optimal, then it must be the case that
for any state s:

π∗(s) = arg max
a

Qπ∗(s, a),

otherwise you could improve the policy by changing π(s) (see Sutton
& Barto for a proper proof). Hence

Qπ∗(s, a) = r(s, a) + γ
∑
s′

p(s ′, | s, a)Qπ?

(s ′, π?(s ′))

= r(s, a) + γ
∑
s′

p(s ′ | s, a) max
a′

Qπ?

(s ′, a′)
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Optimal State-Action Value Function

Q∗ is an optimal state-action value function if

Q∗(s, a) = r(s, a) + γ
∑
s′

p(s ′ | s, a) max
a′

Q∗(s ′, a′)︸ ︷︷ ︸
,(T∗Q∗)(s,a)

Note this is satisfied by Qπ∗

Turns out this is sufficient (e.g., Thm 1.8 of Agarwal et al., 2020) to
characterize the optimal policy. So we simply need to solve the fixed
point equation T ∗Q∗ = Q∗, and then we can choose
π∗(s) = arg maxa Q

∗(s, a).
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Bellman Fixed Points

So far: showed that some interesting problems could be reduced to
finding fixed points of Bellman backup operators:

I Evaluating a fixed policy π

TπQπ = Qπ

I Finding the optimal policy

T ∗Q∗ = Q∗

Idea: keep iterating the backup operator over and over again.

Q ← TπQ (policy evaluation)

Q ← T ∗Q (value iteration)

I We’re treating Qπ or Q∗ as a vector with |S| · |A| entries.
I This type of algorithm is an instance of dynamic programming.
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Bellman Fixed Points

An operator f (mapping from vectors to vectors) is a contraction map
if

‖f (x1)− f (x2)‖ ≤ α‖x1 − x2‖
for some scalar 0 ≤ α < 1 and vector norm ‖ · ‖.

Let f (k) denote f iterated k times. A simple induction shows

‖f (k)(x1)− f (k)(x2)‖ ≤ αk‖x1 − x2‖.

Let x∗ be a fixed point of f . Then for any x,

‖f (k)(x)− x∗‖ ≤ αk‖x− x∗‖.

Hence, iterated application of f , starting from any x, converges
exponentially to a unique fixed point.
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Finding the Optimal Value Function: Value Iteration

Let’s use dynamic programming to find Q∗.

Value Iteration: Start from an initial function Q1. For each k = 1, 2, . . . ,
apply

Qk+1 ← T ∗Qk

Writing out the update in full,

Qk+1(s, a)← r(s, a) + γ
∑
s′∈S

p(s ′|s, a) max
a′∈A

Qk(s ′, a′)

Observe: a fixed point of this update is exactly a solution of the optimal
Bellman equation, which we saw characterizes the Q-function of an optimal
policy.
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Value Iteration

Q1
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T ⇤Q2
<latexit sha1_base64="TrsWdF6gWobKWXPGYUF2As5sxHQ=">AAACRXicdVBLS0JBGJ1rL7OX1rLNkBSt5F4Jaim5aangK1Rk7jjq4DwuM98N5OKvaFu/p9/Qj2gXbWt8LFLxwAeHc74DhxNGglvw/U8vtbO7t3+QPswcHZ+cnmVz5w2rY0NZnWqhTSsklgmuWB04CNaKDCMyFKwZjsszv/nCjOVa1WASsa4kQ8UHnBJw0nOnpiPA1V6xl837BX8OvEmCJcmjJSq9nHfT6WsaS6aACmJtO/Aj6CbEAKeCTTOd2LKI0DEZsrajikhmu8m88RRfO6WPB9q4U4Dn6v9EQqS1Exm6T0lgZNe9mbjNg5GcrmpiqA13MqdbjLW2MHjoJlxFMTBFF2UHscCg8WxC3OeGURATRwh1eU4xHRFDKLihM515MClrKYnq26lbNljfcZM0ioXALwTVu3zpcblxGl2iK3SLAnSPSugJVVAdUSTRK3pD796H9+V9ez+L15S3zFygFXi/f4L4stc=</latexit><latexit sha1_base64="TrsWdF6gWobKWXPGYUF2As5sxHQ=">AAACRXicdVBLS0JBGJ1rL7OX1rLNkBSt5F4Jaim5aangK1Rk7jjq4DwuM98N5OKvaFu/p9/Qj2gXbWt8LFLxwAeHc74DhxNGglvw/U8vtbO7t3+QPswcHZ+cnmVz5w2rY0NZnWqhTSsklgmuWB04CNaKDCMyFKwZjsszv/nCjOVa1WASsa4kQ8UHnBJw0nOnpiPA1V6xl837BX8OvEmCJcmjJSq9nHfT6WsaS6aACmJtO/Aj6CbEAKeCTTOd2LKI0DEZsrajikhmu8m88RRfO6WPB9q4U4Dn6v9EQqS1Exm6T0lgZNe9mbjNg5GcrmpiqA13MqdbjLW2MHjoJlxFMTBFF2UHscCg8WxC3OeGURATRwh1eU4xHRFDKLihM515MClrKYnq26lbNljfcZM0ioXALwTVu3zpcblxGl2iK3SLAnSPSugJVVAdUSTRK3pD796H9+V9ez+L15S3zFygFXi/f4L4stc=</latexit><latexit sha1_base64="TrsWdF6gWobKWXPGYUF2As5sxHQ=">AAACRXicdVBLS0JBGJ1rL7OX1rLNkBSt5F4Jaim5aangK1Rk7jjq4DwuM98N5OKvaFu/p9/Qj2gXbWt8LFLxwAeHc74DhxNGglvw/U8vtbO7t3+QPswcHZ+cnmVz5w2rY0NZnWqhTSsklgmuWB04CNaKDCMyFKwZjsszv/nCjOVa1WASsa4kQ8UHnBJw0nOnpiPA1V6xl837BX8OvEmCJcmjJSq9nHfT6WsaS6aACmJtO/Aj6CbEAKeCTTOd2LKI0DEZsrajikhmu8m88RRfO6WPB9q4U4Dn6v9EQqS1Exm6T0lgZNe9mbjNg5GcrmpiqA13MqdbjLW2MHjoJlxFMTBFF2UHscCg8WxC3OeGURATRwh1eU4xHRFDKLihM515MClrKYnq26lbNljfcZM0ioXALwTVu3zpcblxGl2iK3SLAnSPSugJVVAdUSTRK3pD796H9+V9ez+L15S3zFygFXi/f4L4stc=</latexit><latexit sha1_base64="TrsWdF6gWobKWXPGYUF2As5sxHQ=">AAACRXicdVBLS0JBGJ1rL7OX1rLNkBSt5F4Jaim5aangK1Rk7jjq4DwuM98N5OKvaFu/p9/Qj2gXbWt8LFLxwAeHc74DhxNGglvw/U8vtbO7t3+QPswcHZ+cnmVz5w2rY0NZnWqhTSsklgmuWB04CNaKDCMyFKwZjsszv/nCjOVa1WASsa4kQ8UHnBJw0nOnpiPA1V6xl837BX8OvEmCJcmjJSq9nHfT6WsaS6aACmJtO/Aj6CbEAKeCTTOd2LKI0DEZsrajikhmu8m88RRfO6WPB9q4U4Dn6v9EQqS1Exm6T0lgZNe9mbjNg5GcrmpiqA13MqdbjLW2MHjoJlxFMTBFF2UHscCg8WxC3OeGURATRwh1eU4xHRFDKLihM515MClrKYnq26lbNljfcZM0ioXALwTVu3zpcblxGl2iK3SLAnSPSugJVVAdUSTRK3pD796H9+V9ez+L15S3zFygFXi/f4L4stc=</latexit>

T ⇤ (or T⇡)
<latexit sha1_base64="1NtZU9jecEK2cV+EB72GcN1Qgh0=">AAACUXicdVA9TwJBFHx3fiF+gZY2G0GjDbmj0ZJIY6mJCIkQsrfswcb9uOy+MyEXfout/h4rf4qdC1IoxqkmM2/yJpNkUjiMoo8gXFvf2NwqbZd3dvf2DyrVwwdncst4hxlpbC+hjkuheQcFSt7LLKcqkbybPLXnfveZWyeMvsdpxgeKjrVIBaPopWHlqN6/NxnWybmxxPNM1C+GlVrUiBYgf0m8JDVY4nZYDc76I8NyxTUySZ17jKMMBwW1KJjks3I/dzyj7ImO+aOnmiruBsWi/YycemVEUv8/NRrJQv2ZKKhybqoSf6koTtyqNxf/83CiZr81OTZWeFmwf4yVtpheDQqhsxy5Zt9l01wSNGQ+JxkJyxnKqSeU+bxghE2opQz96OX+Ili0jVJUj9zMLxuv7viXPDQbcdSI75q11vVy4xIcwwmcQwyX0IIbuIUOMJjCC7zCW/AefIYQht+nYbDMHMEvhDtfC02y9g==</latexit><latexit sha1_base64="1NtZU9jecEK2cV+EB72GcN1Qgh0=">AAACUXicdVA9TwJBFHx3fiF+gZY2G0GjDbmj0ZJIY6mJCIkQsrfswcb9uOy+MyEXfout/h4rf4qdC1IoxqkmM2/yJpNkUjiMoo8gXFvf2NwqbZd3dvf2DyrVwwdncst4hxlpbC+hjkuheQcFSt7LLKcqkbybPLXnfveZWyeMvsdpxgeKjrVIBaPopWHlqN6/NxnWybmxxPNM1C+GlVrUiBYgf0m8JDVY4nZYDc76I8NyxTUySZ17jKMMBwW1KJjks3I/dzyj7ImO+aOnmiruBsWi/YycemVEUv8/NRrJQv2ZKKhybqoSf6koTtyqNxf/83CiZr81OTZWeFmwf4yVtpheDQqhsxy5Zt9l01wSNGQ+JxkJyxnKqSeU+bxghE2opQz96OX+Ili0jVJUj9zMLxuv7viXPDQbcdSI75q11vVy4xIcwwmcQwyX0IIbuIUOMJjCC7zCW/AefIYQht+nYbDMHMEvhDtfC02y9g==</latexit><latexit sha1_base64="1NtZU9jecEK2cV+EB72GcN1Qgh0=">AAACUXicdVA9TwJBFHx3fiF+gZY2G0GjDbmj0ZJIY6mJCIkQsrfswcb9uOy+MyEXfout/h4rf4qdC1IoxqkmM2/yJpNkUjiMoo8gXFvf2NwqbZd3dvf2DyrVwwdncst4hxlpbC+hjkuheQcFSt7LLKcqkbybPLXnfveZWyeMvsdpxgeKjrVIBaPopWHlqN6/NxnWybmxxPNM1C+GlVrUiBYgf0m8JDVY4nZYDc76I8NyxTUySZ17jKMMBwW1KJjks3I/dzyj7ImO+aOnmiruBsWi/YycemVEUv8/NRrJQv2ZKKhybqoSf6koTtyqNxf/83CiZr81OTZWeFmwf4yVtpheDQqhsxy5Zt9l01wSNGQ+JxkJyxnKqSeU+bxghE2opQz96OX+Ili0jVJUj9zMLxuv7viXPDQbcdSI75q11vVy4xIcwwmcQwyX0IIbuIUOMJjCC7zCW/AefIYQht+nYbDMHMEvhDtfC02y9g==</latexit><latexit sha1_base64="1NtZU9jecEK2cV+EB72GcN1Qgh0=">AAACUXicdVA9TwJBFHx3fiF+gZY2G0GjDbmj0ZJIY6mJCIkQsrfswcb9uOy+MyEXfout/h4rf4qdC1IoxqkmM2/yJpNkUjiMoo8gXFvf2NwqbZd3dvf2DyrVwwdncst4hxlpbC+hjkuheQcFSt7LLKcqkbybPLXnfveZWyeMvsdpxgeKjrVIBaPopWHlqN6/NxnWybmxxPNM1C+GlVrUiBYgf0m8JDVY4nZYDc76I8NyxTUySZ17jKMMBwW1KJjks3I/dzyj7ImO+aOnmiruBsWi/YycemVEUv8/NRrJQv2ZKKhybqoSf6koTtyqNxf/83CiZr81OTZWeFmwf4yVtpheDQqhsxy5Zt9l01wSNGQ+JxkJyxnKqSeU+bxghE2opQz96OX+Ili0jVJUj9zMLxuv7viXPDQbcdSI75q11vVy4xIcwwmcQwyX0IIbuIUOMJjCC7zCW/AefIYQht+nYbDMHMEvhDtfC02y9g==</latexit>

�
<latexit sha1_base64="kcy9StiPGnILhHdxgpheFrNPU8w=">AAACQnicdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWMF+4AmlM1mk67dR9jdCCXkP3jV3+Of8C94E68e3KY52EoHPhhmvoFhgoQSpR3nw6psbG5t71R3a3v7B4dH9cZxX4lUItxDggo5DKDClHDc00RTPEwkhiygeBBMO3N/8IylIoI/6lmCfQZjTiKCoDZS34shY3Bcbzotp4D9n7glaYIS3XHDuvBCgVKGuUYUKjVynUT7GZSaIIrzmpcqnEA0hTEeGcohw8rPirq5fW6U0I6ENMe1Xah/ExlkSs1YYD4Z1BO16s3FdZ6esHxZo7GQxMgErTFW2uro1s8IT1KNOVqUjVJqa2HP97NDIjHSdGYIRCZPkI0mUEKkzco1rwhmHWFW5aHKzbLu6o7/Sf+q5Tot9+G62b4rN66CU3AGLoELbkAb3IMu6AEEnsALeAVv1rv1aX1Z34vXilVmTsASrJ9f2QCyEw==</latexit><latexit sha1_base64="kcy9StiPGnILhHdxgpheFrNPU8w=">AAACQnicdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWMF+4AmlM1mk67dR9jdCCXkP3jV3+Of8C94E68e3KY52EoHPhhmvoFhgoQSpR3nw6psbG5t71R3a3v7B4dH9cZxX4lUItxDggo5DKDClHDc00RTPEwkhiygeBBMO3N/8IylIoI/6lmCfQZjTiKCoDZS34shY3Bcbzotp4D9n7glaYIS3XHDuvBCgVKGuUYUKjVynUT7GZSaIIrzmpcqnEA0hTEeGcohw8rPirq5fW6U0I6ENMe1Xah/ExlkSs1YYD4Z1BO16s3FdZ6esHxZo7GQxMgErTFW2uro1s8IT1KNOVqUjVJqa2HP97NDIjHSdGYIRCZPkI0mUEKkzco1rwhmHWFW5aHKzbLu6o7/Sf+q5Tot9+G62b4rN66CU3AGLoELbkAb3IMu6AEEnsALeAVv1rv1aX1Z34vXilVmTsASrJ9f2QCyEw==</latexit><latexit sha1_base64="kcy9StiPGnILhHdxgpheFrNPU8w=">AAACQnicdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWMF+4AmlM1mk67dR9jdCCXkP3jV3+Of8C94E68e3KY52EoHPhhmvoFhgoQSpR3nw6psbG5t71R3a3v7B4dH9cZxX4lUItxDggo5DKDClHDc00RTPEwkhiygeBBMO3N/8IylIoI/6lmCfQZjTiKCoDZS34shY3Bcbzotp4D9n7glaYIS3XHDuvBCgVKGuUYUKjVynUT7GZSaIIrzmpcqnEA0hTEeGcohw8rPirq5fW6U0I6ENMe1Xah/ExlkSs1YYD4Z1BO16s3FdZ6esHxZo7GQxMgErTFW2uro1s8IT1KNOVqUjVJqa2HP97NDIjHSdGYIRCZPkI0mUEKkzco1rwhmHWFW5aHKzbLu6o7/Sf+q5Tot9+G62b4rN66CU3AGLoELbkAb3IMu6AEEnsALeAVv1rv1aX1Z34vXilVmTsASrJ9f2QCyEw==</latexit><latexit sha1_base64="kcy9StiPGnILhHdxgpheFrNPU8w=">AAACQnicdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWMF+4AmlM1mk67dR9jdCCXkP3jV3+Of8C94E68e3KY52EoHPhhmvoFhgoQSpR3nw6psbG5t71R3a3v7B4dH9cZxX4lUItxDggo5DKDClHDc00RTPEwkhiygeBBMO3N/8IylIoI/6lmCfQZjTiKCoDZS34shY3Bcbzotp4D9n7glaYIS3XHDuvBCgVKGuUYUKjVynUT7GZSaIIrzmpcqnEA0hTEeGcohw8rPirq5fW6U0I6ENMe1Xah/ExlkSs1YYD4Z1BO16s3FdZ6esHxZo7GQxMgErTFW2uro1s8IT1KNOVqUjVJqa2HP97NDIjHSdGYIRCZPkI0mUEKkzco1rwhmHWFW5aHKzbLu6o7/Sf+q5Tot9+G62b4rN66CU3AGLoELbkAb3IMu6AEEnsALeAVv1rv1aX1Z34vXilVmTsASrJ9f2QCyEw==</latexit>

1
<latexit sha1_base64="93BFzOY2xSaeRGRWOyKXTZ+MQlU=">AAACPXicdVDNSsNAGNzUv1r/Wj16WSyKp5KIoMdiLx5bsLXQhrLZbNql+xN2N0IJeQKv+jw+hw/gTbx6dZvmYFs68MEw8w0ME8SMauO6n05pa3tnd6+8Xzk4PDo+qdZOe1omCpMulkyqfoA0YVSQrqGGkX6sCOIBI8/BtDX3n1+I0lSKJzOLic/RWNCIYmSs1PFG1brbcHPAdeIVpA4KtEc152oYSpxwIgxmSOuB58bGT5EyFDOSVYaJJjHCUzQmA0sF4kT7ad40g5dWCWEklT1hYK7+T6SIaz3jgf3kyEz0qjcXN3lmwrNljY2lolameIOx0tZE935KRZwYIvCibJQwaCScTwdDqgg2bGYJwjZPMcQTpBA2duDKMA+mLck5EqHO7LLe6o7rpHfT8NyG17mtNx+KjcvgHFyAa+CBO9AEj6ANugADAl7BG3h3Ppwv59v5WbyWnCJzBpbg/P4BEcOvsw==</latexit><latexit sha1_base64="93BFzOY2xSaeRGRWOyKXTZ+MQlU=">AAACPXicdVDNSsNAGNzUv1r/Wj16WSyKp5KIoMdiLx5bsLXQhrLZbNql+xN2N0IJeQKv+jw+hw/gTbx6dZvmYFs68MEw8w0ME8SMauO6n05pa3tnd6+8Xzk4PDo+qdZOe1omCpMulkyqfoA0YVSQrqGGkX6sCOIBI8/BtDX3n1+I0lSKJzOLic/RWNCIYmSs1PFG1brbcHPAdeIVpA4KtEc152oYSpxwIgxmSOuB58bGT5EyFDOSVYaJJjHCUzQmA0sF4kT7ad40g5dWCWEklT1hYK7+T6SIaz3jgf3kyEz0qjcXN3lmwrNljY2lolameIOx0tZE935KRZwYIvCibJQwaCScTwdDqgg2bGYJwjZPMcQTpBA2duDKMA+mLck5EqHO7LLe6o7rpHfT8NyG17mtNx+KjcvgHFyAa+CBO9AEj6ANugADAl7BG3h3Ppwv59v5WbyWnCJzBpbg/P4BEcOvsw==</latexit><latexit sha1_base64="93BFzOY2xSaeRGRWOyKXTZ+MQlU=">AAACPXicdVDNSsNAGNzUv1r/Wj16WSyKp5KIoMdiLx5bsLXQhrLZbNql+xN2N0IJeQKv+jw+hw/gTbx6dZvmYFs68MEw8w0ME8SMauO6n05pa3tnd6+8Xzk4PDo+qdZOe1omCpMulkyqfoA0YVSQrqGGkX6sCOIBI8/BtDX3n1+I0lSKJzOLic/RWNCIYmSs1PFG1brbcHPAdeIVpA4KtEc152oYSpxwIgxmSOuB58bGT5EyFDOSVYaJJjHCUzQmA0sF4kT7ad40g5dWCWEklT1hYK7+T6SIaz3jgf3kyEz0qjcXN3lmwrNljY2lolameIOx0tZE935KRZwYIvCibJQwaCScTwdDqgg2bGYJwjZPMcQTpBA2duDKMA+mLck5EqHO7LLe6o7rpHfT8NyG17mtNx+KjcvgHFyAa+CBO9AEj6ANugADAl7BG3h3Ppwv59v5WbyWnCJzBpbg/P4BEcOvsw==</latexit><latexit sha1_base64="93BFzOY2xSaeRGRWOyKXTZ+MQlU=">AAACPXicdVDNSsNAGNzUv1r/Wj16WSyKp5KIoMdiLx5bsLXQhrLZbNql+xN2N0IJeQKv+jw+hw/gTbx6dZvmYFs68MEw8w0ME8SMauO6n05pa3tnd6+8Xzk4PDo+qdZOe1omCpMulkyqfoA0YVSQrqGGkX6sCOIBI8/BtDX3n1+I0lSKJzOLic/RWNCIYmSs1PFG1brbcHPAdeIVpA4KtEc152oYSpxwIgxmSOuB58bGT5EyFDOSVYaJJjHCUzQmA0sF4kT7ad40g5dWCWEklT1hYK7+T6SIaz3jgf3kyEz0qjcXN3lmwrNljY2lolameIOx0tZE935KRZwYIvCibJQwaCScTwdDqgg2bGYJwjZPMcQTpBA2duDKMA+mLck5EqHO7LLe6o7rpHfT8NyG17mtNx+KjcvgHFyAa+CBO9AEj6ANugADAl7BG3h3Ppwv59v5WbyWnCJzBpbg/P4BEcOvsw==</latexit>

Claim: The value iteration update is a contraction map:

‖T ∗Q1 − T ∗Q2‖∞ ≤ γ ‖Q1 − Q2‖∞
‖·‖∞ denotes the L∞ norm, defined as:

‖x‖∞ = max
i
|xi |

If this claim is correct, then value iteration converges exponentially to the
unique fixed point.

The exponential decay factor is γ (the discount factor), which means longer
term planning is harder.
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Value Iteration

Q1
<latexit sha1_base64="bX6D+T8jAyDiXs6lV4RQJXyswVM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWOL9gFtKJvNJl26j7C7EUrIT/Cqv8ef4S/wJl69uU1zsC0d+GCY+QaG8WNKlHacT6u0tb2zu1ferxwcHh2fVGunPSUSiXAXCSrkwIcKU8JxVxNN8SCWGDKf4r4/bc39/guWigj+rGcx9hiMOAkJgtpIT52xO67WnYaTw14nbkHqoEB7XLOuRoFACcNcIwqVGrpOrL0USk0QxVlllCgcQzSFER4ayiHDykvzrpl9aZTADoU0x7Wdq/8TKWRKzZhvPhnUE7XqzcVNnp6wbFmjkZDEyARtMFba6vDeSwmPE405WpQNE2prYc/HswMiMdJ0ZghEJk+QjSZQQqTNxJVRHkxbgjHIA5WZZd3VHddJ76bhOg23c1tvPhQbl8E5uADXwAV3oAkeQRt0AQIReAVv4N36sL6sb+tn8VqyiswZWIL1+weid7B3</latexit><latexit sha1_base64="bX6D+T8jAyDiXs6lV4RQJXyswVM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWOL9gFtKJvNJl26j7C7EUrIT/Cqv8ef4S/wJl69uU1zsC0d+GCY+QaG8WNKlHacT6u0tb2zu1ferxwcHh2fVGunPSUSiXAXCSrkwIcKU8JxVxNN8SCWGDKf4r4/bc39/guWigj+rGcx9hiMOAkJgtpIT52xO67WnYaTw14nbkHqoEB7XLOuRoFACcNcIwqVGrpOrL0USk0QxVlllCgcQzSFER4ayiHDykvzrpl9aZTADoU0x7Wdq/8TKWRKzZhvPhnUE7XqzcVNnp6wbFmjkZDEyARtMFba6vDeSwmPE405WpQNE2prYc/HswMiMdJ0ZghEJk+QjSZQQqTNxJVRHkxbgjHIA5WZZd3VHddJ76bhOg23c1tvPhQbl8E5uADXwAV3oAkeQRt0AQIReAVv4N36sL6sb+tn8VqyiswZWIL1+weid7B3</latexit><latexit sha1_base64="bX6D+T8jAyDiXs6lV4RQJXyswVM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWOL9gFtKJvNJl26j7C7EUrIT/Cqv8ef4S/wJl69uU1zsC0d+GCY+QaG8WNKlHacT6u0tb2zu1ferxwcHh2fVGunPSUSiXAXCSrkwIcKU8JxVxNN8SCWGDKf4r4/bc39/guWigj+rGcx9hiMOAkJgtpIT52xO67WnYaTw14nbkHqoEB7XLOuRoFACcNcIwqVGrpOrL0USk0QxVlllCgcQzSFER4ayiHDykvzrpl9aZTADoU0x7Wdq/8TKWRKzZhvPhnUE7XqzcVNnp6wbFmjkZDEyARtMFba6vDeSwmPE405WpQNE2prYc/HswMiMdJ0ZghEJk+QjSZQQqTNxJVRHkxbgjHIA5WZZd3VHddJ76bhOg23c1tvPhQbl8E5uADXwAV3oAkeQRt0AQIReAVv4N36sL6sb+tn8VqyiswZWIL1+weid7B3</latexit><latexit sha1_base64="bX6D+T8jAyDiXs6lV4RQJXyswVM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWOL9gFtKJvNJl26j7C7EUrIT/Cqv8ef4S/wJl69uU1zsC0d+GCY+QaG8WNKlHacT6u0tb2zu1ferxwcHh2fVGunPSUSiXAXCSrkwIcKU8JxVxNN8SCWGDKf4r4/bc39/guWigj+rGcx9hiMOAkJgtpIT52xO67WnYaTw14nbkHqoEB7XLOuRoFACcNcIwqVGrpOrL0USk0QxVlllCgcQzSFER4ayiHDykvzrpl9aZTADoU0x7Wdq/8TKWRKzZhvPhnUE7XqzcVNnp6wbFmjkZDEyARtMFba6vDeSwmPE405WpQNE2prYc/HswMiMdJ0ZghEJk+QjSZQQqTNxJVRHkxbgjHIA5WZZd3VHddJ76bhOg23c1tvPhQbl8E5uADXwAV3oAkeQRt0AQIReAVv4N36sL6sb+tn8VqyiswZWIL1+weid7B3</latexit>

Q2
<latexit sha1_base64="Srj0llwUfl51deTIkafbU9cQdDo=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVJIi6LHYi8cW7QPaUDabTbp0H2F3I5SQn+BVf48/w1/gTbx6c5vmYFsc+GCY+QaG8WNKlHacD6u0tb2zu1ferxwcHh2fVGunfSUSiXAPCSrk0IcKU8JxTxNN8TCWGDKf4oE/ay/8wTOWigj+pOcx9hiMOAkJgtpIj91Jc1KtOw0nh71J3ILUQYHOpGZdjQOBEoa5RhQqNXKdWHsplJogirPKOFE4hmgGIzwylEOGlZfmXTP70iiBHQppjms7V/8mUsiUmjPffDKop2rdW4j/eXrKslWNRkISIxP0j7HWVod3Xkp4nGjM0bJsmFBbC3sxnh0QiZGmc0MgMnmCbDSFEiJtJq6M82DaFoxBHqjMLOuu77hJ+s2G6zTc7k29dV9sXAbn4AJcAxfcghZ4AB3QAwhE4AW8gjfr3fq0vqzv5WvJKjJnYAXWzy+kULB4</latexit><latexit sha1_base64="Srj0llwUfl51deTIkafbU9cQdDo=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVJIi6LHYi8cW7QPaUDabTbp0H2F3I5SQn+BVf48/w1/gTbx6c5vmYFsc+GCY+QaG8WNKlHacD6u0tb2zu1ferxwcHh2fVGunfSUSiXAPCSrk0IcKU8JxTxNN8TCWGDKf4oE/ay/8wTOWigj+pOcx9hiMOAkJgtpIj91Jc1KtOw0nh71J3ILUQYHOpGZdjQOBEoa5RhQqNXKdWHsplJogirPKOFE4hmgGIzwylEOGlZfmXTP70iiBHQppjms7V/8mUsiUmjPffDKop2rdW4j/eXrKslWNRkISIxP0j7HWVod3Xkp4nGjM0bJsmFBbC3sxnh0QiZGmc0MgMnmCbDSFEiJtJq6M82DaFoxBHqjMLOuu77hJ+s2G6zTc7k29dV9sXAbn4AJcAxfcghZ4AB3QAwhE4AW8gjfr3fq0vqzv5WvJKjJnYAXWzy+kULB4</latexit><latexit sha1_base64="Srj0llwUfl51deTIkafbU9cQdDo=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVJIi6LHYi8cW7QPaUDabTbp0H2F3I5SQn+BVf48/w1/gTbx6c5vmYFsc+GCY+QaG8WNKlHacD6u0tb2zu1ferxwcHh2fVGunfSUSiXAPCSrk0IcKU8JxTxNN8TCWGDKf4oE/ay/8wTOWigj+pOcx9hiMOAkJgtpIj91Jc1KtOw0nh71J3ILUQYHOpGZdjQOBEoa5RhQqNXKdWHsplJogirPKOFE4hmgGIzwylEOGlZfmXTP70iiBHQppjms7V/8mUsiUmjPffDKop2rdW4j/eXrKslWNRkISIxP0j7HWVod3Xkp4nGjM0bJsmFBbC3sxnh0QiZGmc0MgMnmCbDSFEiJtJq6M82DaFoxBHqjMLOuu77hJ+s2G6zTc7k29dV9sXAbn4AJcAxfcghZ4AB3QAwhE4AW8gjfr3fq0vqzv5WvJKjJnYAXWzy+kULB4</latexit><latexit sha1_base64="Srj0llwUfl51deTIkafbU9cQdDo=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVJIi6LHYi8cW7QPaUDabTbp0H2F3I5SQn+BVf48/w1/gTbx6c5vmYFsc+GCY+QaG8WNKlHacD6u0tb2zu1ferxwcHh2fVGunfSUSiXAPCSrk0IcKU8JxTxNN8TCWGDKf4oE/ay/8wTOWigj+pOcx9hiMOAkJgtpIj91Jc1KtOw0nh71J3ILUQYHOpGZdjQOBEoa5RhQqNXKdWHsplJogirPKOFE4hmgGIzwylEOGlZfmXTP70iiBHQppjms7V/8mUsiUmjPffDKop2rdW4j/eXrKslWNRkISIxP0j7HWVod3Xkp4nGjM0bJsmFBbC3sxnh0QiZGmc0MgMnmCbDSFEiJtJq6M82DaFoxBHqjMLOuu77hJ+s2G6zTc7k29dV9sXAbn4AJcAxfcghZ4AB3QAwhE4AW8gjfr3fq0vqzv5WvJKjJnYAXWzy+kULB4</latexit>

T ⇤Q1
<latexit sha1_base64="yqJIT7qss5GVGdOiCqx7wCN5G3s=">AAACRXicdVDJSgNBFOxxjXFL9OilMSiewowIegzm4jGBbJKE0NPpJE16GbrfCGGYr/Cq3+M3+BHexKt2loNJSMGDouoVFBVGglvw/U9va3tnd28/c5A9PDo+Oc3lzxpWx4ayOtVCm1ZILBNcsTpwEKwVGUZkKFgzHJenfvOFGcu1qsEkYl1JhooPOCXgpOdOTUeAq72glyv4RX8GvE6CBSmgBSq9vHfd6WsaS6aACmJtO/Aj6CbEAKeCpdlObFlE6JgMWdtRRSSz3WTWOMVXTunjgTbuFOCZ+j+REGntRIbuUxIY2VVvKm7yYCTTZU0MteFO5nSDsdIWBg/dhKsoBqbovOwgFhg0nk6I+9wwCmLiCKEuzymmI2IIBTd0tjMLJmUtJVF9m7plg9Ud10njthj4xaB6Vyg9LjbOoAt0iW5QgO5RCT2hCqojiiR6RW/o3fvwvrxv72f+uuUtMudoCd7vH4EfstY=</latexit><latexit sha1_base64="yqJIT7qss5GVGdOiCqx7wCN5G3s=">AAACRXicdVDJSgNBFOxxjXFL9OilMSiewowIegzm4jGBbJKE0NPpJE16GbrfCGGYr/Cq3+M3+BHexKt2loNJSMGDouoVFBVGglvw/U9va3tnd28/c5A9PDo+Oc3lzxpWx4ayOtVCm1ZILBNcsTpwEKwVGUZkKFgzHJenfvOFGcu1qsEkYl1JhooPOCXgpOdOTUeAq72glyv4RX8GvE6CBSmgBSq9vHfd6WsaS6aACmJtO/Aj6CbEAKeCpdlObFlE6JgMWdtRRSSz3WTWOMVXTunjgTbuFOCZ+j+REGntRIbuUxIY2VVvKm7yYCTTZU0MteFO5nSDsdIWBg/dhKsoBqbovOwgFhg0nk6I+9wwCmLiCKEuzymmI2IIBTd0tjMLJmUtJVF9m7plg9Ud10njthj4xaB6Vyg9LjbOoAt0iW5QgO5RCT2hCqojiiR6RW/o3fvwvrxv72f+uuUtMudoCd7vH4EfstY=</latexit><latexit sha1_base64="yqJIT7qss5GVGdOiCqx7wCN5G3s=">AAACRXicdVDJSgNBFOxxjXFL9OilMSiewowIegzm4jGBbJKE0NPpJE16GbrfCGGYr/Cq3+M3+BHexKt2loNJSMGDouoVFBVGglvw/U9va3tnd28/c5A9PDo+Oc3lzxpWx4ayOtVCm1ZILBNcsTpwEKwVGUZkKFgzHJenfvOFGcu1qsEkYl1JhooPOCXgpOdOTUeAq72glyv4RX8GvE6CBSmgBSq9vHfd6WsaS6aACmJtO/Aj6CbEAKeCpdlObFlE6JgMWdtRRSSz3WTWOMVXTunjgTbuFOCZ+j+REGntRIbuUxIY2VVvKm7yYCTTZU0MteFO5nSDsdIWBg/dhKsoBqbovOwgFhg0nk6I+9wwCmLiCKEuzymmI2IIBTd0tjMLJmUtJVF9m7plg9Ud10njthj4xaB6Vyg9LjbOoAt0iW5QgO5RCT2hCqojiiR6RW/o3fvwvrxv72f+uuUtMudoCd7vH4EfstY=</latexit><latexit sha1_base64="yqJIT7qss5GVGdOiCqx7wCN5G3s=">AAACRXicdVDJSgNBFOxxjXFL9OilMSiewowIegzm4jGBbJKE0NPpJE16GbrfCGGYr/Cq3+M3+BHexKt2loNJSMGDouoVFBVGglvw/U9va3tnd28/c5A9PDo+Oc3lzxpWx4ayOtVCm1ZILBNcsTpwEKwVGUZkKFgzHJenfvOFGcu1qsEkYl1JhooPOCXgpOdOTUeAq72glyv4RX8GvE6CBSmgBSq9vHfd6WsaS6aACmJtO/Aj6CbEAKeCpdlObFlE6JgMWdtRRSSz3WTWOMVXTunjgTbuFOCZ+j+REGntRIbuUxIY2VVvKm7yYCTTZU0MteFO5nSDsdIWBg/dhKsoBqbovOwgFhg0nk6I+9wwCmLiCKEuzymmI2IIBTd0tjMLJmUtJVF9m7plg9Ud10njthj4xaB6Vyg9LjbOoAt0iW5QgO5RCT2hCqojiiR6RW/o3fvwvrxv72f+uuUtMudoCd7vH4EfstY=</latexit>

T ⇤Q2
<latexit sha1_base64="TrsWdF6gWobKWXPGYUF2As5sxHQ=">AAACRXicdVBLS0JBGJ1rL7OX1rLNkBSt5F4Jaim5aangK1Rk7jjq4DwuM98N5OKvaFu/p9/Qj2gXbWt8LFLxwAeHc74DhxNGglvw/U8vtbO7t3+QPswcHZ+cnmVz5w2rY0NZnWqhTSsklgmuWB04CNaKDCMyFKwZjsszv/nCjOVa1WASsa4kQ8UHnBJw0nOnpiPA1V6xl837BX8OvEmCJcmjJSq9nHfT6WsaS6aACmJtO/Aj6CbEAKeCTTOd2LKI0DEZsrajikhmu8m88RRfO6WPB9q4U4Dn6v9EQqS1Exm6T0lgZNe9mbjNg5GcrmpiqA13MqdbjLW2MHjoJlxFMTBFF2UHscCg8WxC3OeGURATRwh1eU4xHRFDKLihM515MClrKYnq26lbNljfcZM0ioXALwTVu3zpcblxGl2iK3SLAnSPSugJVVAdUSTRK3pD796H9+V9ez+L15S3zFygFXi/f4L4stc=</latexit><latexit sha1_base64="TrsWdF6gWobKWXPGYUF2As5sxHQ=">AAACRXicdVBLS0JBGJ1rL7OX1rLNkBSt5F4Jaim5aangK1Rk7jjq4DwuM98N5OKvaFu/p9/Qj2gXbWt8LFLxwAeHc74DhxNGglvw/U8vtbO7t3+QPswcHZ+cnmVz5w2rY0NZnWqhTSsklgmuWB04CNaKDCMyFKwZjsszv/nCjOVa1WASsa4kQ8UHnBJw0nOnpiPA1V6xl837BX8OvEmCJcmjJSq9nHfT6WsaS6aACmJtO/Aj6CbEAKeCTTOd2LKI0DEZsrajikhmu8m88RRfO6WPB9q4U4Dn6v9EQqS1Exm6T0lgZNe9mbjNg5GcrmpiqA13MqdbjLW2MHjoJlxFMTBFF2UHscCg8WxC3OeGURATRwh1eU4xHRFDKLihM515MClrKYnq26lbNljfcZM0ioXALwTVu3zpcblxGl2iK3SLAnSPSugJVVAdUSTRK3pD796H9+V9ez+L15S3zFygFXi/f4L4stc=</latexit><latexit sha1_base64="TrsWdF6gWobKWXPGYUF2As5sxHQ=">AAACRXicdVBLS0JBGJ1rL7OX1rLNkBSt5F4Jaim5aangK1Rk7jjq4DwuM98N5OKvaFu/p9/Qj2gXbWt8LFLxwAeHc74DhxNGglvw/U8vtbO7t3+QPswcHZ+cnmVz5w2rY0NZnWqhTSsklgmuWB04CNaKDCMyFKwZjsszv/nCjOVa1WASsa4kQ8UHnBJw0nOnpiPA1V6xl837BX8OvEmCJcmjJSq9nHfT6WsaS6aACmJtO/Aj6CbEAKeCTTOd2LKI0DEZsrajikhmu8m88RRfO6WPB9q4U4Dn6v9EQqS1Exm6T0lgZNe9mbjNg5GcrmpiqA13MqdbjLW2MHjoJlxFMTBFF2UHscCg8WxC3OeGURATRwh1eU4xHRFDKLihM515MClrKYnq26lbNljfcZM0ioXALwTVu3zpcblxGl2iK3SLAnSPSugJVVAdUSTRK3pD796H9+V9ez+L15S3zFygFXi/f4L4stc=</latexit><latexit sha1_base64="TrsWdF6gWobKWXPGYUF2As5sxHQ=">AAACRXicdVBLS0JBGJ1rL7OX1rLNkBSt5F4Jaim5aangK1Rk7jjq4DwuM98N5OKvaFu/p9/Qj2gXbWt8LFLxwAeHc74DhxNGglvw/U8vtbO7t3+QPswcHZ+cnmVz5w2rY0NZnWqhTSsklgmuWB04CNaKDCMyFKwZjsszv/nCjOVa1WASsa4kQ8UHnBJw0nOnpiPA1V6xl837BX8OvEmCJcmjJSq9nHfT6WsaS6aACmJtO/Aj6CbEAKeCTTOd2LKI0DEZsrajikhmu8m88RRfO6WPB9q4U4Dn6v9EQqS1Exm6T0lgZNe9mbjNg5GcrmpiqA13MqdbjLW2MHjoJlxFMTBFF2UHscCg8WxC3OeGURATRwh1eU4xHRFDKLihM515MClrKYnq26lbNljfcZM0ioXALwTVu3zpcblxGl2iK3SLAnSPSugJVVAdUSTRK3pD796H9+V9ez+L15S3zFygFXi/f4L4stc=</latexit>

T ⇤ (or T⇡)
<latexit sha1_base64="1NtZU9jecEK2cV+EB72GcN1Qgh0=">AAACUXicdVA9TwJBFHx3fiF+gZY2G0GjDbmj0ZJIY6mJCIkQsrfswcb9uOy+MyEXfout/h4rf4qdC1IoxqkmM2/yJpNkUjiMoo8gXFvf2NwqbZd3dvf2DyrVwwdncst4hxlpbC+hjkuheQcFSt7LLKcqkbybPLXnfveZWyeMvsdpxgeKjrVIBaPopWHlqN6/NxnWybmxxPNM1C+GlVrUiBYgf0m8JDVY4nZYDc76I8NyxTUySZ17jKMMBwW1KJjks3I/dzyj7ImO+aOnmiruBsWi/YycemVEUv8/NRrJQv2ZKKhybqoSf6koTtyqNxf/83CiZr81OTZWeFmwf4yVtpheDQqhsxy5Zt9l01wSNGQ+JxkJyxnKqSeU+bxghE2opQz96OX+Ili0jVJUj9zMLxuv7viXPDQbcdSI75q11vVy4xIcwwmcQwyX0IIbuIUOMJjCC7zCW/AefIYQht+nYbDMHMEvhDtfC02y9g==</latexit><latexit sha1_base64="1NtZU9jecEK2cV+EB72GcN1Qgh0=">AAACUXicdVA9TwJBFHx3fiF+gZY2G0GjDbmj0ZJIY6mJCIkQsrfswcb9uOy+MyEXfout/h4rf4qdC1IoxqkmM2/yJpNkUjiMoo8gXFvf2NwqbZd3dvf2DyrVwwdncst4hxlpbC+hjkuheQcFSt7LLKcqkbybPLXnfveZWyeMvsdpxgeKjrVIBaPopWHlqN6/NxnWybmxxPNM1C+GlVrUiBYgf0m8JDVY4nZYDc76I8NyxTUySZ17jKMMBwW1KJjks3I/dzyj7ImO+aOnmiruBsWi/YycemVEUv8/NRrJQv2ZKKhybqoSf6koTtyqNxf/83CiZr81OTZWeFmwf4yVtpheDQqhsxy5Zt9l01wSNGQ+JxkJyxnKqSeU+bxghE2opQz96OX+Ili0jVJUj9zMLxuv7viXPDQbcdSI75q11vVy4xIcwwmcQwyX0IIbuIUOMJjCC7zCW/AefIYQht+nYbDMHMEvhDtfC02y9g==</latexit><latexit sha1_base64="1NtZU9jecEK2cV+EB72GcN1Qgh0=">AAACUXicdVA9TwJBFHx3fiF+gZY2G0GjDbmj0ZJIY6mJCIkQsrfswcb9uOy+MyEXfout/h4rf4qdC1IoxqkmM2/yJpNkUjiMoo8gXFvf2NwqbZd3dvf2DyrVwwdncst4hxlpbC+hjkuheQcFSt7LLKcqkbybPLXnfveZWyeMvsdpxgeKjrVIBaPopWHlqN6/NxnWybmxxPNM1C+GlVrUiBYgf0m8JDVY4nZYDc76I8NyxTUySZ17jKMMBwW1KJjks3I/dzyj7ImO+aOnmiruBsWi/YycemVEUv8/NRrJQv2ZKKhybqoSf6koTtyqNxf/83CiZr81OTZWeFmwf4yVtpheDQqhsxy5Zt9l01wSNGQ+JxkJyxnKqSeU+bxghE2opQz96OX+Ili0jVJUj9zMLxuv7viXPDQbcdSI75q11vVy4xIcwwmcQwyX0IIbuIUOMJjCC7zCW/AefIYQht+nYbDMHMEvhDtfC02y9g==</latexit><latexit sha1_base64="1NtZU9jecEK2cV+EB72GcN1Qgh0=">AAACUXicdVA9TwJBFHx3fiF+gZY2G0GjDbmj0ZJIY6mJCIkQsrfswcb9uOy+MyEXfout/h4rf4qdC1IoxqkmM2/yJpNkUjiMoo8gXFvf2NwqbZd3dvf2DyrVwwdncst4hxlpbC+hjkuheQcFSt7LLKcqkbybPLXnfveZWyeMvsdpxgeKjrVIBaPopWHlqN6/NxnWybmxxPNM1C+GlVrUiBYgf0m8JDVY4nZYDc76I8NyxTUySZ17jKMMBwW1KJjks3I/dzyj7ImO+aOnmiruBsWi/YycemVEUv8/NRrJQv2ZKKhybqoSf6koTtyqNxf/83CiZr81OTZWeFmwf4yVtpheDQqhsxy5Zt9l01wSNGQ+JxkJyxnKqSeU+bxghE2opQz96OX+Ili0jVJUj9zMLxuv7viXPDQbcdSI75q11vVy4xIcwwmcQwyX0IIbuIUOMJjCC7zCW/AefIYQht+nYbDMHMEvhDtfC02y9g==</latexit>

�
<latexit sha1_base64="kcy9StiPGnILhHdxgpheFrNPU8w=">AAACQnicdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWMF+4AmlM1mk67dR9jdCCXkP3jV3+Of8C94E68e3KY52EoHPhhmvoFhgoQSpR3nw6psbG5t71R3a3v7B4dH9cZxX4lUItxDggo5DKDClHDc00RTPEwkhiygeBBMO3N/8IylIoI/6lmCfQZjTiKCoDZS34shY3Bcbzotp4D9n7glaYIS3XHDuvBCgVKGuUYUKjVynUT7GZSaIIrzmpcqnEA0hTEeGcohw8rPirq5fW6U0I6ENMe1Xah/ExlkSs1YYD4Z1BO16s3FdZ6esHxZo7GQxMgErTFW2uro1s8IT1KNOVqUjVJqa2HP97NDIjHSdGYIRCZPkI0mUEKkzco1rwhmHWFW5aHKzbLu6o7/Sf+q5Tot9+G62b4rN66CU3AGLoELbkAb3IMu6AEEnsALeAVv1rv1aX1Z34vXilVmTsASrJ9f2QCyEw==</latexit><latexit sha1_base64="kcy9StiPGnILhHdxgpheFrNPU8w=">AAACQnicdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWMF+4AmlM1mk67dR9jdCCXkP3jV3+Of8C94E68e3KY52EoHPhhmvoFhgoQSpR3nw6psbG5t71R3a3v7B4dH9cZxX4lUItxDggo5DKDClHDc00RTPEwkhiygeBBMO3N/8IylIoI/6lmCfQZjTiKCoDZS34shY3Bcbzotp4D9n7glaYIS3XHDuvBCgVKGuUYUKjVynUT7GZSaIIrzmpcqnEA0hTEeGcohw8rPirq5fW6U0I6ENMe1Xah/ExlkSs1YYD4Z1BO16s3FdZ6esHxZo7GQxMgErTFW2uro1s8IT1KNOVqUjVJqa2HP97NDIjHSdGYIRCZPkI0mUEKkzco1rwhmHWFW5aHKzbLu6o7/Sf+q5Tot9+G62b4rN66CU3AGLoELbkAb3IMu6AEEnsALeAVv1rv1aX1Z34vXilVmTsASrJ9f2QCyEw==</latexit><latexit sha1_base64="kcy9StiPGnILhHdxgpheFrNPU8w=">AAACQnicdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWMF+4AmlM1mk67dR9jdCCXkP3jV3+Of8C94E68e3KY52EoHPhhmvoFhgoQSpR3nw6psbG5t71R3a3v7B4dH9cZxX4lUItxDggo5DKDClHDc00RTPEwkhiygeBBMO3N/8IylIoI/6lmCfQZjTiKCoDZS34shY3Bcbzotp4D9n7glaYIS3XHDuvBCgVKGuUYUKjVynUT7GZSaIIrzmpcqnEA0hTEeGcohw8rPirq5fW6U0I6ENMe1Xah/ExlkSs1YYD4Z1BO16s3FdZ6esHxZo7GQxMgErTFW2uro1s8IT1KNOVqUjVJqa2HP97NDIjHSdGYIRCZPkI0mUEKkzco1rwhmHWFW5aHKzbLu6o7/Sf+q5Tot9+G62b4rN66CU3AGLoELbkAb3IMu6AEEnsALeAVv1rv1aX1Z34vXilVmTsASrJ9f2QCyEw==</latexit><latexit sha1_base64="kcy9StiPGnILhHdxgpheFrNPU8w=">AAACQnicdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWMF+4AmlM1mk67dR9jdCCXkP3jV3+Of8C94E68e3KY52EoHPhhmvoFhgoQSpR3nw6psbG5t71R3a3v7B4dH9cZxX4lUItxDggo5DKDClHDc00RTPEwkhiygeBBMO3N/8IylIoI/6lmCfQZjTiKCoDZS34shY3Bcbzotp4D9n7glaYIS3XHDuvBCgVKGuUYUKjVynUT7GZSaIIrzmpcqnEA0hTEeGcohw8rPirq5fW6U0I6ENMe1Xah/ExlkSs1YYD4Z1BO16s3FdZ6esHxZo7GQxMgErTFW2uro1s8IT1KNOVqUjVJqa2HP97NDIjHSdGYIRCZPkI0mUEKkzco1rwhmHWFW5aHKzbLu6o7/Sf+q5Tot9+G62b4rN66CU3AGLoELbkAb3IMu6AEEnsALeAVv1rv1aX1Z34vXilVmTsASrJ9f2QCyEw==</latexit>

1
<latexit sha1_base64="93BFzOY2xSaeRGRWOyKXTZ+MQlU=">AAACPXicdVDNSsNAGNzUv1r/Wj16WSyKp5KIoMdiLx5bsLXQhrLZbNql+xN2N0IJeQKv+jw+hw/gTbx6dZvmYFs68MEw8w0ME8SMauO6n05pa3tnd6+8Xzk4PDo+qdZOe1omCpMulkyqfoA0YVSQrqGGkX6sCOIBI8/BtDX3n1+I0lSKJzOLic/RWNCIYmSs1PFG1brbcHPAdeIVpA4KtEc152oYSpxwIgxmSOuB58bGT5EyFDOSVYaJJjHCUzQmA0sF4kT7ad40g5dWCWEklT1hYK7+T6SIaz3jgf3kyEz0qjcXN3lmwrNljY2lolameIOx0tZE935KRZwYIvCibJQwaCScTwdDqgg2bGYJwjZPMcQTpBA2duDKMA+mLck5EqHO7LLe6o7rpHfT8NyG17mtNx+KjcvgHFyAa+CBO9AEj6ANugADAl7BG3h3Ppwv59v5WbyWnCJzBpbg/P4BEcOvsw==</latexit><latexit sha1_base64="93BFzOY2xSaeRGRWOyKXTZ+MQlU=">AAACPXicdVDNSsNAGNzUv1r/Wj16WSyKp5KIoMdiLx5bsLXQhrLZbNql+xN2N0IJeQKv+jw+hw/gTbx6dZvmYFs68MEw8w0ME8SMauO6n05pa3tnd6+8Xzk4PDo+qdZOe1omCpMulkyqfoA0YVSQrqGGkX6sCOIBI8/BtDX3n1+I0lSKJzOLic/RWNCIYmSs1PFG1brbcHPAdeIVpA4KtEc152oYSpxwIgxmSOuB58bGT5EyFDOSVYaJJjHCUzQmA0sF4kT7ad40g5dWCWEklT1hYK7+T6SIaz3jgf3kyEz0qjcXN3lmwrNljY2lolameIOx0tZE935KRZwYIvCibJQwaCScTwdDqgg2bGYJwjZPMcQTpBA2duDKMA+mLck5EqHO7LLe6o7rpHfT8NyG17mtNx+KjcvgHFyAa+CBO9AEj6ANugADAl7BG3h3Ppwv59v5WbyWnCJzBpbg/P4BEcOvsw==</latexit><latexit sha1_base64="93BFzOY2xSaeRGRWOyKXTZ+MQlU=">AAACPXicdVDNSsNAGNzUv1r/Wj16WSyKp5KIoMdiLx5bsLXQhrLZbNql+xN2N0IJeQKv+jw+hw/gTbx6dZvmYFs68MEw8w0ME8SMauO6n05pa3tnd6+8Xzk4PDo+qdZOe1omCpMulkyqfoA0YVSQrqGGkX6sCOIBI8/BtDX3n1+I0lSKJzOLic/RWNCIYmSs1PFG1brbcHPAdeIVpA4KtEc152oYSpxwIgxmSOuB58bGT5EyFDOSVYaJJjHCUzQmA0sF4kT7ad40g5dWCWEklT1hYK7+T6SIaz3jgf3kyEz0qjcXN3lmwrNljY2lolameIOx0tZE935KRZwYIvCibJQwaCScTwdDqgg2bGYJwjZPMcQTpBA2duDKMA+mLck5EqHO7LLe6o7rpHfT8NyG17mtNx+KjcvgHFyAa+CBO9AEj6ANugADAl7BG3h3Ppwv59v5WbyWnCJzBpbg/P4BEcOvsw==</latexit><latexit sha1_base64="93BFzOY2xSaeRGRWOyKXTZ+MQlU=">AAACPXicdVDNSsNAGNzUv1r/Wj16WSyKp5KIoMdiLx5bsLXQhrLZbNql+xN2N0IJeQKv+jw+hw/gTbx6dZvmYFs68MEw8w0ME8SMauO6n05pa3tnd6+8Xzk4PDo+qdZOe1omCpMulkyqfoA0YVSQrqGGkX6sCOIBI8/BtDX3n1+I0lSKJzOLic/RWNCIYmSs1PFG1brbcHPAdeIVpA4KtEc152oYSpxwIgxmSOuB58bGT5EyFDOSVYaJJjHCUzQmA0sF4kT7ad40g5dWCWEklT1hYK7+T6SIaz3jgf3kyEz0qjcXN3lmwrNljY2lolameIOx0tZE935KRZwYIvCibJQwaCScTwdDqgg2bGYJwjZPMcQTpBA2duDKMA+mLck5EqHO7LLe6o7rpHfT8NyG17mtNx+KjcvgHFyAa+CBO9AEj6ANugADAl7BG3h3Ppwv59v5WbyWnCJzBpbg/P4BEcOvsw==</latexit>

Claim: The value iteration update is a contraction map:

‖T ∗Q1 − T ∗Q2‖∞ ≤ γ ‖Q1 − Q2‖∞
‖·‖∞ denotes the L∞ norm, defined as:

‖x‖∞ = max
i
|xi |

If this claim is correct, then value iteration converges exponentially to the
unique fixed point.

The exponential decay factor is γ (the discount factor), which means longer
term planning is harder.
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Bellman Operator is a Contraction

|(T ∗Q1)(s, a)− (T ∗Q2)(s, a)| = γ

∣∣∣∣∣∑
s′

p(s ′ | s, a)

[
max
a′

Q1(s ′, a′)−max
a′

Q2(s ′, a′)

]∣∣∣∣∣
≤ γ

∑
s′

p(s ′ | s, a)

∣∣∣∣max
a′

Q1(s ′, a′)−max
a′

Q2(s ′, a′)

∣∣∣∣
≤ γ

∑
s′

p(s ′ | s, a) max
a′

∣∣Q1(s ′, a′)− Q2(s ′, a′)
∣∣

= γmax
s′,a′

∣∣Q1(s ′, a′)− Q2(s ′, a′)
∣∣

= γ ‖Q1 − Q2‖∞

This is true for any (s, a), so

‖T ∗Q1 − T ∗Q2‖∞ ≤ γ ‖Q1 − Q2‖∞ ,

From which we get that for the iterates Qk of value iteration:

‖T ∗Qk+1 − Q∗‖∞ ≤ γ ‖T
∗Qk − Q∗‖∞ ,
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Policy iteration

Policy evaluation
For k = 1, . . .

Qk+1 ← TπQk

converges to Qπ

Value iteration
For k = 1, . . .

Qk+1 ← T ∗Qk

converges to Q∗

Both iterations are contractions.

They seem different, but we can actually re-write value iteration using
a policy evaluation update.
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Policy iteration

Define greedy policy with respect to Q:

πQ(s) ∈ arg max
a

Q(s, a).

With this notation, we can re-write the operator T ∗ using Tπ

Q ← T ∗Q ⇐⇒
π ← πQ

Q ← TπQ

This suggests an algorithm that runs the policy evaluation
Qk+1 ← TπkQk to convergence in an inner loop. This is the
generalization known as policy iteration.
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Policy iteration

Value iteration
For k = 1, . . .

πk+1 ← πQk

Qk+1 ← Tπk+1Qk

Policy iteration
For k = 1, . . .

πk+1 ← πQk

Qk+1 ← Qπk+1

Recall that Qπ is the Q function corresponding to policy π, so the
second line of policy iteration is equivalent to running policy
evaluation to convergence with policy πQk

.

Policy iteration has more expensive iterations, but it sometimes
converges in fewer iterations.
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Policy iteration—convergence

Policy iteration’s convergence is guaranteed by the following facts:
1. Qπk+1 ≥ T ∗Qπk ≥ Qπk

2. ‖Qπk+1 − Q∗‖∞ ≤ γ ‖Qπk − Q∗‖∞
Sketch (see, e.g., Lemma 1.13 in Agarwal et al., 2020)

1. T ∗Qπk ≥ Qπk , because T ∗ is a greedy improvement of Qπk for each
(s, a), i.e., maximize Qπk over the next action.

2. Qπk+1 ≥ Qπk . Qπk gives us the value from (s, a) assuming we will
continue playing with πk . πQk

locally optimizes Qπk at each iteration.
Induction over times gives us our result.

3. Qπk+1 ≥ T ∗Qπk , follows from 1. and 2. You can think of it like, take
one greedy step using πQk

and then follow πk .
4. Finally, using these results and the fact that Q∗ ≥ Q for all Q:

‖Q∗ − Qπk+1‖∞ ≤ ‖Q∗ − T ∗Qπk‖∞ = ‖T ∗Q∗ − T ∗Qπk‖∞
≤ γ ‖Q∗ − Qπk‖∞

Policy iteration is no worse than value iteration. One iteration is
typically more expensive, but overall can have better complexity.
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Recap

We looked at

Gradient descent and stochastic gradient descent.
I Assumed a (differentiable) parametric family for the policy.
I Assumed that we could simulate X ∼ q.
I Might converge to a local optima.

Dynamic programming (value iteration and policy iteration).
I Assumed that we have access to the transition distribution mass

function that |S| and |A| are small. An instance of planning.
I Can converge quickly to global solution.
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Recap

What are the limitations of dynamic programming?
I requires explicitly representing Q∗ as a vector

I |S| can be extremely large, or infinite
I |A| can be infinite (e.g. continuous voltages in robotics)

But value iteration is still a foundation for a lot of more practical RL
algorithms.

I Most approaches soften the requirements.
I Can we implement under the same assumptions as SGD?
I We could simulate from the policy and the environment, can we still

perform value iteration? policy iteration?
I Stochastic variants harder to understand, but well-studied.
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Classifying agents

More broadly, the central theme in this course will be how different
methods are appropriate under different assumptions on the family of
policies Q, the structure of the function f (X , q), and the access we
assume to other sources of randomness. Roughly speaking:

Model-based: in RL, we assume full access to the environment’s
transition dynamics. Sometimes we learn this.

Model-free: in RL, we assume the ability to simulate an interaction,
but otherwise we do not have access to the transition dynamics.

Implicit distribution: we do not assume access to the densities of
q ∈ Q, but we assume the ability to simulate from them.

On-policy: We use X ∼ q to improve our policy q.

Off-policy: We use some other random variable Y taking values in X
to improve our policy q.
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Some things to ponder

Can we use value iteration or policy iteration for problems in
probabilistic inference (e.g. latent time series models)?

Can we exploit the temporal structure of the return in RL to
implement better SGD methods?
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