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Today

We will cover ensembling methods that combine multiple models and
can perform better than the individual members.

I We’ve seen individual models (KNN, decision trees)

We will study bagging in particular, which trains models
independently on random “resamples” of the training data.

We will start our study of linear predictors, starting with linear
regression.

Highly recommend the course notes on the suggested reading: linear
regression and calculus.
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Bagging: Motivation

What if we could somehow sample m independent training sets from pdata?

In the previous discussion, we would have picked a separate predictor

ŷ?
n = arg min

y∈H
R̂[y ,Dtrain

n ]

averaged the losses L(ŷ?
n (x(i)), t(i)) on the test set.

What if instead we used the average prediction?

ȳ?(x) =
1

m

m∑

n=1

ŷ?
n (x)
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Bagging: Motivation

How does this affect the three terms of the expected loss?

I Bayes error: unchanged, since we have no control over it
I Bias: unchanged, since the averaged prediction has the same

expectation

E[ȳ?] = E

[
1

m

m∑

n=1

ŷ?
n

]
= E[ŷ?

n ]

I Variance: reduced, since we’re averaging over independent samples

Var[ȳ?] = Var

[
1

m

m∑

n=1

ŷ?
n

]
=

1

m2

m∑

n=1

Var[ŷ?
n ] =

1

m
Var[ŷ?

n ].
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Bagging: The Idea

In practice, the sampling distribution pdata is often finite or expensive to
sample from.

So training separate models on independently sampled datasets is very
wasteful of data!

I Why not train a single model on the union of all sampled datasets?

Solution: given training set Dtrain, use the empirical distribution pDtrain as a
proxy for pdata. This is called bootstrap aggregation, or bagging .

I Take a single dataset Dtrain with N examples.
I Generate m new datasets (“resamples” or “bootstrap samples”), each

by sampling N training examples from Dtrain, with replacement.
I Average the predictions of models trained on each of these datasets.

The bootstrap is one of the most important ideas in all of statistics!
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Bagging

<latexit sha1_base64="AtJtjzw5Di51mrbGp6Uv55+E150=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AENAo2k</latexit>x1

<latexit sha1_base64="ZXSuBGkmMKn4rpnM6x5dT2R25j4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEOho2l</latexit>x2

<latexit sha1_base64="+Gno13+/DkYh7R7HozNEZNFLILo=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5id9CZDZmaXmVkxLPkFLx4U8eoPefNv3E1y0MSChqKqm+6uIBbcWNf9dgorq2vrG8XN0tb2zu5eef+gaaJEM2ywSES6HVCDgitsWG4FtmONVAYCW8HoNvdbj6gNj9SDHcfoSzpQPOSM2lx66p2XeuWKW3WnIMvEm5MKzFHvlb+6/YglEpVlghrT8dzY+inVljOBk1I3MRhTNqID7GRUUYnGT6e3TshJpvRJGOmslCVT9fdESqUxYxlknZLaoVn0cvE/r5PY8NpPuYoTi4rNFoWJIDYi+eOkzzUyK8YZoUzz7FbChlRTZrN48hC8xZeXSfOs6l1W3fuLSu1mHkcRjuAYTsGDK6jBHdShAQyG8Ayv8OZI58V5dz5mrQVnPnMIf+B8/gBFJI26</latexit>x3

<latexit sha1_base64="7JA0lCSV0hL9BDUBA8FnNlcfajs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPvvFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2Lqnt3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcRjo2n</latexit>x4

<latexit sha1_base64="8HqlbF7GImDt5KhUBUJT41n2RLQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolY9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFa9ace8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AETEo2o</latexit>x5

<latexit sha1_base64="X4ufMiOG+B2jxOkvi9CHbreBwvs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXpnVff2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcUlo2p</latexit>x6

<latexit sha1_base64="uDS7EWKXUrs4BVPnbymJb1Tlz/A=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqceiF48V7Ae0oWy2m3bp7ibsTsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ncLa+sbmVnG7tLO7t39QPjxq2SgxjDdZJCPTCajlUmjeRIGSd2LDqQokbwfj28xvP3JjRaQfcBJzX9GhFqFgFDPpqV8r9csVt+rOQVaJl5MK5Gj0y1+9QcQSxTUySa3tem6M/pQaFEzyWamXWB5TNqZD3k2ppopbfzq/dUbOUmVAwsikpZHM1d8TU6qsnagg7VQUR3bZy8T/vG6C4bU/FTpOkGu2WBQmkmBEssfJQBjOUE5SQpkR6a2EjaihDNN4shC85ZdXSeui6l1V3fvLSv0mj6MIJ3AK5+BBDepwBw1oAoMRPMMrvDnKeXHenY9Fa8HJZ47hD5zPH0s4jb4=</latexit>x7

<latexit sha1_base64="X4ufMiOG+B2jxOkvi9CHbreBwvs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXpnVff2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcUlo2p</latexit>x6
<latexit sha1_base64="X4ufMiOG+B2jxOkvi9CHbreBwvs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXpnVff2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcUlo2p</latexit>x6

<latexit sha1_base64="ZXSuBGkmMKn4rpnM6x5dT2R25j4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEOho2l</latexit>x2

<latexit sha1_base64="+Gno13+/DkYh7R7HozNEZNFLILo=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5id9CZDZmaXmVkxLPkFLx4U8eoPefNv3E1y0MSChqKqm+6uIBbcWNf9dgorq2vrG8XN0tb2zu5eef+gaaJEM2ywSES6HVCDgitsWG4FtmONVAYCW8HoNvdbj6gNj9SDHcfoSzpQPOSM2lx66p2XeuWKW3WnIMvEm5MKzFHvlb+6/YglEpVlghrT8dzY+inVljOBk1I3MRhTNqID7GRUUYnGT6e3TshJpvRJGOmslCVT9fdESqUxYxlknZLaoVn0cvE/r5PY8NpPuYoTi4rNFoWJIDYi+eOkzzUyK8YZoUzz7FbChlRTZrN48hC8xZeXSfOs6l1W3fuLSu1mHkcRjuAYTsGDK6jBHdShAQyG8Ayv8OZI58V5dz5mrQVnPnMIf+B8/gBFJI26</latexit>x3

<latexit sha1_base64="7JA0lCSV0hL9BDUBA8FnNlcfajs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPvvFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2Lqnt3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcRjo2n</latexit>x4
<latexit sha1_base64="8HqlbF7GImDt5KhUBUJT41n2RLQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolY9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFa9ace8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AETEo2o</latexit>x5

<latexit sha1_base64="ZXSuBGkmMKn4rpnM6x5dT2R25j4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEOho2l</latexit>x2

<latexit sha1_base64="ZXSuBGkmMKn4rpnM6x5dT2R25j4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEOho2l</latexit>x2

<latexit sha1_base64="uDS7EWKXUrs4BVPnbymJb1Tlz/A=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqceiF48V7Ae0oWy2m3bp7ibsTsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ncLa+sbmVnG7tLO7t39QPjxq2SgxjDdZJCPTCajlUmjeRIGSd2LDqQokbwfj28xvP3JjRaQfcBJzX9GhFqFgFDPpqV8r9csVt+rOQVaJl5MK5Gj0y1+9QcQSxTUySa3tem6M/pQaFEzyWamXWB5TNqZD3k2ppopbfzq/dUbOUmVAwsikpZHM1d8TU6qsnagg7VQUR3bZy8T/vG6C4bU/FTpOkGu2WBQmkmBEssfJQBjOUE5SQpkR6a2EjaihDNN4shC85ZdXSeui6l1V3fvLSv0mj6MIJ3AK5+BBDepwBw1oAoMRPMMrvDnKeXHenY9Fa8HJZ47hD5zPH0s4jb4=</latexit>x7
<latexit sha1_base64="X4ufMiOG+B2jxOkvi9CHbreBwvs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXpnVff2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcUlo2p</latexit>x6

<latexit sha1_base64="+Gno13+/DkYh7R7HozNEZNFLILo=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5id9CZDZmaXmVkxLPkFLx4U8eoPefNv3E1y0MSChqKqm+6uIBbcWNf9dgorq2vrG8XN0tb2zu5eef+gaaJEM2ywSES6HVCDgitsWG4FtmONVAYCW8HoNvdbj6gNj9SDHcfoSzpQPOSM2lx66p2XeuWKW3WnIMvEm5MKzFHvlb+6/YglEpVlghrT8dzY+inVljOBk1I3MRhTNqID7GRUUYnGT6e3TshJpvRJGOmslCVT9fdESqUxYxlknZLaoVn0cvE/r5PY8NpPuYoTi4rNFoWJIDYi+eOkzzUyK8YZoUzz7FbChlRTZrN48hC8xZeXSfOs6l1W3fuLSu1mHkcRjuAYTsGDK6jBHdShAQyG8Ayv8OZI58V5dz5mrQVnPnMIf+B8/gBFJI26</latexit>x3
<latexit sha1_base64="AtJtjzw5Di51mrbGp6Uv55+E150=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AENAo2k</latexit>x1

<latexit sha1_base64="ZXSuBGkmMKn4rpnM6x5dT2R25j4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEOho2l</latexit>x2

<latexit sha1_base64="+Gno13+/DkYh7R7HozNEZNFLILo=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5id9CZDZmaXmVkxLPkFLx4U8eoPefNv3E1y0MSChqKqm+6uIBbcWNf9dgorq2vrG8XN0tb2zu5eef+gaaJEM2ywSES6HVCDgitsWG4FtmONVAYCW8HoNvdbj6gNj9SDHcfoSzpQPOSM2lx66p2XeuWKW3WnIMvEm5MKzFHvlb+6/YglEpVlghrT8dzY+inVljOBk1I3MRhTNqID7GRUUYnGT6e3TshJpvRJGOmslCVT9fdESqUxYxlknZLaoVn0cvE/r5PY8NpPuYoTi4rNFoWJIDYi+eOkzzUyK8YZoUzz7FbChlRTZrN48hC8xZeXSfOs6l1W3fuLSu1mHkcRjuAYTsGDK6jBHdShAQyG8Ayv8OZI58V5dz5mrQVnPnMIf+B8/gBFJI26</latexit>x3

<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>{ <latexit sha1_base64="FRudD6wnxZq1RTyUkxldoKiuZms=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVrVvb+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5/ejWs=</latexit>}
<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>{ <latexit sha1_base64="FRudD6wnxZq1RTyUkxldoKiuZms=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVrVvb+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5/ejWs=</latexit>}

<latexit sha1_base64="X4ufMiOG+B2jxOkvi9CHbreBwvs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXpnVff2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcUlo2p</latexit>x6
<latexit sha1_base64="+Gno13+/DkYh7R7HozNEZNFLILo=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5id9CZDZmaXmVkxLPkFLx4U8eoPefNv3E1y0MSChqKqm+6uIBbcWNf9dgorq2vrG8XN0tb2zu5eef+gaaJEM2ywSES6HVCDgitsWG4FtmONVAYCW8HoNvdbj6gNj9SDHcfoSzpQPOSM2lx66p2XeuWKW3WnIMvEm5MKzFHvlb+6/YglEpVlghrT8dzY+inVljOBk1I3MRhTNqID7GRUUYnGT6e3TshJpvRJGOmslCVT9fdESqUxYxlknZLaoVn0cvE/r5PY8NpPuYoTi4rNFoWJIDYi+eOkzzUyK8YZoUzz7FbChlRTZrN48hC8xZeXSfOs6l1W3fuLSu1mHkcRjuAYTsGDK6jBHdShAQyG8Ayv8OZI58V5dz5mrQVnPnMIf+B8/gBFJI26</latexit>x3

<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>{ <latexit sha1_base64="FRudD6wnxZq1RTyUkxldoKiuZms=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVrVvb+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5/ejWs=</latexit>}
<latexit sha1_base64="X4ufMiOG+B2jxOkvi9CHbreBwvs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXpnVff2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcUlo2p</latexit>x6

<latexit sha1_base64="X4ufMiOG+B2jxOkvi9CHbreBwvs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXpnVff2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcUlo2p</latexit>x6
<latexit sha1_base64="uDS7EWKXUrs4BVPnbymJb1Tlz/A=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqceiF48V7Ae0oWy2m3bp7ibsTsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ncLa+sbmVnG7tLO7t39QPjxq2SgxjDdZJCPTCajlUmjeRIGSd2LDqQokbwfj28xvP3JjRaQfcBJzX9GhFqFgFDPpqV8r9csVt+rOQVaJl5MK5Gj0y1+9QcQSxTUySa3tem6M/pQaFEzyWamXWB5TNqZD3k2ppopbfzq/dUbOUmVAwsikpZHM1d8TU6qsnagg7VQUR3bZy8T/vG6C4bU/FTpOkGu2WBQmkmBEssfJQBjOUE5SQpkR6a2EjaihDNN4shC85ZdXSeui6l1V3fvLSv0mj6MIJ3AK5+BBDepwBw1oAoMRPMMrvDnKeXHenY9Fa8HJZ47hD5zPH0s4jb4=</latexit>x7

<latexit sha1_base64="AtJtjzw5Di51mrbGp6Uv55+E150=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AENAo2k</latexit>x1

<latexit sha1_base64="7JA0lCSV0hL9BDUBA8FnNlcfajs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPvvFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2Lqnt3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcRjo2n</latexit>x4

sample 

with replacement

sample 

with replacement

sample 
with replacement

<latexit sha1_base64="GMUw2Fn0WkzW9Rj5pD4ehtzHLUk=">AAACHnicbVDLSsNAFJ3UV62vqLhyM1gEVyWRoi6LunBZwT6gjWEymbRDJ5MwMymWkH/Rrf6HO3Grv+EXOGmzsK0HBg7n3Ms9c7yYUaks69sorayurW+UNytb2zu7e+b+QVtGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugm9ztjIiSN+IOaxMQJ0YDTgGKktOSaR/0QqSFGLL3NHlMlEOWZa7tm1apZU8BlYhekCgo0XfOn70c4CQlXmCEpe7YVKydFQlHMSFbpJ5LECI/QgPQ05Sgk0kmn8TN4qhUfBpHQjys4Vf9upCiUchJ6ejIPKxe9XPzP6/ljGsvi1tPs2HwSFVw5KeVxogjHsyBBwqCKYN4V9KkgWLGJJggLqv8C8RAJhJVutKJLshcrWSbt85p9Uavf16uN66KuMjgGJ+AM2OASNMAdaIIWwCAFL+AVvBnPxrvxYXzORktGsXMI5mB8/QL1YqO8</latexit>

Dtrain
1

<latexit sha1_base64="SgqliqVOD5B61FHJ1d2U4lecpdc=">AAACHnicbVDLSsNAFJ34rPUVFVduBovgqiSlqMuiLlxWsA9oY5hMJu3QySTMTIol5F90q//hTtzqb/gFTtosbOuBgcM593LPHC9mVCrL+jZWVtfWNzZLW+Xtnd29ffPgsC2jRGDSwhGLRNdDkjDKSUtRxUg3FgSFHiMdb3ST+50xEZJG/EFNYuKEaMBpQDFSWnLN436I1BAjlt5mj6kSiPLMrblmxapaU8BlYhekAgo0XfOn70c4CQlXmCEpe7YVKydFQlHMSFbuJ5LECI/QgPQ05Sgk0kmn8TN4phUfBpHQjys4Vf9upCiUchJ6ejIPKxe9XPzP6/ljGsvi1tPs2HwSFVw5KeVxogjHsyBBwqCKYN4V9KkgWLGJJggLqv8C8RAJhJVutKxLshcrWSbtWtW+qNbv65XGdVFXCZyAU3AObHAJGuAONEELYJCCF/AK3oxn4934MD5noytGsXME5mB8/QL3BqO9</latexit>

Dtrain
2

<latexit sha1_base64="JEeRpmKot0Hi/YsdX7qgJtOxTu4=">AAACHnicbVDLSsNAFJ34rPUVFVduBovgqiRa1GVRFy4r2Ae0MUwmk3boZBJmJsUS8i+61f9wJ271N/wCJ20WtvXAwOGce7lnjhczKpVlfRtLyyura+uljfLm1vbOrrm335JRIjBp4ohFouMhSRjlpKmoYqQTC4JCj5G2N7zJ/faICEkj/qDGMXFC1Oc0oBgpLbnmYS9EaoARS2+zx1QJRHnmnrtmxapaE8BFYhekAgo0XPOn50c4CQlXmCEpu7YVKydFQlHMSFbuJZLECA9Rn3Q15Sgk0kkn8TN4ohUfBpHQjys4Uf9upCiUchx6ejIPK+e9XPzP6/ojGsvi1tP02GwSFVw5KeVxogjH0yBBwqCKYN4V9KkgWLGxJggLqv8C8QAJhJVutKxLsucrWSSts6p9Ua3d1yr166KuEjgCx+AU2OAS1MEdaIAmwCAFL+AVvBnPxrvxYXxOR5eMYucAzMD4+gX4qqO+</latexit>

Dtrain
3

<latexit sha1_base64="PAbJv12oNfuR8hxZQt9zmJFIk4s=">AAACHHicbVDLSsNAFJ3UV62vaJduBovgqiRS1GVRFy4r2Ae0sUwmk3boZBJmJsUQ8iu61f9wJ24Ff8MvcNJmYVsPDBzOuZd75rgRo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo44MY4FJG4csFD0XScIoJ21FFSO9SBAUuIx03clN7nenREga8geVRMQJ0IhTn2KktDQ0q4MAqTFGLL3NHlMlEOXZ0KxZdWsGuErsgtRAgdbQ/Bl4IY4DwhVmSMq+bUXKSZFQFDOSVQaxJBHCEzQifU05Coh00ln4DJ5qxYN+KPTjCs7UvxspCqRMAldP5lHlspeL/3l9b0ojWdx6mh9bTKL8KyelPIoV4XgexI8ZVCHMm4IeFQQrlmiCsKD6LxCPkUBY6T4ruiR7uZJV0jmv2xf1xn2j1rwu6iqDY3ACzoANLkET3IEWaAMMEvACXsGb8Wy8Gx/G53y0ZBQ7VbAA4+sXrlijGA==</latexit>

Dtrain

in this example N = 7, m = 3
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Bagging

<latexit sha1_base64="X4ufMiOG+B2jxOkvi9CHbreBwvs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXpnVff2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcUlo2p</latexit>x6
<latexit sha1_base64="X4ufMiOG+B2jxOkvi9CHbreBwvs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXpnVff2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcUlo2p</latexit>x6

<latexit sha1_base64="ZXSuBGkmMKn4rpnM6x5dT2R25j4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEOho2l</latexit>x2

<latexit sha1_base64="+Gno13+/DkYh7R7HozNEZNFLILo=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5id9CZDZmaXmVkxLPkFLx4U8eoPefNv3E1y0MSChqKqm+6uIBbcWNf9dgorq2vrG8XN0tb2zu5eef+gaaJEM2ywSES6HVCDgitsWG4FtmONVAYCW8HoNvdbj6gNj9SDHcfoSzpQPOSM2lx66p2XeuWKW3WnIMvEm5MKzFHvlb+6/YglEpVlghrT8dzY+inVljOBk1I3MRhTNqID7GRUUYnGT6e3TshJpvRJGOmslCVT9fdESqUxYxlknZLaoVn0cvE/r5PY8NpPuYoTi4rNFoWJIDYi+eOkzzUyK8YZoUzz7FbChlRTZrN48hC8xZeXSfOs6l1W3fuLSu1mHkcRjuAYTsGDK6jBHdShAQyG8Ayv8OZI58V5dz5mrQVnPnMIf+B8/gBFJI26</latexit>x3

<latexit sha1_base64="7JA0lCSV0hL9BDUBA8FnNlcfajs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPvvFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2Lqnt3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcRjo2n</latexit>x4
<latexit sha1_base64="8HqlbF7GImDt5KhUBUJT41n2RLQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolY9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFa9ace8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AETEo2o</latexit>x5

<latexit sha1_base64="ZXSuBGkmMKn4rpnM6x5dT2R25j4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEOho2l</latexit>x2

<latexit sha1_base64="ZXSuBGkmMKn4rpnM6x5dT2R25j4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEOho2l</latexit>x2

<latexit sha1_base64="uDS7EWKXUrs4BVPnbymJb1Tlz/A=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqceiF48V7Ae0oWy2m3bp7ibsTsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ncLa+sbmVnG7tLO7t39QPjxq2SgxjDdZJCPTCajlUmjeRIGSd2LDqQokbwfj28xvP3JjRaQfcBJzX9GhFqFgFDPpqV8r9csVt+rOQVaJl5MK5Gj0y1+9QcQSxTUySa3tem6M/pQaFEzyWamXWB5TNqZD3k2ppopbfzq/dUbOUmVAwsikpZHM1d8TU6qsnagg7VQUR3bZy8T/vG6C4bU/FTpOkGu2WBQmkmBEssfJQBjOUE5SQpkR6a2EjaihDNN4shC85ZdXSeui6l1V3fvLSv0mj6MIJ3AK5+BBDepwBw1oAoMRPMMrvDnKeXHenY9Fa8HJZ47hD5zPH0s4jb4=</latexit>x7
<latexit sha1_base64="X4ufMiOG+B2jxOkvi9CHbreBwvs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXpnVff2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcUlo2p</latexit>x6

<latexit sha1_base64="+Gno13+/DkYh7R7HozNEZNFLILo=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5id9CZDZmaXmVkxLPkFLx4U8eoPefNv3E1y0MSChqKqm+6uIBbcWNf9dgorq2vrG8XN0tb2zu5eef+gaaJEM2ywSES6HVCDgitsWG4FtmONVAYCW8HoNvdbj6gNj9SDHcfoSzpQPOSM2lx66p2XeuWKW3WnIMvEm5MKzFHvlb+6/YglEpVlghrT8dzY+inVljOBk1I3MRhTNqID7GRUUYnGT6e3TshJpvRJGOmslCVT9fdESqUxYxlknZLaoVn0cvE/r5PY8NpPuYoTi4rNFoWJIDYi+eOkzzUyK8YZoUzz7FbChlRTZrN48hC8xZeXSfOs6l1W3fuLSu1mHkcRjuAYTsGDK6jBHdShAQyG8Ayv8OZI58V5dz5mrQVnPnMIf+B8/gBFJI26</latexit>x3
<latexit sha1_base64="AtJtjzw5Di51mrbGp6Uv55+E150=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AENAo2k</latexit>x1

<latexit sha1_base64="ZXSuBGkmMKn4rpnM6x5dT2R25j4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEOho2l</latexit>x2

<latexit sha1_base64="+Gno13+/DkYh7R7HozNEZNFLILo=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5id9CZDZmaXmVkxLPkFLx4U8eoPefNv3E1y0MSChqKqm+6uIBbcWNf9dgorq2vrG8XN0tb2zu5eef+gaaJEM2ywSES6HVCDgitsWG4FtmONVAYCW8HoNvdbj6gNj9SDHcfoSzpQPOSM2lx66p2XeuWKW3WnIMvEm5MKzFHvlb+6/YglEpVlghrT8dzY+inVljOBk1I3MRhTNqID7GRUUYnGT6e3TshJpvRJGOmslCVT9fdESqUxYxlknZLaoVn0cvE/r5PY8NpPuYoTi4rNFoWJIDYi+eOkzzUyK8YZoUzz7FbChlRTZrN48hC8xZeXSfOs6l1W3fuLSu1mHkcRjuAYTsGDK6jBHdShAQyG8Ayv8OZI58V5dz5mrQVnPnMIf+B8/gBFJI26</latexit>x3

<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>{ <latexit sha1_base64="FRudD6wnxZq1RTyUkxldoKiuZms=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVrVvb+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5/ejWs=</latexit>}
<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>{ <latexit sha1_base64="FRudD6wnxZq1RTyUkxldoKiuZms=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVrVvb+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5/ejWs=</latexit>}

<latexit sha1_base64="X4ufMiOG+B2jxOkvi9CHbreBwvs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXpnVff2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcUlo2p</latexit>x6
<latexit sha1_base64="+Gno13+/DkYh7R7HozNEZNFLILo=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5id9CZDZmaXmVkxLPkFLx4U8eoPefNv3E1y0MSChqKqm+6uIBbcWNf9dgorq2vrG8XN0tb2zu5eef+gaaJEM2ywSES6HVCDgitsWG4FtmONVAYCW8HoNvdbj6gNj9SDHcfoSzpQPOSM2lx66p2XeuWKW3WnIMvEm5MKzFHvlb+6/YglEpVlghrT8dzY+inVljOBk1I3MRhTNqID7GRUUYnGT6e3TshJpvRJGOmslCVT9fdESqUxYxlknZLaoVn0cvE/r5PY8NpPuYoTi4rNFoWJIDYi+eOkzzUyK8YZoUzz7FbChlRTZrN48hC8xZeXSfOs6l1W3fuLSu1mHkcRjuAYTsGDK6jBHdShAQyG8Ayv8OZI58V5dz5mrQVnPnMIf+B8/gBFJI26</latexit>x3

<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>{ <latexit sha1_base64="FRudD6wnxZq1RTyUkxldoKiuZms=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVrVvb+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5/ejWs=</latexit>}
<latexit sha1_base64="X4ufMiOG+B2jxOkvi9CHbreBwvs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXpnVff2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcUlo2p</latexit>x6

<latexit sha1_base64="X4ufMiOG+B2jxOkvi9CHbreBwvs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXpnVff2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcUlo2p</latexit>x6
<latexit sha1_base64="uDS7EWKXUrs4BVPnbymJb1Tlz/A=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqceiF48V7Ae0oWy2m3bp7ibsTsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ncLa+sbmVnG7tLO7t39QPjxq2SgxjDdZJCPTCajlUmjeRIGSd2LDqQokbwfj28xvP3JjRaQfcBJzX9GhFqFgFDPpqV8r9csVt+rOQVaJl5MK5Gj0y1+9QcQSxTUySa3tem6M/pQaFEzyWamXWB5TNqZD3k2ppopbfzq/dUbOUmVAwsikpZHM1d8TU6qsnagg7VQUR3bZy8T/vG6C4bU/FTpOkGu2WBQmkmBEssfJQBjOUE5SQpkR6a2EjaihDNN4shC85ZdXSeui6l1V3fvLSv0mj6MIJ3AK5+BBDepwBw1oAoMRPMMrvDnKeXHenY9Fa8HJZ47hD5zPH0s4jb4=</latexit>x7
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Bagging: Effect on Hypothesis Space

We saw that in case of squared error, bagging does not affect bias.

But it can change the hypothesis space H.

Illustrative example:

I x ∼ U(−3, 3), t ∼ N (0, 1)
I H =

{
wx | w ∈ {−1, 1}

}
I Sampled datasets & fitted hypotheses:

I Ensembled hypotheses (mean over 1000 samples):

I The ensembled hypothesis is not in
the original hypothesis space!

This effect is often more pronounced when combining classifiers.
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Bagging: Effect of Correlation

Problem: the datasets are not independent, so we don’t get the 1/m
variance reduction.

I Possible to show that if the sampled predictions have variance σ2 and
correlation ρ, then

Var

(
1

m

m∑

n=1

yn

)
=

1

m
(1− ρ)σ2 + ρσ2.

Ironically, it can be advantageous to introduce additional variability into your
algorithm, as long as it reduces the correlation between samples.

I Intuition: you want to invest in a diversified portfolio, not just one
stock.

I Can help to use average over multiple algorithms, or multiple
configurations of the same algorithm.
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Random Forests

Random forests = bagged decision trees, with one extra trick to decorrelate
the predictions

I When choosing each node of the decision tree, choose a random set of
d input features, and only consider splits on those features

Random forests are probably the best black-box machine learning algorithm
— they often work well with no tuning whatsoever.

I one of the most widely used algorithms in Kaggle competitions
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Bagging Summary

Bagging reduces overfitting by averaging predictions.

Used in most competition winners

I Even if a single model is great, a small ensemble usually helps.

Limitations:

I Does not reduce bias in case of squared error.
I There is still correlation between classifiers.

I Random forest solution: Add more randomness.

I Naive mixture (all members weighted equally).
I If members are very different (e.g., different algorithms, different data

sources, etc.), we can often obtain better results by using a principled
approach to weighted ensembling.
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Overview

So far, we’ve talked about procedures for learning.
I KNN, decision trees, bagging

For the remainder of this course, we’ll take a more modular approach:
I choose a model describing the relationships between variables of

interest
I define a loss function quantifying how bad is the fit to the data
I choose a regularizer saying how much we prefer different candidate

explanations
I fit the model, e.g. using an optimization algorithm

By mixing and matching these modular components, your ML skills
become combinatorially more powerful!
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Problem Setup

Want to predict a scalar t as a function of a scalar x

Given a dataset of pairs {(x(i), t(i))}Ni=1

The x(i) are inputs, and the t(i) are targets.
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Problem Setup

Model: y is a linear function of x :

y = wx + b

y is the prediction

w is the weight

b is the bias

w and b together are the parameters

Settings of the parameters are the hypotheses
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Problem Setup

Loss function: squared error (says how bad the fit is)

L(y , t) = 1
2(y − t)2

y − t is the residual, and we want to make this small in magnitude

The 1
2 factor is just to make the calculations convenient.

Average loss function (sometimes called the cost):

R̂(w , b) =
1

2N

N∑

i=1

(
y (i) − t(i)

)2

=
1

2N

N∑

i=1

(
wx (i) + b − t(i)

)2
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Problem Setup
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What is linear? 1 feature vs D features
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If we have only 1 feature:
y = wx + b where w , x , b ∈ R.

Cost is

R̂(w , b) =
1

2N

N∑

i=1

(
wx (i) + b − t(i)

)2

If we have D features: y = w>x + b
where w, x ∈ RD , b ∈ R
Cost is

R̂(w, b) =
1

2N

N∑

i=1

(
w>x(i) + b − t(i)

)2

Relation between the prediction y and inputs x is linear in both cases.

Intro ML (UofT) STA314-Lec1 17 / 50



Vectorization

Notation-wise, 1
2N

∑N
i=1

(
y (i) − t(i)

)2
gets messy if we expand y (i):

1

2N

N∑
i=1

((
D∑
j=1

wjx
(i)
j + b

)
− t(i)

)2

The code equivalent is to compute the prediction using a for loop:

Excessive super/sub scripts are hard to work with, and Python loops
are slow, so we vectorize algorithms by expressing them in terms of
vectors and matrices.

w = (w1, . . . ,wD)> x = (x1, . . . , xD)>

y = w>x + b

This is simpler and executes much faster:

Intro ML (UofT) STA314-Lec1 18 / 50



Vectorization

Why vectorize?

The equations, and the code, will be simpler and more readable. Gets
rid of dummy variables/indices!

Vectorized code is much faster
I Cut down on Python interpreter overhead
I Use highly optimized linear algebra libraries (hardware support)
I Matrix multiplication very fast on GPU (Graphics Processing Unit)

Switching in and out of vectorized form is a skill you gain with practice

Some derivations are easier to do element-wise

Some algorithms are easier to write/understand using for-loops and
vectorize later for performance
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Vectorization

We can organize all the training examples into a design matrix X with
one row per training example, and all the targets into the target
vector t.

Computing the predictions for the whole dataset:

Xw + b1 =



wTx(1) + b

...

wTx(N) + b


 =



y (1)

...

y (N)


 = y
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Vectorization

Computing the squared error cost across the whole dataset:

y = Xw + b1

R̂ =
1

2N
‖y − t‖2

Sometimes we may use R̂ = 1
2‖y − t‖2, without a normalizer. This

would correspond to the sum of losses, and not the averaged loss.
The minimizer does not depend on N (but optimization might!).

We can also add a column of 1’s to design matrix, combine the bias
and the weights, and conveniently write

X =




1 [x(1)]>

1 [x(2)]>

1
...


 ∈ RN×(D+1) and w =




b
w1

w2
...


 ∈ RD+1

Then, our predictions reduce to y = Xw.
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Solving the Minimization Problem

We defined a cost function. This is what we’d like to minimize.

Two commonly applied mathematical approaches:

Algebraic, e.g., using inequalities:
I to show z∗ minimizes f (z), show that ∀z , f (z) ≥ f (z∗)
I to show that a = b, show that a ≥ b and b ≥ a

Calculus: minimum of a smooth function (if it exists) occurs at a
critical point, i.e. point where the derivative is zero.

I multivariate generalization: set the partial derivatives to zero (or
equivalently the gradient).

Solutions may be direct or iterative

Sometimes we can directly find provably optimal parameters (e.g. set the
gradient to zero and solve in closed form). We call this a direct solution.
We may also use optimization techniques that iteratively get us closer to the
solution. We will get back to this soon.
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Direct solution

Partial derivatives: derivatives of a multivariate function with respect
to one of its arguments.

∂

∂x1
f (x1, x2) = lim

h→0

f (x1 + h, x2)− f (x1, x2)

h

To compute, take the single variable derivatives, pretending the other
arguments are constant.
Example: partial derivatives of the prediction y

∂y

∂wj
=

∂

∂wj

∑
j′

wj′xj′ + b


= xj

∂y

∂b
=

∂

∂b

∑
j′

wj′xj′ + b


= 1

Intro ML (UofT) STA314-Lec1 23 / 50



Direct solution

Chain rule for derivatives:

∂L

∂wj
=

dL

dy

∂y

∂wj

=
d

dy

[
1

2
(y − t)2

]
· xj

= (y − t)xj

∂L

∂b
= y − t

Cost derivatives (average over data points):

∂R̂
∂wj

=
1

N

N∑
i=1

(y (i) − t(i)) x
(i)
j

∂R̂
∂b

=
1

N

N∑
i=1

y (i) − t(i)
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Direct solution

The minimum must occur at a point where the partial derivatives are
zero.

∂R̂
∂wj

= 0
∂R̂
∂b

= 0.

If ∂R̂/∂wj 6= 0, you could reduce the cost by changing wj .

This turns out to give a system of linear equations, which we can
solve efficiently.

Let’s see what this looks like, assuming for simplicity that we set
b = 0 (we can always at a dummy dimension to our data )
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Direct solution

We seek w to minimize R̂(w) = 1
2‖Xw − t‖2

Consider the vector of partial derivatives, or gradient:

∂R̂
∂w

=




∂R̂
∂w1

...
∂R̂
∂wD




Setting this to 0 (see course notes for additional details) we get:

∂R̂
∂w

= X>Xw − X>t = 0

From which we get the following optimal weights:

w∗ = (X>X)−1X>t

Linear regression is one of only a handful of models in this course that
permit direct solution.
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Gradient Descent

Now let’s see a second way to minimize the cost function which is
more broadly applicable: gradient descent.
Many times, we do not have a direct solution: Taking derivatives of
R̂ w.r.t w and setting them to 0 doesn’t have an explicit solution.
Gradient descent is an iterative algorithm, which means we apply an
update repeatedly until some criterion is met.
We initialize the weights to something reasonable (e.g. all zeros) and
repeatedly adjust them in the direction of steepest descent.
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Gradient Descent

Observe:
I if ∂R̂/∂wj > 0, then increasing wj increases R̂.
I if ∂R̂/∂wj < 0, then increasing wj decreases R̂.

The following update always decreases the cost function for small
enough α (unless ∂R̂/∂wj = 0):

wj ← wj − α
∂R̂
∂wj

α > 0 is a learning rate (or step size). The larger it is, the faster w
changes.

I We’ll see later how to tune the learning rate, but values are typically
small, e.g. 0.01 or 0.0001.

I If cost is the sum of N individual losses rather than their average,
smaller learning rate will be needed (α′ = α/N).
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Gradient descent

Update rule in vector form:

w← w − α∂R̂
∂w

= w − α

N

N∑

i=1

(y (i) − t(i)) x(i)

We know from calculus that the directional derivative of R̂ at w in
the direction of v is

−
∥∥∥∥∥
∂R̂
∂w

∥∥∥∥∥ ‖v‖ ≤
∂R̂
∂w

>

v ≤
∥∥∥∥∥
∂R̂
∂w

∥∥∥∥∥ ‖v‖

So, if we consider unit vectors v , the direction of greatest increase in
R̂ at w is in the direction of the gradient. So, gradient descent
updates the weights in the direction of fastest decrease.
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Gradient Descent for Linear Regression

The squared error loss of linear regression is a convex function.

Even for linear regression, where there is a direct solution, we
sometimes need to use GD.

Why gradient descent, if we can find the optimum directly?
I GD can be applied to a much broader set of models
I GD can be easier to implement than direct solutions
I For regression in high-dimensional space, GD is more efficient than

direct solution
I Linear regression solution: (X>X)−1X>t
I Matrix inversion is an O(D3) algorithm
I Each GD update costs O(ND)
I Or less with stochastic GD (SGD, in a few slides)
I Huge difference if D � 1
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Learning Rate (Step Size)

In gradient descent, the learning rate α is a hyperparameter we need
to tune. Here are some things that can go wrong:

α too small:
slow progress

α too large:
oscillations

α much too large:
instability

Good values are typically between 0.001 and 0.1. You should do a
grid search if you want good performance (i.e. try 0.1, 0.03, 0.01, . . .).
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Training Curves

To diagnose optimization problems, it’s useful to look at training
curves: plot the training cost as a function of iteration.

Warning: in general, it’s very hard to tell from the training curves
whether an optimizer has converged. They can reveal major problems,
but they can’t guarantee convergence.
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Gradient descent

Visualization:

http://www.cs.toronto.edu/~guerzhoy/321/lec/W01/linear_

regression.pdf#page=21
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Gradient descent

Why gradient descent, if we can find the optimum directly?
I GD can be applied to a much broader set of models
I GD can be easier to implement than direct solutions, especially with

automatic differentiation software
I For regression in high-dimensional spaces, GD is more efficient than

direct solution (matrix inversion is an O(D3) algorithm).
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Feature mappings

Suppose we want to model the following data

x

t

0 1

−1

0

1

-Pattern Recognition and Machine Learning, Christopher Bishop.

One option: fit a low-degree polynomial; this is known as polynomial
regression

y = w3x
3 + w2x

2 + w1x + w0

Do we need to derive a whole new algorithm?
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Feature mappings

We get polynomial regression for free!

Define the feature map

ψ(x) =




1
x
x2

x3




Polynomial regression model:

y = w>ψ(x)

All of the derivations and algorithms so far in this lecture remain
exactly the same!
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Fitting polynomials

y = w0

x

t

M = 0

0 1

−1

0

1

-Pattern Recognition and Machine Learning, Christopher Bishop.
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Fitting polynomials

y = w0 + w1x

x

t

M = 1

0 1

−1

0

1

-Pattern Recognition and Machine Learning, Christopher Bishop.
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Fitting polynomials

y = w0 + w1x + w2x
2 + w3x

3

x

t

M = 3

0 1

−1

0

1

-Pattern Recognition and Machine Learning, Christopher Bishop.
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Fitting polynomials

y = w0 + w1x + w2x
2 + w3x

3 + . . .+ w9x
9

x

t

M = 9

0 1

−1

0

1

-Pattern Recognition and Machine Learning, Christopher Bishop.

Intro ML (UofT) STA314-Lec1 40 / 50



Generalization

Underfitting : model is too simple — does not fit the data.

x

t

M = 0

0 1

−1

0

1

Overfitting : model is too complex — fits perfectly, does not generalize.

x

t

M = 9

0 1

−1

0

1
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Generalization

Training and test error as a function of # training examples and #
parameters:
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Regularization

The degree of the polynomial is a hyperparameter, just like k in KNN.
We can tune it using a validation set.

But restricting the size of the model is a crude solution, since you’ll
never be able to learn a more complex model, even if the data
support it.

Another approach: keep the model large, but regularize it
I Regularizer: a function that quantifies how much we prefer one

hypothesis vs. another
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L2 Regularization

Observation: polynomials that overfit often have large coefficients.

y = 0.1x5 + 0.2x4 + 0.75x3 − x2 − 2x + 2

y = −7.2x5 + 10.4x4 + 24.5x3 − 37.9x2 − 3.6x + 12

So let’s try to keep the coefficients small.
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L2 Regularization

Another reason we want weights to be small:

Suppose inputs x1 and x2 are nearly identical for all training examples.
The following two hypotheses make nearly the same predictions:

w =

(
1
1

)
w =

(
−9
11

)

But the second network might make weird predictions if the test
distribution is slightly different (e.g. x1 and x2 match less closely).
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L2 (or `2 ) Regularization

We can encourage the weights to be small by choosing as our
regularizer the L2 penalty.

φ(w) = 1
2‖w‖22 =

1

2

∑

j

w2
j .

I Note: To be precise, the L2 norm is Euclidean distance, so we’re
regularizing the squared L2 norm.

The regularized cost function makes a tradeoff between fit to the data
and the norm of the weights.

R̂reg(w) = R̂(w) + λφ(w) = R̂(w) +
λ

2

∑

j

w2
j

If you fit training data poorly, R̂ is large. If your optimal weights have
high values, φ is large.

Large λ penalizes weight values more.

Like M, λ is a hyperparameter we can tune with a validation set.
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L2 (or `2 ) Regularization

The geometric picture:
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L2 Regularized Least Squares: Ridge regression

For the least squares problem, we have R̂(w) = 1
2N ‖Xw − t‖2.

When λ > 0 (with regularization), regularized cost gives

wRidge
λ = argmin

w
R̂reg(w) = argmin

w

1

2N
‖Xw − t‖22 +

λ

2
‖w‖22

=(X>X + λNI)−1X>t

The case λ = 0 (no regularization) reduces to least squares solution!

Note that it is also common to formulate this problem as
argminw

1
2‖Xw − t‖22 + λ

2‖w‖22 in which case the solution is

wRidge
λ = (X>X + λI)−1X>t.
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Gradient Descent under the L2 Regularization

Gradient descent update to minimize R̂:

w← w − α ∂

∂w
R̂

The gradient descent update to minimize the L2 regularized cost
R̂+ λR results in weight decay:

w← w − α ∂

∂w

(
R̂+ λφ

)

= w − α
(
∂R̂
∂w

+ λ
∂φ

∂w

)

= w − α
(
∂R̂
∂w

+ λw

)

= (1− αλ)w − α∂R̂
∂w
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Conclusion so far

Linear regression exemplifies recurring themes of this course:

choose a model and a loss function

formulate an optimization problem

solve the minimization problem using one of two strategies
I direct solution (set derivatives to zero)
I gradient descent (next topic)

vectorize the algorithm, i.e. represent in terms of linear algebra

make a linear model more powerful using features

improve the generalization by adding a regularizer
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