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Recap of different learning settings

So far the settings that you’ve seen imagine one learner or agent.

Supervised

Learner predicts

labels.

Unsupervised

Learner organizes

data.

Reinforcement

Agent maximizes

reward.
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Today

We will talk about learning in the context of a two-player game.

Game-playing

This lecture only touches a small part of the large and beautiful

literature on game theory, multi-agent reinforcement learning, etc.
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Game-playing in AI: Beginnings

• (1950) Claude Shannon proposes explains how games could

be solved algorithmically via tree search

• (1953) Alan Turing writes a chess program

• (1956) Arthur Samuel writes a program that plays checkers

better than he does

• (1968) An algorithm defeats human novices at Go

slide credit: Profs. Roger Grosse and Jimmy Ba
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Game-playing in AI: Successes

• (1992) TD-Gammon plays backgammon competitively with

the best human players

• (1996) Chinook wins the US National Checkers Championship

• (1997) DeepBlue defeats world chess champion Garry

Kasparov

• (2016) AlphaGo defeats Go champion Lee Sedol.

slide credit: Profs. Roger Grosse and Jimmy Ba
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Today

• Game-playing has always been at the core of CS.

• Simple well-defined rules, but mastery requires a high degree

of intelligence.

• We will study how to learn to play Go.

• The ideas in this lecture apply to all zero-sum games with

finitely many states, two players, and no uncertainty.

• Go was the last classical board game for which humans

outperformed computers.

• We will follow the story of AlphaGo, DeepMind’s Go playing

system that defeated the human Go champion Lee Sedol.

• Combines many ideas that you’ve already seen.

• supervised learning, value function learning...
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The game of Go: Start

• Initial position is an empty 19×19 grid.
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The game of Go: Play

• 2 players alternate placing stones on

empty intersections. Black stone plays

first.

• (Ko) Players cannot recreate a former

board position.
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The game of Go: Play

• (Capture) Capture and remove a

connected group of stones by

surrounding them.

Capture
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The game of Go: End

• (Territory) The winning player has

the maximum number of occupied or

surrounded intersections.

Territory
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Outline of the lecture

To build a strong computer Go player, we will answer:

• What does it mean to play optimally?

• Can we compute (approximately) optimal play?

• Can we learn to play (somewhat) optimally?
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Why is this a challenge?

• Optimal play requires searching over ∼ 10170 legal positions.

• It is hard to decide who is winning before the end-game.

• Good heuristics exist for chess (count pieces), but not for Go.

• Humans use sophisticated pattern recognition.
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Optimal play
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Game trees

• Organize all possible games into a

tree.

• Each node s contains a legal position.

• Child nodes enumerate all possible

actions taken by the current player.

• Leaves are terminal states.

• Technically board positions can

appear in more than one node, but

let’s ignore that detail for now.

• The Go tree is finite (Ko rule).
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Game trees

black stone’s turn

white stone’s turn

Intro ML (UofT) STA314-Lec12 15 / 59



Evaluating positions

• We want to quantify the utility of a

node for the current player.

• Label each node s with a value v(s),

taking the perspective of the black

stone player.

• +1 for black wins, -1 for black loses.

• Flip the sign for white’s value

(technically, this is because Go is

zero-sum).

• Evaluations let us determine who is

winning or losing.
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Evaluating leaf positions

Leaf nodes are easy to label, because a winner is known.

s
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

-1 +1 +1 +1 -1 -1 +1 +1 +1 -1 -1 -1 -1 -1 +1 -1

black stones win white stones win
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Evaluating internal positions

• The value of internal nodes depends on

the strategies of the two players.

• The so-called maximin value v∗(s) is

the highest value that black can achieve

regardless of white’s strategy.

• If we could compute v∗, then the best

(worst-case) move a∗ is

a∗ = argmax
a
{v∗(child(s, a))}

a
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="Ub3voBRW6se2i2C9Um8618axZWg=">AAAB/HicbVDLSgMxFL1TX7W+RuvOTbAIFaTMiKIboeBClxX6gnYomUzahmYeJBlhHOqvuHGhiC79EHcu/RMzbRdaPRA4nHMv9+S4EWdSWdankVtYXFpeya8W1tY3NrfM7Z2mDGNBaIOEPBRtF0vKWUAbiilO25Gg2Hc5bbmjy8xv3VIhWRjUVRJRx8eDgPUZwUpLPbPY9bEaCj8lQ8a9cVke4cOeWbIq1gToL7FnpAQz1HrmR9cLSezTQBGOpezYVqScFAvFCKfjQjeWNMJkhAe0o2mAfSqddBJ+jA604qF+KPQLFJqoPzdS7EuZ+K6ezKLKeS8T//M6seqfOykLoljRgEwP9WOOVIiyJpDHBCWKJ5pgIpjOisgQC0yU7qugS7Dnv/yXNI8r9mnFujkpVS/qd19Xb7uQhz3YhzLYcAZVuIYaNIBAAg/wBM/GvfFovBiv0+ZyxqzCIvyC8f4NOF6XUg==</latexit>

child(s, a)
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Evaluating positions under optimal play

-1 +1 +1 +1 -1 -1 +1 +1 +1 -1 -1 -1 -1 -1 +1 -1

min<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s
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-1 +1 -1 -1 -1 -1 -1+1
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Evaluating positions under optimal play

-1 +1 +1 +1 -1 -1 +1 +1 +1 -1 -1 -1 -1 -1 +1 -1

max
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min<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s
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-1 +1 -1 -1 -1 -1 -1+1

+1 +1 -1 -1

Intro ML (UofT) STA314-Lec12 20 / 59



Evaluating positions under optimal play

-1 +1 +1 +1 -1 -1 +1 +1 +1 -1 -1 -1 -1 -1 +1 -1

max
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

max
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

min<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

min<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

v⇤(s) = +1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

-1 +1 -1 -1 -1 -1 -1+1

+1 +1 -1 -1

-1+1

+1
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Value function v∗

• v∗ satisfies the fixed-point equation

v∗(s) =


maxa{v∗(child(s, a))} black plays

mina{v∗(child(s, a))} white plays

+1 black wins

−1 white wins

• Analog of the optimal value function of RL.

• Applies to other two-player games

• Deterministic, zero-sum, perfect information games.
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Quiz!

-1 +1

+1

<latexit sha1_base64="0HCCTrZmlfoUXRVKRTUBw7Bs9qI=">AAAB8XicbVBNS8NAEJ3Ur1q/oh69LBaheiiJKHoRi148VrAf2May2W7apZtN2N0USui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Ud59vKLS2vrK7l1wsbm1vbO/buXl1FiSS0RiIeyaaPFeVM0JpmmtNmLCkOfU4b/uB24jeGVCoWiQc9iqkX4p5gASNYG+lx+HRSUsfoCl137KJTdqZAi8TNSBEyVDv2V7sbkSSkQhOOlWq5Tqy9FEvNCKfjQjtRNMZkgHu0ZajAIVVeOr14jI6M0kVBJE0Jjabq74kUh0qNQt90hlj31bw3Ef/zWokOLr2UiTjRVJDZoiDhSEdo8j7qMkmJ5iNDMJHM3IpIH0tMtAmpYEJw519eJPXTsntedu7PipWbLI48HMAhlMCFC6jAHVShBgQEPMMrvFnKerHerY9Za87KZvbhD6zPH1JDj2A=</latexit>

v⇤(s) =? What is the maximin

value v∗(s) of the root?

1 -1?

2 +1?

Recall: black plays first

and is trying to maximize,

whereas white is trying to

minimize.
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Quiz!

<latexit sha1_base64="7OdsMhjXYDrMrdzKNxGPT0e4E/k=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoMQFcKuKHoRgl48RjAP2KxhdjKbDJmdWWZmA2HJZ3jxoIhXv8abf+PkcdBoQUNR1U13V5hwpo3rfjm5peWV1bX8emFjc2t7p7i719AyVYTWieRStUKsKWeC1g0znLYSRXEcctoMB7cTvzmkSjMpHswooUGMe4JFjGBjJX/4eFLWx+ganXqdYsmtuFOgv8SbkxLMUesUP9tdSdKYCkM41tr33MQEGVaGEU7HhXaqaYLJAPeob6nAMdVBNj15jI6s0kWRVLaEQVP150SGY61HcWg7Y2z6etGbiP95fmqiqyBjIkkNFWS2KEo5MhJN/kddpigxfGQJJorZWxHpY4WJsSkVbAje4st/SeOs4l1U3PvzUvVmHkceDuAQyuDBJVThDmpQBwISnuAFXh3jPDtvzvusNefMZ/bhF5yPb6WXj4c=</latexit>

v⇤(s) = +1

-1 +1

+1-1

+1max
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

min<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

What is the maximin

value v∗(s) of the root?

1 -1?

2 +1?

Recall: black plays first

and is trying to maximize,

whereas white is trying to

minimize.
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In a perfect world

• So, for games like Go, all you need is v∗ to play optimally in

the worst case:

a∗ = argmax
a
{v∗(child(s, a))}

• Claude Shannon (1950) pointed out that you can find a∗ by

recursing over the whole game tree.

• Seems easy, but v∗ is wildly expensive to compute...

• Go has ∼ 10170 legal positions in the tree.
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Approximating optimal play
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Depth-limited Minimax

• In practice, recurse to a

small depth and back off to

a static evaluation v̂∗.

• v̂∗ is a heuristic, designed

by experts.

• Other heuristics as well,

e.g. pruning.

• For Go (Müller, 2002).

<latexit sha1_base64="21VtjAGlR7k+kEuKMLlniQGGWFo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgHsKuKHoMCOIxgnlIsobZySQZMrO7zPQGwpKv8OJBEa9+jjf/xkmyB00saCiquunuCmIpDLrut5NbWV1b38hvFra2d3b3ivsHdRMlmvEai2SkmwE1XIqQ11Cg5M1Yc6oCyRvB8GbqN0ZcGxGFDziOua9oPxQ9wSha6bE9oJiOJk9nnWLJLbszkGXiZaQEGaqd4le7G7FE8RCZpMa0PDdGP6UaBZN8UmgnhseUDWmftywNqeLGT2cHT8iJVbqkF2lbIZKZ+nsipcqYsQpsp6I4MIveVPzPayXYu/ZTEcYJ8pDNF/USSTAi0+9JV2jOUI4toUwLeythA6opQ5tRwYbgLb68TOrnZe+y7N5flCq3WRx5OIJjOAUPrqACd1CFGjBQ8Ayv8OZo58V5dz7mrTknmzmEP3A+fwDONZBr</latexit>

v̂⇤
<latexit sha1_base64="21VtjAGlR7k+kEuKMLlniQGGWFo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgHsKuKHoMCOIxgnlIsobZySQZMrO7zPQGwpKv8OJBEa9+jjf/xkmyB00saCiquunuCmIpDLrut5NbWV1b38hvFra2d3b3ivsHdRMlmvEai2SkmwE1XIqQ11Cg5M1Yc6oCyRvB8GbqN0ZcGxGFDziOua9oPxQ9wSha6bE9oJiOJk9nnWLJLbszkGXiZaQEGaqd4le7G7FE8RCZpMa0PDdGP6UaBZN8UmgnhseUDWmftywNqeLGT2cHT8iJVbqkF2lbIZKZ+nsipcqYsQpsp6I4MIveVPzPayXYu/ZTEcYJ8pDNF/USSTAi0+9JV2jOUI4toUwLeythA6opQ5tRwYbgLb68TOrnZe+y7N5flCq3WRx5OIJjOAUPrqACd1CFGjBQ8Ayv8OZo58V5dz7mrTknmzmEP3A+fwDONZBr</latexit>

v̂⇤

<latexit sha1_base64="21VtjAGlR7k+kEuKMLlniQGGWFo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgHsKuKHoMCOIxgnlIsobZySQZMrO7zPQGwpKv8OJBEa9+jjf/xkmyB00saCiquunuCmIpDLrut5NbWV1b38hvFra2d3b3ivsHdRMlmvEai2SkmwE1XIqQ11Cg5M1Yc6oCyRvB8GbqN0ZcGxGFDziOua9oPxQ9wSha6bE9oJiOJk9nnWLJLbszkGXiZaQEGaqd4le7G7FE8RCZpMa0PDdGP6UaBZN8UmgnhseUDWmftywNqeLGT2cHT8iJVbqkF2lbIZKZ+nsipcqYsQpsp6I4MIveVPzPayXYu/ZTEcYJ8pDNF/USSTAi0+9JV2jOUI4toUwLeythA6opQ5tRwYbgLb68TOrnZe+y7N5flCq3WRx5OIJjOAUPrqACd1CFGjBQ8Ayv8OZo58V5dz7mrTknmzmEP3A+fwDONZBr</latexit>

v̂⇤
<latexit sha1_base64="21VtjAGlR7k+kEuKMLlniQGGWFo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgHsKuKHoMCOIxgnlIsobZySQZMrO7zPQGwpKv8OJBEa9+jjf/xkmyB00saCiquunuCmIpDLrut5NbWV1b38hvFra2d3b3ivsHdRMlmvEai2SkmwE1XIqQ11Cg5M1Yc6oCyRvB8GbqN0ZcGxGFDziOua9oPxQ9wSha6bE9oJiOJk9nnWLJLbszkGXiZaQEGaqd4le7G7FE8RCZpMa0PDdGP6UaBZN8UmgnhseUDWmftywNqeLGT2cHT8iJVbqkF2lbIZKZ+nsipcqYsQpsp6I4MIveVPzPayXYu/ZTEcYJ8pDNF/USSTAi0+9JV2jOUI4toUwLeythA6opQ5tRwYbgLb68TOrnZe+y7N5flCq3WRx5OIJjOAUPrqACd1CFGjBQ8Ayv8OZo58V5dz7mrTknmzmEP3A+fwDONZBr</latexit>

v̂⇤
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Progress in Computer Go

2000 2005 2010 2015
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Many Faces of Go
Many Faces of GoGo++

GnuGo

Minimax search for Go

adapted from Sylvain Gelly & David Silver, Test of Time Award ICML 2017
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Expected value functions

• Designing static evaluation of v∗ is very challenging,

especially so for Go.

• Somewhat obvious, otherwise search would not be needed!

• Depth-limited minimax is very sensitive to misevaluation.

• Monte Carlo tree search resolves many of the issues with

Minimax search for Go.

• Revolutionized computer Go.

• To understand this, we will introduce expected value

functions.
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Expected value functions

If players play by rolling fair dice, outcomes will be random.

-1 -1 -1 -1-1 +1

This is a decent approximation to very weak play.
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Expected value functions

Averaging many random outcomes → expected value function.

-1 +1 +1 +1 -1 -1 +1 +1 +1 -1 -1 -1 -1 -1 +1 -1

v(s) = �1/9
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Contribution of each outcome depends on the length of the path.
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Quiz!

-1 +1

+1

<latexit sha1_base64="dB4OIYvQk6qZly+ZtwxdFV38MRo=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquKHoRi148VrAf0C4lm2bb0CS7JtlCWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyb+s0RVZpF8tGMY+oL3JcsZAQbK7VGZX2KrtFNt1hyK+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7N7J+jEKj0URsqWNGim/p5IsdB6LALbKbAZ6EVvKv7ntRMTXvkpk3FiqCTzRWHCkYnQ9HnUY4oSw8eWYKKYvRWRAVaYGBtRwYbgLb68TBpnFe+i4j6cl6q3WRx5OIJjKIMHl1CFe6hBHQhweIZXeHOenBfn3fmYt+acbOYQ/sD5/AE1LI7E</latexit>

v(s) =? Consider two players that

pick their moves by

flipping a fair coin, what

is the expected value v(s)

of the root?

1 1/3?

2 1/2?

Intro ML (UofT) STA314-Lec12 32 / 59



Quiz!

<latexit sha1_base64="v2+G4fl2oklM7QsTLdkDG0jNtsk=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSLUS90til6EohePFewHtkvJptk2NJssSbZQlv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzL4g508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NAyUYTWieRStQKsKWeC1g0znLZiRXEUcNoMhndTvzmiSjMpHs04pn6E+4KFjGBjpadRSZ+hG+SdV7qFolt2Z0DLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp5N8J9E0xmSI+7RtqcAR1X46u3iCTq3SQ6FUtoRBM/X3RIojrcdRYDsjbAZ60ZuK/3ntxITXfspEnBgqyHxRmHBkJJq+j3pMUWL42BJMFLO3IjLAChNjQ8rbELzFl5dJo1L2Lsvuw0WxepvFkYNjOIESeHAFVbiHGtSBgIBneIU3RzsvzrvzMW9dcbKZI/gD5/MHAOyPKw==</latexit>

v(s) = 1/2

-1 +1

+1

<latexit sha1_base64="Lv1Ugg/cb2RQJ5ixQGm3hBizr0s=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEoseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7V9e4vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBa3o0v</latexit>

0.5
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1/2

Consider two players that

pick their moves by

flipping a fair coin, what

is the expected value v(s)

of the root?

1 1/3?

2 1/2?
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Expected value functions

• Noisy evaluations vn are cheap

approximations of expected

outcomes:

vn(s) =
1
n

n∑
i=1

o(s′i)

≈ E[o(s′) := v(s)]

o(s) = ±1 if black wins / loses.

• Longer games will be

underweighted by this evaluation

v, but let’s ignore that.

s
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Monte Carlo tree search

• Ok expected value functions are easy to approximate,

but how can we use vn to play Go?

• vn is not at all similar to v∗.

• So, maximizing vn by itself is probably not a great strategy.

• Minimax won’t work, because it is a pure exploitation strategy

that assumes perfect leaf evaluations.

• Monte Carlo tree search (MCTS; Kocsis and Szepesvári,

2006; Coulom, 2006; Browne et al., 2012) is one way.

• MCTS maintains a depth-limited search tree.

• Builds an approximation v̂∗ of v∗ at all nodes.
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Monte Carlo tree searchIEEE TRANSACTIONS ON COMPUTATIONAL INTELLIGENCE AND AI IN GAMES, VOL. 4, NO. 1, MARCH 2012 6

Tree
Policy

Default
Policy

Selection Expansion Simulation Backpropagation

Fig. 2. One iteration of the general MCTS approach.

Algorithm 1 General MCTS approach.
function MCTSSEARCH(s0)

create root node v0 with state s0

while within computational budget do
vl  TREEPOLICY(v0)
� DEFAULTPOLICY(s(vl))
BACKUP(vl,�)

return a(BESTCHILD(v0))

the tree until the most urgent expandable node is
reached. A node is expandable if it represents a non-
terminal state and has unvisited (i.e. unexpanded)
children.

2) Expansion: One (or more) child nodes are added to
expand the tree, according to the available actions.

3) Simulation: A simulation is run from the new node(s)
according to the default policy to produce an out-
come.

4) Backpropagation: The simulation result is “backed
up” (i.e. backpropagated) through the selected
nodes to update their statistics.

These may be grouped into two distinct policies:

1) Tree Policy: Select or create a leaf node from the
nodes already contained within the search tree (se-
lection and expansion).

2) Default Policy: Play out the domain from a given
non-terminal state to produce a value estimate (sim-
ulation).

The backpropagation step does not use a policy itself,
but updates node statistics that inform future tree policy
decisions.

These steps are summarised in pseudocode in Algo-

rithm 1.6 Here v0 is the root node corresponding to state
s0, vl is the last node reached during the tree policy
stage and corresponds to state sl, and � is the reward
for the terminal state reached by running the default
policy from state sl. The result of the overall search
a(BESTCHILD(v0)) is the action a that leads to the best
child of the root node v0, where the exact definition of
“best” is defined by the implementation.

Note that alternative interpretations of the term “sim-
ulation” exist in the literature. Some authors take it
to mean the complete sequence of actions chosen per
iteration during both the tree and default policies (see for
example [93], [204], [94]) while most take it to mean the
sequence of actions chosen using the default policy only.
In this paper we shall understand the terms playout and
simulation to mean “playing out the task to completion
according to the default policy”, i.e. the sequence of
actions chosen after the tree policy steps of selection and
expansion have been completed.

Figure 2 shows one iteration of the basic MCTS al-
gorithm. Starting at the root node7 t0, child nodes are
recursively selected according to some utility function
until a node tn is reached that either describes a terminal
state or is not fully expanded (note that this is not
necessarily a leaf node of the tree). An unvisited action
a from this state s is selected and a new leaf node tl is
added to the tree, which describes the state s0 reached
from applying action a to state s. This completes the tree
policy component for this iteration.

A simulation is then run from the newly expanded
leaf node tl to produce a reward value �, which is then

6. The simulation and expansion steps are often described and/or
implemented in the reverse order in practice [52], [67].

7. Each node contains statistics describing at least a reward value
and number of visits.

(Browne et al., 2012)

• Select an existing leaf or expand a new leaf.

• Evaluate leaf with Monte Carlo simulation vn.

• Noisy values vn are backed-up the tree to improve

approximation v̂∗.
Intro ML (UofT) STA314-Lec12 36 / 59



Monte Carlo tree search

• Selection strategy greedily descends tree.

• MCTS is robust to noisy misevaluation at the leaves, because

the selection rule balances exploration and exploitation:

a∗ = argmax
a

{
v̂∗(child(s, a)) +

√
2 logN(s)

N(child(s, a))

}

• v̂∗(s) = estimate of v∗(s), N(s) number of visits to node s.

• MCTS is forced to visit rarely visited children.

• Key result: MCTS approximation v̂∗ → v∗ (Kocsis and

Szepesvári, 2006).
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Progress in Computer Go
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Traditional Search

Monte Carlo tree search for Go

adapted from Sylvain Gelly & David Silver, Test of Time Award ICML 2017
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Scaling with compute and time

• The strength of MCTS bots scales with the amount of

compute and time that we have at play-time.

• But play-time is limited, while time outside of play is much

more plentiful.

• How can we improve computer Go players using compute

when we are not playing? Learning!

• You can try to think harder during a test vs. studying more

beforehand.
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Learning to play Go
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This is where I come in

• 2014 Google DeepMind internship on neural nets for Go.

• Working with Aja Huang, David Silver, Ilya Sutskever, I was

responsible for designing and training the neural networks.

• Others came before (e.g., Sutskever and Nair, 2008).

• Ilya Sutskever’s (Chief Scientist, OpenAI) argument in 2014:

expert players can identify a good set of moves in 500 ms.

• This is only enough time for the visual cortex to process the

board—not enough for complex reasoning.

• At the time we had neural networks that were nearly as good

as humans in image recognition, thus we thought we would be

able to train a net to play Go well.

• Key goal: can we train a net to understand Go?
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Neural nets for Go

Neural networks are powerful parametric function approximators.

Idea: map board position s (input) to a next move or an

evaluation (output) using simple convolutional networks.
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Neural nets for Go

• We want to train a neural policy or

neural evaluator, but how?

• Existing data: databases of Go

games played by humans and other

compute Go bots.

• The first idea that worked was

learning to predict expert’s next

move.

• Input: board position s

• Output: next move a

An expert move (pink)
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Policy Net (Maddison et al., 2015)

• Dataset: KGS server games split

into board / next-move pairs

(si, ai)

• 160,000 games → 29 million

(si, ai) pairs.

• Loss: negative log-likelihood,

−
N∑
i=1

log πnet(ai|si, x).

• Use trained net as a Go player:

a∗ = argmax
a
{log πnet(a|s, x)}.

s
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇡net(a|s, x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(Silver et al., 2016)

Intro ML (UofT) STA314-Lec12 44 / 59



Like learning a better traversal

+1

As supervised accuracy improved, searchless play improved.
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Progress in Computer Go
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Progress in my internship
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MCTS

adapted from Sylvain Gelly & David Silver, Test of Time Award ICML 2017
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Can we improve MCTS with neural networks?

• These results prompted the

formation of big team inside

DeepMind to combine MCTS and

neural networks.

• To really improve search, we

needed strong evaluators.

• Recall: an evaluation function

tells us who is winning.

• πnet rollouts would be a good

evaluator, but this is too

expensive.

• Can we learn one?
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Value Net (Silver et al., 2016)

Failed attempt.

• Dataset: KGS server games split

into board / outcome pairs

(si, o(si))

• Loss: squared error,

N∑
i=1

(o(si)− vnet(si, x))2.

• Problem: Effective sample size of

160,000 games was not enough. s
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Value Net (Silver et al., 2016)

Successful attempt.

• Use Policy Net playing against

itself to generate millions of

unique games.

• Dataset: Board / outcome pairs

(si, o(si)), each from a unique

self-play game.

• Loss: squared error,

N∑
i=1

(o(si)− vnet(si, x))2. s
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

vnet(s, x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(Silver et al., 2016)

Intro ML (UofT) STA314-Lec12 49 / 59



AlphaGo (Silver et al., 2016)

• The Value Net was a very strong evaluator.

2 8  J A N U A R Y  2 0 1 6  |  V O L  5 2 9  |  N A T U R E  |  4 8 5

ARTICLE RESEARCH

sampled state-action pairs (s, a), using stochastic gradient ascent to 
maximize the likelihood of the human move a selected in state s

∆σ
σ

∝
∂ ( | )
∂

σp a slog

We trained a 13-layer policy network, which we call the SL policy 
network, from 30 million positions from the KGS Go Server. The net-
work predicted expert moves on a held out test set with an accuracy of 
57.0% using all input features, and 55.7% using only raw board posi-
tion and move history as inputs, compared to the state-of-the-art from 
other research groups of 44.4% at date of submission24 (full results in 
Extended Data Table 3). Small improvements in accuracy led to large 
improvements in playing strength (Fig. 2a); larger networks achieve 
better accuracy but are slower to evaluate during search. We also 
trained a faster but less accurate rollout policy pπ(a|s), using a linear 
softmax of small pattern features (see Extended Data Table 4) with 
weights π; this achieved an accuracy of 24.2%, using just 2 µs to select 
an action, rather than 3 ms for the policy network.

Reinforcement learning of policy networks
The second stage of the training pipeline aims at improving the policy 
network by policy gradient reinforcement learning (RL)25,26. The RL 
policy network pρ is identical in structure to the SL policy network, 

and its weights ρ are initialized to the same values, ρ = σ. We play 
games between the current policy network pρ and a randomly selected 
previous iteration of the policy network. Randomizing from a pool 
of opponents in this way stabilizes training by preventing overfitting 
to the current policy. We use a reward function r(s) that is zero for all 
non-terminal time steps t < T. The outcome zt = ± r(sT) is the termi-
nal reward at the end of the game from the perspective of the current 
player at time step t: +1 for winning and −1 for losing. Weights are 
then updated at each time step t by stochastic gradient ascent in the 
direction that maximizes expected outcome25

∆ρ
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∂
ρp a s

z
log t t

t

We evaluated the performance of the RL policy network in game  
play, sampling each move ∼ (⋅| )ρa p st t  from its output probability  
distribution over actions. When played head-to-head, the RL policy 
network won more than 80% of games against the SL policy network. 
We also tested against the strongest open-source Go program, Pachi14, 
a sophisticated Monte Carlo search program, ranked at 2 amateur dan 
on KGS, that executes 100,000 simulations per move. Using no search 
at all, the RL policy network won 85% of games against Pachi. In com-
parison, the previous state-of-the-art, based only on supervised 

Figure 1 | Neural network training pipeline and architecture. a, A fast 
rollout policy pπ and supervised learning (SL) policy network pσ are 
trained to predict human expert moves in a data set of positions.  
A reinforcement learning (RL) policy network pρ is initialized to the SL 
policy network, and is then improved by policy gradient learning to 
maximize the outcome (that is, winning more games) against previous 
versions of the policy network. A new data set is generated by playing 
games of self-play with the RL policy network. Finally, a value network vθ 
is trained by regression to predict the expected outcome (that is, whether 

the current player wins) in positions from the self-play data set.  
b, Schematic representation of the neural network architecture used in 
AlphaGo. The policy network takes a representation of the board position 
s as its input, passes it through many convolutional layers with parameters 
σ (SL policy network) or ρ (RL policy network), and outputs a probability 
distribution ( | )σp a s  or ( | )ρp a s  over legal moves a, represented by a 
probability map over the board. The value network similarly uses many 
convolutional layers with parameters θ, but outputs a scalar value vθ(s′) 
that predicts the expected outcome in position s′.
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Figure 2 | Strength and accuracy of policy and value networks.  
a, Plot showing the playing strength of policy networks as a function 
of their training accuracy. Policy networks with 128, 192, 256 and 384 
convolutional filters per layer were evaluated periodically during training; 
the plot shows the winning rate of AlphaGo using that policy network 
against the match version of AlphaGo. b, Comparison of evaluation 
accuracy between the value network and rollouts with different policies. 

Positions and outcomes were sampled from human expert games. Each 
position was evaluated by a single forward pass of the value network vθ, 
or by the mean outcome of 100 rollouts, played out using either uniform 
random rollouts, the fast rollout policy pπ, the SL policy network pσ or 
the RL policy network pρ. The mean squared error between the predicted 
value and the actual game outcome is plotted against the stage of the game 
(how many moves had been played in the given position).
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• The final version of AlphaGo used rollouts, Policy Net, and

Value Net together.

• Rollouts and Value Net as evaluators.

• Policy Net to bias the exploration strategy.
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Progress in Computer Go
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Impact
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Go is not just a game

• Go originated in China more than 2,500 years ago. Reached

Korea in the 5th century, Japan in the 7th.

• In the Tang Dynasty, it was one of the four arts of the

Chinese scholar together with calligraphy, painting, and

music.

• The aesthetics of Go (harmony, balance, style) are as

essential to top-level play as basic tactics.
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2016 Match—AlphaGo vs. Lee Sedol

• Best of 5 matches over the course of a week.

• Most people expected AlphaGo to lose 0-5.

• AlphaGo won 4-1.

Intro ML (UofT) STA314-Lec12 54 / 59



Human moments

Lee Sedol is a titan in the Go world, and achieving his level of play

requires a life of extreme dedication.

It was humbling and strange to be a part of the AlphaGo team

that played against him.
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Game 2, Move 37
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Thanks!

I played a key role at the start of AlphaGo, but the success is

owed to a large and extremely talented team of scientists and

engineers.

• David Silver, Aja Huang, C, Arthur Guez, Laurent Sifre,

George van den Driessche, Julian Schrittwieser, Ioannis

Antonoglou, Veda Panneershelvam, Marc Lanctot, Sander

Dieleman, Dominik Grewe, John Nham, Nal Kalchbrenner,

Ilya Sutskever, Timothy Lillicrap, Madeleine Leach, Koray

Kavukcuoglu, Thore Graepel & Demis Hassabis.
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Course Evals

Use this time to finish course evals.
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