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Very Important Announcement

Despite my previous announcement, you do not have to be in a group
for HW2.

I have extended the HW2 deadline by 24 hours for everyone to make
up for my mess.

Please double check your submission to avoid confusion. Some
students have been overwriting other’s work, so check that your
submission is as expected. I won’t penalize students based on this
issue, but please please please check your submission so that there are
no surprises in a few weeks.

If you still need to submit as a group and there are no groups, email
me.
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Today

Support vector machines, elegant binary linear classifiers that
generalize very well.

Multiclass classification: predicting a discrete(> 2)-valued target.

Stochastic gradient descent, which lets us scale up gradient descent
to large data sets.

Intro ML (UofT) STA314-Lec6 3 / 44



Binary Classification with a Linear Model (Small Change)

Binary classification: predicting a target with two values

Targets (small change from last week): t ∈ {−1,+1}
Linear model (small change from last week):

z = w>x + b

y = sign(z)

This is an equivalent formulation of binary linear classification.

Last week we considered how to get any w and b that minimized the cost
on the training set.

Question: How should we choose w and b to get the best generalization?
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Separating Hyperplanes

Suppose we are given these data points from two different classes and want to
find a linear classifier that separates them.
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Separating Hyperplanes

<latexit sha1_base64="CenO+DINbFRCOV26HhAJh/UjCUs=">AAACTnicdVBLS0JBGJ1rL7OX1rLNkBRBIPdGUJtActPSIB+gJnPHUYfmcZn5riUX/0nb+j1t+yPtosbHIhUPfHA45ztwOGEkuAXf//JSa+sbm1vp7czO7t7+QTZ3WLU6NpRVqBba1ENimeCKVYCDYPXIMCJDwWrhc2ns1wbMWK7VIwwj1pKkp3iXUwJOamezIb7AL09N0BF+xbfYb2fzfsGfAC+TYEbyaIZyO+edNTuaxpIpoIJY2wj8CFoJMcCpYKNMM7YsIvSZ9FjDUUUks61kUn2ET53SwV1t3CnAE/V/IiHS2qEM3ack0LeL3lhc5UFfjuY10dOGO5nTFcZCW+jetBKuohiYotOy3Vhg0Hi8Je5wwyiIoSOEujynmPaJIRTc4pnmJJiUtJREdezILRss7rhMqpeFwC8ED1f54t1s4zQ6RifoHAXoGhXRPSqjCqJogN7QO/rwPr1v78f7nb6mvFnmCM0hlf4DBUSz4A==</latexit>

The decision boundary looks like a line because x ∈ R2, but think about it
as a D − 1 dimensional hyperplane.

Recall that a hyperplane is described by points x ∈ RD such that
f (x) = w>x + b = 0.

Intro ML (UofT) STA314-Lec6 6 / 44



Separating Hyperplanes

<latexit sha1_base64="oQ899AczmGG2P/8oOvsF95rOS0I=">AAACUnicdVJLSwMxGMzWV62vVr15CRZFEMquCHoRir14rGAfYOuSTdM2mMeSfKvWpf/Fq/4eL/4VT6aPg23pQGCY+QaGIVEsuAXf//EyK6tr6xvZzdzW9s7uXr6wX7c6MZTVqBbaNCNimeCK1YCDYM3YMCIjwRrRc2XkN16YsVyrBxjErC1JT/EupwScFOYPozDA5/g1DJ5aoGP8hm+wH+aLfskfAy+SYEqKaIpqWPBOWx1NE8kUUEGsfQz8GNopMcCpYMNcK7EsJvSZ9Nijo4pIZtvpuP4Qnzilg7vauKcAj9X/iZRIawcycpeSQN/OeyNxmQd9OZzVRE8b7mROlxhzbaF73U65ihNgik7KdhOBQePRnrjDDaMgBo4Q6vKcYtonhlBwq+da42Ba0VIS1bFDt2wwv+MiqV+UAr8U3F8Wy7fTjbPoCB2jMxSgK1RGd6iKaoiid/SBPtGX9+39ZtwvmZxmvGnmAM0gs/0Hf3azKg==</latexit>

<latexit sha1_base64="WXIjrMlnXZQ7KWgZaDN7Wad+IDs=">AAACUnicdVJLSwMxGMzWd63aqjcvwaIIQtktgl4EsRePFWwttHXJpmkbmseSfKvWpf/Fq/4eL/4VT6aPg610IDDMfAPDkCgW3ILvf3uZldW19Y3Nrex2bmd3L1/Yr1udGMpqVAttGhGxTHDFasBBsEZsGJGRYI/RoDL2H5+ZsVyrBxjGrC1JT/EupwScFOYPo7CMz/FLWH5qgY7xK77Gfpgv+iV/AvyfBDNSRDNUw4J32upomkimgApibTPwY2inxACngo2yrcSymNAB6bGmo4pIZtvppP4Inzilg7vauKcAT9S/iZRIa4cycpeSQN8uemNxmQd9OZrXRE8b7mROlxgLbaF71U65ihNgik7LdhOBQePxnrjDDaMgho4Q6vKcYtonhlBwq2dbk2Ba0VIS1bEjt2ywuON/Ui+XAr8U3F8Ub25nG2+iI3SMzlCALtENukNVVEMUvaF39IE+vS/vJ+N+yfQ0480yB2gOmdwvg0SzLA==</latexit>

There are multiple separating hyperplanes, described by different parameters
(w, b).
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Separating Hyperplanes
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Optimal Separating Hyperplane

Optimal Separating Hyperplane: A hyperplane that separates two classes and
maximizes the distance to the closest point from either class, i.e., maximize the
margin of the classifier.

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="HUrqgXiwoP/pt58JPjhVuEWrf98=">AAACVnicdZBLSwMxFIUzo7W1vlrdCG6CRXFVZoqgG6HYjcsK9gGdUjJppg3NY0gyShnGX+NWf4/+GTF9LGxLLwQO37kHbk4YM6qN5/047s5ubi9f2C8eHB4dn5TKp20tE4VJC0smVTdEmjAqSMtQw0g3VgTxkJFOOGnM/M4rUZpK8WKmMelzNBI0ohgZiwal8wZ8gEGkEE79LA2EVDx9ywa1bFCqeFVvPnBT+EtRActpDsrOdTCUOOFEGMyQ1j3fi00/RcpQzEhWDBJNYoQnaER6VgrEie6n8y9k8MqSIYyksk8YOKf/EyniWk95aDc5MmO97s3gNs+MebbK2EgqajHFW4y1a01030+piBNDBF4cGyUMGglnncIhVQQbNrUCYZunGOIxsp0a23wxmAfThuQciaGeNeuv97gp2rWq71X959tK/XHZcQFcgEtwA3xwB+rgCTRBC2DwDj7AJ/hyvp1fN+fmF6uus8ycgZVxS38zfLaN</latexit>

<latexit sha1_base64="19E7QQ3SzuFSITLhYdfln84cJaQ=">AAACQnicdVDNTsJAGNzFP8Q/0KOXRqLxRFoueiRy8YiJgAk0ZLvdlpX9aXa3JqThHbzq8/gSvoI349WDS+lBIEzyJZOZb5LJBAmj2rjuJyxtbe/s7pX3KweHR8cn1dppT8tUYdLFkkn1FCBNGBWka6hh5ClRBPGAkX4wac/9/gtRmkrxaKYJ8TmKBY0oRsZKPY5UTMWoWncbbg5nnXgFqYMCnVENXg1DiVNOhMEMaT3w3MT4GVKGYkZmlWGqSYLwBMVkYKlAnGg/y+vOnEurhE4klT1hnFz9n8gQ13rKA/vJkRnrVW8ubvLMmM+WNRZLRa1M8QZjpa2Jbv2MiiQ1ROBF2ShljpHOfD8npIpgw6aWIGzzFDt4jBTCxq5cGebBrC05RyLUM7ust7rjOuk1G57b8B6a9dZdsXEZnIMLcA08cANa4B50QBdg8AxewRt4hx/wC37Dn8VrCRaZM7AE+PsHEhayMA==</latexit>

Intuitively, ensuring that a classifier is not too close to any data points leads to
better generalization on the test data.
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Geometry of Points and Planes

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="SQ4s8AFHTzFnLzTEnxRMVAdSJDM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWNF+4A2lM1mky7dR9jdiCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7xlLRQR/0tMYewxGnIQEQW2kx5eRO6rWnYaTw14lbkHqoEB7VLMuhoFACcNcIwqVGrhOrL0USk0QxVllmCgcQzSBER4YyiHDykvzrpl9bpTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxJVhHkxbgjHIA5WZZd3lHVdJ96rhOg334brevCs2LoNTcAYugQtuQBPcgzboAAQi8ArewLv1YX1Z39bP/LVkFZkTsADr9w/q1LCe</latexit>

<latexit sha1_base64="wLxVwb7JO8TFCMfjpr5pGfRwb2g=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSlIEPRZ78VjRPqANZbPZpEv3EXY3Ygn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaW1sbm3v7Jb2yvsHh0fHlepJV4lEItxBggrZ96HClHDc0URT3I8lhsynuOdPWjO/94ylIoI/6WmMPQYjTkKCoDbS48uoMarUnLqTw14lbkFqoEB7VLUuh4FACcNcIwqVGrhOrL0USk0QxVl5mCgcQzSBER4YyiHDykvzrpl9YZTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxOVhHkxbgjHIA5WZZd3lHVdJt1F3nbr7cF1r3hUbl8AZOAdXwAU3oAnuQRt0AAIReAVv4N36sL6sb+tn/rphFZlTsADr9w/srbCf</latexit>

<latexit sha1_base64="6bcJ9NFmCNqdZFN3f0Qqrur3zBc=">AAACPnicdVBLS8NAGNz4rPXV6tHLYvFxKokIeiz24rGKfUAbymazaZfuI+xuxBL6D7zq7/Fv+Ae8iVePbtMcbEsHPhhmvoFhgphRbVz301lb39jc2i7sFHf39g8OS+WjlpaJwqSJJZOqEyBNGBWkaahhpBMrgnjASDsY1ad++5koTaV4MuOY+BwNBI0oRsZKjy8X/VLFrboZ4DLxclIBORr9snPeCyVOOBEGM6R113Nj46dIGYoZmRR7iSYxwiM0IF1LBeJE+2lWdQLPrBLCSCp7wsBM/Z9IEdd6zAP7yZEZ6kVvKq7yzJBP5jU2kIpameIVxkJbE936KRVxYojAs7JRwqCRcLodDKki2LCxJQjbPMUQD5FC2NiFi70smNYl50iEemKX9RZ3XCatq6rnVr2H60rtLt+4AE7AKbgEHrgBNXAPGqAJMIjAK3gD786H8+V8Oz+z1zUnzxyDOTi/fwLBsCs=</latexit>

<latexit sha1_base64="vkhjxIL2dCQAq3BWHHHZQwy6UYI=">AAACSXicdVDJTgJBFOwBF8QN9OhlItF4IjPGRI9ELh4xkSWBCelpGmjpZex+YyATvsOrfo9f4Gd4M57sAQ4CoZKXVKpeJZUKI84MeN6Xk8lube/s5vby+weHR8eF4knDqFgTWieKK90KsaGcSVoHBpy2Ik2xCDlthqNq6jdfqTZMySeYRDQQeCBZnxEMVgrG3Q7QMSSRVs/TbqHklb0Z3HXiL0gJLVDrFp3LTk+RWFAJhGNj2r4XQZBgDYxwOs13YkMjTEZ4QNuWSiyoCZJZ66l7YZWe21fangR3pv5PJFgYMxGh/RQYhmbVS8VNHgzFdFnjA6WZlRnZYKy0hf5dkDAZxUAlmZftx9wF5aYzuj2mKQE+sQQTm2fEJUOsMQE7dr4zCyZVJQSWPZMu66/uuE4a12XfK/uPN6XK/WLjHDpD5+gK+egWVdADqqE6IugFvaF39OF8Ot/Oj/M7f804i8wpWkIm+wcQYbSm</latexit>

<latexit sha1_base64="LsWZ6uDGvrbSnbxb8WnpSDBCIcQ=">AAACWHicdZBLSwMxFIVvx0drfdW6002wKOKizBRBN0KxG5cK1hY6tWTSTBuax5BklDIM+Gvc6t/RX2Nau9CKFwKH79wDNydKODPW9z8K3srq2nqxtFHe3Nre2a3sVR+MSjWhbaK40t0IG8qZpG3LLKfdRFMsIk470aQ18ztPVBum5L2dJrQv8EiymBFsHRpUDp4fz9AVCmONSfacZ6FUWjgxaOSDSs2v+/NBf0WwEDVYzO1gr3ASDhVJBZWWcGxML/AT28+wtoxwmpfD1NAEkwke0Z6TEgtq+tn8Ezk6dmSIYqXdkxbN6c9EhoUxUxG5TYHt2Cx7M/ifZ8ci/834SGnmMCP/GEvX2viynzGZpJZK8n1snHJkFZq1ioZMU2L51AlMXJ4RRMbYdWpd9+VwHsxaSggsh2bWbLDc41/x0KgHfj24O681rxcdl+AQjuAUAriAJtzALbSBwAu8whu8Fz498IrexveqV1hk9uHXeNUvTD62pA==</latexit>

<latexit sha1_base64="5+RaHJWS91d5hlovt7sv+80zee0="></latexit>

Recall that the decision hyperplane is orthogonal (perpendicular) to w. I.e.,
for any two points x1 and x2 on the decision hyperplane we have that
w>(x1 − x2) = 0.
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Geometry of Points and Planes

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="SQ4s8AFHTzFnLzTEnxRMVAdSJDM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWNF+4A2lM1mky7dR9jdiCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7xlLRQR/0tMYewxGnIQEQW2kx5eRO6rWnYaTw14lbkHqoEB7VLMuhoFACcNcIwqVGrhOrL0USk0QxVllmCgcQzSBER4YyiHDykvzrpl9bpTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxJVhHkxbgjHIA5WZZd3lHVdJ96rhOg334brevCs2LoNTcAYugQtuQBPcgzboAAQi8ArewLv1YX1Z39bP/LVkFZkTsADr9w/q1LCe</latexit>

<latexit sha1_base64="wLxVwb7JO8TFCMfjpr5pGfRwb2g=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSlIEPRZ78VjRPqANZbPZpEv3EXY3Ygn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaW1sbm3v7Jb2yvsHh0fHlepJV4lEItxBggrZ96HClHDc0URT3I8lhsynuOdPWjO/94ylIoI/6WmMPQYjTkKCoDbS48uoMarUnLqTw14lbkFqoEB7VLUuh4FACcNcIwqVGrhOrL0USk0QxVl5mCgcQzSBER4YyiHDykvzrpl9YZTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxOVhHkxbgjHIA5WZZd3lHVdJt1F3nbr7cF1r3hUbl8AZOAdXwAU3oAnuQRt0AAIReAVv4N36sL6sb+tn/rphFZlTsADr9w/srbCf</latexit>

<latexit sha1_base64="6bcJ9NFmCNqdZFN3f0Qqrur3zBc=">AAACPnicdVBLS8NAGNz4rPXV6tHLYvFxKokIeiz24rGKfUAbymazaZfuI+xuxBL6D7zq7/Fv+Ae8iVePbtMcbEsHPhhmvoFhgphRbVz301lb39jc2i7sFHf39g8OS+WjlpaJwqSJJZOqEyBNGBWkaahhpBMrgnjASDsY1ad++5koTaV4MuOY+BwNBI0oRsZKjy8X/VLFrboZ4DLxclIBORr9snPeCyVOOBEGM6R113Nj46dIGYoZmRR7iSYxwiM0IF1LBeJE+2lWdQLPrBLCSCp7wsBM/Z9IEdd6zAP7yZEZ6kVvKq7yzJBP5jU2kIpameIVxkJbE936KRVxYojAs7JRwqCRcLodDKki2LCxJQjbPMUQD5FC2NiFi70smNYl50iEemKX9RZ3XCatq6rnVr2H60rtLt+4AE7AKbgEHrgBNXAPGqAJMIjAK3gD786H8+V8Oz+z1zUnzxyDOTi/fwLBsCs=</latexit>

<latexit sha1_base64="vkhjxIL2dCQAq3BWHHHZQwy6UYI=">AAACSXicdVDJTgJBFOwBF8QN9OhlItF4IjPGRI9ELh4xkSWBCelpGmjpZex+YyATvsOrfo9f4Gd4M57sAQ4CoZKXVKpeJZUKI84MeN6Xk8lube/s5vby+weHR8eF4knDqFgTWieKK90KsaGcSVoHBpy2Ik2xCDlthqNq6jdfqTZMySeYRDQQeCBZnxEMVgrG3Q7QMSSRVs/TbqHklb0Z3HXiL0gJLVDrFp3LTk+RWFAJhGNj2r4XQZBgDYxwOs13YkMjTEZ4QNuWSiyoCZJZ66l7YZWe21fangR3pv5PJFgYMxGh/RQYhmbVS8VNHgzFdFnjA6WZlRnZYKy0hf5dkDAZxUAlmZftx9wF5aYzuj2mKQE+sQQTm2fEJUOsMQE7dr4zCyZVJQSWPZMu66/uuE4a12XfK/uPN6XK/WLjHDpD5+gK+egWVdADqqE6IugFvaF39OF8Ot/Oj/M7f804i8wpWkIm+wcQYbSm</latexit>

<latexit sha1_base64="LsWZ6uDGvrbSnbxb8WnpSDBCIcQ=">AAACWHicdZBLSwMxFIVvx0drfdW6002wKOKizBRBN0KxG5cK1hY6tWTSTBuax5BklDIM+Gvc6t/RX2Nau9CKFwKH79wDNydKODPW9z8K3srq2nqxtFHe3Nre2a3sVR+MSjWhbaK40t0IG8qZpG3LLKfdRFMsIk470aQ18ztPVBum5L2dJrQv8EiymBFsHRpUDp4fz9AVCmONSfacZ6FUWjgxaOSDSs2v+/NBf0WwEDVYzO1gr3ASDhVJBZWWcGxML/AT28+wtoxwmpfD1NAEkwke0Z6TEgtq+tn8Ezk6dmSIYqXdkxbN6c9EhoUxUxG5TYHt2Cx7M/ifZ8ci/834SGnmMCP/GEvX2viynzGZpJZK8n1snHJkFZq1ioZMU2L51AlMXJ4RRMbYdWpd9+VwHsxaSggsh2bWbLDc41/x0KgHfj24O681rxcdl+AQjuAUAriAJtzALbSBwAu8whu8Fz498IrexveqV1hk9uHXeNUvTD62pA==</latexit>

<latexit sha1_base64="5+RaHJWS91d5hlovt7sv+80zee0="></latexit>

The vector w∗ = w
‖w‖2

is a unit vector pointing in the same direction as w.

The same hyperplane could equivalently be defined in terms of w∗.
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Geometry of Points and Planes
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To get the distance from a point x to the hyperplane, take the closest point
xproj on the hyperplane and project x− xproj onto w/ ‖w‖2:∣∣∣∣(x− xproj)

> w

‖w‖2

∣∣∣∣ =

∣∣x>w − x>projw
∣∣

‖w‖2
=

∣∣x>w + b
∣∣

‖w‖2
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Maximizing Margin as an Optimization Problem
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IN
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b + w>x = 0
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b +
w >

x =
1
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b +
w >

x = �1

Now consider the two parallel hyperplanes

w>x + b = 1 w>x + b = −1

Using the distance formula, can see that the margin is 2/ ‖w‖2.

Intro ML (UofT) STA314-Lec6 13 / 44



Maximizing Margin as an Optimization Problem

Recall: to correctly classify all points we require that

sign(w>x(i) + b) = t(i) for all i

Let’s impose a stronger requirement: correctly classify all points and prevent
them from falling in the margin.

w>x(i) + b ≥ 1 if t(i) = 1

w>x(i) + b ≤ −1 if t(i) = −1

This is equivalent to

t(i)
(
w>x(i) + b

)
≥ 1 for all i

which we call the margin constraints.

Intro ML (UofT) STA314-Lec6 14 / 44



Maximizing Margin as an Optimization Problem

Now, we want to pick w, b that maximize the size of the margin (the
region where we do not allow points to fall), while ensuring all points
are correctly classified.

I Margin has width 2/ ‖w‖2, so maximizing this is equivalent to

minimizing ‖w‖22.

This leads to the max-margin objective:

min
w,b
‖w‖22

s.t. t(i)(w>x(i) + b) ≥ 1 i = 1, . . . ,N
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Maximizing Margin as an Optimization Problem

Max-margin objective:

min
w,b
‖w‖22

s.t. t(i)(w>x(i) + b) ≥ 1 i = 1, . . . ,N
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Observe: if the margin constraint is not tight for x(i), we could remove it
from the training set and the optimal w would be the same.

The important training examples are the ones with algebraic margin 1, and
are called support vectors.

Hence, this algorithm is called the (hard) Support Vector Machine (SVM)
(or Support Vector Classifier).

SVM-like algorithms are often called max-margin or large-margin.
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Non-Separable Data Points

How can we apply the max-margin principle if the data are not linearly separable?
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Hinge Loss

There is an elegant relaxation of the max-margin objective called
soft-margin SVM for the non-separable case. We won’t cover it carefully,
but let’s motivate it.

We can measure the extent to which x(i) violates its margin constraint by
the magnitude of

1− t(i)(w>x(i) + b)

I If this is very positive, then t(i)(w>x(i) + b) < 1.
I If this is not positive, then t(i)(w>x(i) + b) ≥ 1.
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Hinge Loss

We want 1− t(i)(w>x(i) + b) to be small, but if it is negative, we don’t care
how negative it is.

This motivates the hinge loss for z (i) = w>x(i) + b:

Lhinge(z (i)) = max
(

0, 1− t(i)z (i)
)
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Soft-margin SVM

Soft-margin SVM minimizes the average hinge losses plus the norm of the
weights, where z (i) = w>x(i) + b:

min
w,b

N∑
i=1

1

N
max

(
0, 1− t(i)z (i)

)
+ λ ‖w‖22

Hence, the soft-margin SVM can be seen as a linear classifier with hinge loss
and an L2 regularizer.
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Revisiting Loss Functions for Classification

Hinge loss compared with other loss functions
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SVMs: What we Left Out

What we left out:

How to fit w for the max-margin SVM:

I One option: gradient descent

Classic results from learning theory show that a large margin implies good
generalization.
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Multiclass Classification

So far, we’ve only talked about binary linear classification.

Classification tasks with more than two categories:

It is very hard to say what makes a 2         Some examples from an earlier version of the net 

Intro ML (UofT) STA314-Lec6 23 / 44



Multiclass Classification

Targets form a discrete set {1, . . . ,K}.
It’s often more convenient to represent them as one-hot vectors, or a
one-of-K encoding:

t = (0, . . . , 0, 1, 0, . . . , 0)︸ ︷︷ ︸
entry k is 1

∈ RK

We will build multiclass linear classifiers by generalizing binary linear
classifiers and logistic regression (not SVMs).
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Multiclass Linear Classification

We can start with a linear function of the inputs.

D input dimensions and K output dimensions, so we need K × D
weights, which we arrange as a weight matrix W ∈ RK×D .

Also, we have a vector b ∈ RK of bias parameters.

A linear function of an input x ∈ RD :

zk =
D∑
j=1

wkjxj + bk for k = 1, 2, ...,K

Eliminate the bias parameters by taking W ∈ RK×(D+1) and adding a
dummy variable x0 = 1.

So, vectorized we have the vector z ∈ RK :

z = Wx + b or with dummy x0 = 1 z = Wx

Intro ML (UofT) STA314-Lec6 25 / 44



Multiclass Linear Classification

How can we turn this linear prediction into a one-hot prediction?

We can interpret the magnitude of zk as an measure of how much the
model prefers k as its prediction.

If we do this, we should set

yi =

{
1 i = arg maxKk=1 zk

0 otherwise

Exercise: how does the case of K = 2 relate to the prediction rule in
binary linear classifiers?
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Softmax Regression

As with binary classification, we need to soften our predictions for the
sake of optimization.

We want predictions that are like probabilities, i.e., 0 ≤ yk ≤ 1 and∑
k yk = 1.

We can use the softmax function, a multivariable generalization of the
logistic function:

yk = softmax(z)k =
ezk∑
k ′ ezk′

I Outputs can be interpreted as probabilities (positive and sum to 1)
I If zk is much larger than the others, then softmax(z)k ≈ 1 and it

behaves like argmax.
I Exercise: how does the case of K = 2 relate to the logistic function?

The inputs zk are called the logits.
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Softmax Regression

If a model outputs a vector y ∈ RK of class probabilities, we can use
cross-entropy as the loss function:

LCE(y, t) = −
K∑

k=1

tk log yk

= −t>(log y),

where the log is applied elementwise.

Just like with logistic regression, we typically combine the softmax
and cross-entropy into a softmax-cross-entropy function.
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Softmax Regression

Softmax regression (with dummy x0 = 1):

z = Wx

y = softmax(z)

LCE = −t>(log y)

Gradient descent updates can be derived for each row of W:

∂LCE

∂wk
=
∂LCE

∂zk
· ∂zk
∂wk

= (yk − tk) · x

wk ← wk − α
1

N

N∑
i=1

(y
(i)
k − t

(i)
k )x(i)

Similar to linear/logistic reg (no coincidence) (verify the update)
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What about SVMs?

Not trivial to generalize the notion of a margin to multiclass setting.

Many different proposals for multi-class SVMs, but outside of the
scope of this course.
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Batch Gradient Descent

Let’s imagine we have a prediction function y(x,θ) with parameters
θ, e.g. θ = w in logisitic regression.

So far, the cost function R̂ has been the average loss over the
training examples:

R̂(θ) =
1

N

N∑
i=1

L(i) =
1

N

N∑
i=1

L(y(x(i),θ), t(i)).

By linearity,

∂R̂
∂θ

=
1

N

N∑
i=1

∂L(i)

∂θ
.

Computing the gradient requires summing over all of the training
examples. This is known as batch training.
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Stochastic Gradient Descent

Batch training is impractical if you have a large dataset (e.g. millions of
training examples)!

Stochastic gradient descent (SGD): update the parameters based on the
gradient for a single training example,

1− Choose i uniformly at random,

2− θ ← θ − α∂L
(i)

∂θ

Cost of each SGD update is independent of N!

SGD can make significant progress before even seeing all the data!

Mathematical justification: if you sample a training example uniformly at
random, the stochastic gradient is an unbiased estimate of the batch
gradient:

E
[
∂L(i)

∂θ

]
=

1

N

N∑
i=1

∂L(i)

∂θ
=
∂R̂
∂θ

.
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Stochastic Gradient Descent

Problems with using single training example to estimate gradient:
I Variance in the estimate may be high
I We can’t exploit efficient vectorized operations

Compromise approach:
I compute the gradients on a randomly chosen medium-sized set of

training examples M⊂ {1, . . . ,N}, called a mini-batch.

Stochastic gradients computed on larger mini-batches have smaller
variance.

The mini-batch size |M| is a hyperparameter that needs to be set.
I Too large: requires more compute; e.g., it takes more memory to store

the activations, and longer to compute each gradient update
I Too small: can’t exploit vectorization, has high variance
I A reasonable value might be |M| = 100.
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Stochastic Gradient Descent

Batch gradient descent moves directly downhill. SGD takes steps in a
noisy direction, but moves downhill on average.

batch gradient descent stochastic gradient descent
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Learning Rate

In gradient descent, the learning rate α is a hyperparameter we need
to tune. Here are some things that can go wrong:

α too small:
slow progress

α too large:
oscillations

α much too large:
instability

Good values are typically between 0.001 and 0.1. You should do a
grid search if you want good performance (i.e. try 0.1, 0.03, 0.01, . . .).
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SGD Learning Rate

In stochastic training, the learning rate also influences the
fluctuations due to the stochasticity of the gradients.

Typical strategy:
I Use a large learning rate early in training so you can get close to the

optimum
I Gradually decay the learning rate to reduce the fluctuations
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SGD Learning Rate

Warning: by reducing the learning rate, you reduce the fluctuations,
which can appear to make the loss drop suddenly. But this can come
at the expense of long-run performance.
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Training Curves

To diagnose optimization problems, it’s useful to look at training
curves: plot the training cost as a function of iteration.

Warning: it’s very hard to tell from the training curves whether an
optimizer has converged. They can reveal major problems, but they
can’t guarantee convergence.
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The End of Supervised Learning

This is the end of supervised learning in this course (sort of), next
week we will move on to unsupervised learning.
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The following slides are optional and will not be tested.
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Gradient Checking

We’ve derived a lot of gradients so far. How do we know if they’re
correct?

Recall the definition of the partial derivative:

∂

∂xi
f (x1, . . . , xN) = lim

h→0

f (x1, . . . , xi + h, . . . , xN)− f (x1, . . . , xi , . . . , xN)

h

Check your derivatives numerically by plugging in a small value of h,
e.g. 10−10. This is known as finite differences.
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Gradient Checking

Even better: the two-sided definition

∂

∂xi
f (x1, . . . , xN) = lim

h→0

f (x1, . . . , xi + h, . . . , xN)− f (x1, . . . , xi − h, . . . , xN)

2h
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Gradient Checking

Run gradient checks on small, randomly chosen inputs

Use double precision floats (not the default for TensorFlow, PyTorch,
etc.!)

Compute the relative error:

|a− b|
|a|+ |b|

The relative error should be very small, e.g. 10−6
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Gradient Checking

Gradient checking is really important!

Learning algorithms often appear to work even if the math is wrong.

But:
I They might work much better if the derivatives are correct.
I Wrong derivatives might lead you on a wild goose chase.

If you implement derivatives by hand, gradient checking is the single
most important thing you need to do to get your algorithm to work
well.
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