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Abstract. Belief revision is the problem of finding the most plausible explanation 
for an observed set of evidences. This has many applications in various scientific 
domains like natural language understanding, medical diagnosis and computa-
tional biology. Bayesian Networks (BN) is an important probabilistic graphical 
formalism used widely for belief revision tasks. In BN, belief revision can be 
achieved by setting the values of all random variables such that their joint prob-
ability is maximized. This assignment is called the maximum a posteriori (MAP) 
assignment. Finding MAP is an NP-Hard problem. In this paper, we are proposing 
finding the MAP assignment in BN using High Order Recurrent Neural Networks 
through an intermediate representation of Cost-Based Abduction. This method 
will eliminate the need to explicitly construct the energy function in two steps,  
objective and constraints, which will decrease the number of free parameters  
to set. 

1   Introduction 

Belief revision is the problem of finding the most plausible explanation for an observed 
set of evidences. Belief revision falls under the broader domain of reasoning under 
uncertainty where information is not complete or contradictory; thus, probabilistic 
handling seemed the best candidate for those tasks. However, probabilistic reasoning 
was described as being “epistemologically inadequate” by McCarthy and Hayes in 
their basic paper in 1969 [1]. They showed that the number of parameters needed to 
compute the joint probability distribution is exponentially proportional to the size of 
the given dataset which yields the whole mathematical computations intractable. As a 
result, researchers avoided using probabilistic reasoning until the notion of independ-
ence assumption appeared.  

In 1988, Pearl standardized the independence assumption notion and formally pre-
sented Bayesian Network (BN) where each variable is conditionally independent of 
its ancestors given its parents [2]. BN is fully specified by two components: a Di-
rected Acyclic Graph (DAG), whose vertices represent random variables, and a set of 
parameters that describe the conditional probability distribution of each variable given 
its parents. These two components together fully specify a unique joint distribution 

over all random variables in the graph. Let G be a DAG, and let 
1
, ,

n
X X…  denote the 

set of random variables, vertices of G. The BN encodes the Markov assumption: Each 
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variable is independent of all its non-descendants variables given its parents. Thus, 
the full joint distribution can be composed of the product form: 

( , , ) ( | ( ))1 1

n
P X X P X Xi in

i
π= ∏

=
…  (1)

( )Xiπ  is the set of parents of Xi  in G .  For a specific assignment, A , over all nodes, 

(1) can be rewritten as: 

( ) ( ( )| ( ( )))
1

n
P A P A X A Xi i

i
π= ∏

=
 (2)

BN saves a considerable amount of memory and calculations which enables us to 
calculate joint distributions otherwise impossible to calculate. For example, to specify 
the full joint distribution for 10 binary random variables we need 210 = 1024 values to 
be stored and used during computation. If we used BN with each variable depending 
on no more than three other variables, we end up having 10×23=80 parameters only.  

Given a BN with an observed set of evidence nodes ε  we are looking for values 
assignment A for the rest of the network nodes, such that ( | )P A ε  is maximized, using 

Bayes rule: 

( ) ( | )
( | )

( )

P A P A
P A

P

ε
ε

ε
=  (3)

Because we have observed the values of evidence nodesε , ( )P ε  is constant, so it 

ends up maximizing P(A) that represents the joint probability distribution in (1) and 
(2). This assignment is called the maximum a posteriori assignment (MAP). Once this 
assignment is found, we can do all kinds of probabilistic inference needed. 

Finding MAP is shown to be NP-hard [4]. For multiply-connected BN, existing al-
gorithms suffer from exponential complexity, so new heuristics and algorithms are 
always needed. In this paper, we propose finding MAP using High Order Recurrent 
Neural Networks (HORN) through an intermediate representation of Cost-Based 
Abduction (CBA). We first transform BN into CBA system using the algorithm men-
tioned in [6]. To our knowledge, this is the only algorithm in literature that does such 
a transformation, so it is crucial to analyze and discuss it step by step. Then, we will 
fill in the gap between BN and HORN by solving the resultant CBA system using 
HORN through the method mentioned in [7]. Finally, we will provide the mathemati-
cal framework to derive the energy functions equivalent to logical rules with more 
than 3 hypotheses and present our results. 

1.1   Cost-Based Abduction (CBA)  

CBA was first introduced by Charniak et al [9]. Formally, a CBA system is a 4-tuple 
(H, R, c, G), where H is a set of hypotheses or propositions, c is a function from H to 
a nonnegative real c(h) called the assumability cost of h ∈ H , R is a set of rules of 



102 E.A.M. Andrews and A.J. Bonner 

the form:
1 2

:( ... )
n k

i i i i
R p p p p∧ ∧ ∧ → for all 

1

, ...,
n

i i
p p H∈ , and G ∈ H is the goal 

or the evidence set [6].  
Objective: finding the least cost proof (LCP) of the goal. Proof cost is the sum of 

all costs of the hypotheses needed to be assumed to complete the proof. Any given 
hypothesis pi ∈ H can be true either by proving it or by assuming it to be true and 
paying its assumability cost.  Hypotheses that can be assumed have assumability costs 
less than ∞ , we call them “assumables”.  Consequent hypotheses that are proven 
through the assumables are called “provables”. 

Finding the optimal solution for a CBA system is proven to be NP-hard [11] [14]. 
Previous approaches to CBA can be found in [12] [13] [14]. The only Neural Net-
works (NN) approach to CBA was introduced in [7], where the authors found the 
optimal solution of CBA system by transforming it into HORN through an intermedi-
ate representation of Penalty Logic (PL).  

Finding the LCP in CBA system is equivalent to finding the MAP in BN [11] [14]. 
Despite their equivalency, it is believed that finding LCP is more efficient than find-
ing MAP and it may be easier to find heuristic for CBA system than finding one for 
BN [6] [11]. Santos found the necessary and sufficient conditions under which CBA 
is polynomially solvable [15]. On the other hand, polynomial solvability for finding 
MAP in BN is not available even with applying restrictions on the graphical represen-
tation [4] and even for trying to find an alternative next-best explanation [5]. 

1.2   High Order Recurrent Networks (HORN) 

A recurrent NN is one whose underlying inter-neural connections contain at least one 
cycle. The Hopfield network is perhaps the most famous recurrent NN [16]. The  
underlying topology is a graph and each weighted connection is either a binary con-
nection, Tij, that connects two neurons (i, j) or a unary connection Ii which is the bias 
of a single neuron i. Each neuron is trying to minimize the energy function which is 
usually composed of two energy functions: 

Obj ConstE E Eβ= +  (4)

EObj  describes the objective function to be either maximized or minimized while the 
EConst  ensures the feasibility of the optimized solution by enforcing the set of the con-
straints. β is a problem dependant free parameter to be experimentally tuned. We can 
think of β as a tradeoff knob between solution optimality and solution feasibility. 
Depending on the NN order, E can be either quadratic or higher order. 

HORN is a recurrent network whose underlying topology is a hypergraph, allowing 
weighted hyperedges that connect more than two neurons. The degree of the edge is 
the number of neurons it connects. The order of the network is the highest degree in 
the topology.  In a Kth-order HORN a neuron with an activation level ui and an output 
Vi is governed by: 

( )

1 , ,d

k
di

s j
d s S i s j s j i

du
T V

dt = ∈ ∈ ∈ ≠

=∑ ∑ ∏  (5)
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Where ( )
i i

V g u= , and g is typically a sigmoidal activation function. k  is the order 

of the network. ( )d

s
T  is the weight of the dth-degree edge connecting neurons 

1
...

d
ii . 

d
S denotes the set of all neuron sequences 

1
...,,

d
J J , such that 1,...,

1
d

j n≤ ≤ ; where 

n is the number of neurons and 
a b

J J≠ if a b≠  [3]. Each unit minimizes the follow-

ing Kth-order energy function:  

1 2

1 11 1

1 2 1

1 1
1 ...

( 1) (1)
...

1 ... 1

( )
...

... ...

...
k

k k

k

k k
i i i n

k
i i i i i

i i i n i n

k
i i i iT

T V V T V

K V V

− −
−

≤ < < < ≤

−

≤ < < < ≤ ≤ ≤

= −

− − −

∑

∑ ∑
 (6)

1.3   Related Work 

To our knowledge, the only attempt to find MAP using HORN is in [3]. However, 
this method requires deriving the energy function in two steps: EObj and EConst ; then, 
the two functions need to be combined into one function as in (4). This method  
requires extensive experimentation to set the network parameter β among other  
parameters [3]. In this work, we will create the full energy function in one step from 
the CBA system equivalent to the given BN. That will eliminate the need for creating 
and combining two energy functions and the need for tuning the free parameter β. 

2   Transforming BN into CBA 

In this section we will follow and analyze the linear time transformation algorithm 
mentioned in [6] to transform the multiply-connected BN in fig.1 into an equivalent 
CBA system. This example can be found in Murphy’s BN tutorial [17].     

Our objective is to explain 
why the grass is wet. So we 
want to reach an assignment 
A for the random variables 
such that P(A|W) is maxi-
mized. Using Bayesian infer-
ence we can see that: 

( 1 | 1) 0.430P S W= = =     

( 1 | 1) 0.708P R W= = =  

So, the best explanation for 
the wet grass is because it is 
raining rather than because of 
having the sprinkler on. 
 

Fig. 1. Multiply-connected BN example 



104 E.A.M. Andrews and A.J. Bonner 

The transformation to CBA goes as follows: 

1. Transform the CPT of each random variable  v  to a linear table 
v

P , tables 1 to 4. 

Each line 
v

l P∈  is a hypothesis that the premises of that line are satisfied. V(l) de-

notes the probability corresponding to line l in the table. The cost of the hypothesis 

lh  that represents each  line  is : ( ) log ( )c h V l Ql = − +  where:   log
v

v V

Q Q
∈

= − ∏  

and min{ ( ) | }
v v

Q V l l P= ∈  So: 0.5 , 0.1, 0.2 , 0.9
C S R W

Q Q Q Q= = = =  

When calculating Q , we ignore the line ( | , ) 0P W S R =  because W is our goal and 

we are trying to explain why the grass is wet, so 2.0458Q =  

Table 1. Cloudy , C 

Value P(C) hl  ( )c h
l

 

0 0 . 5 
1C

h l  2.3468  

1 0 . 5 
2C

h l  2 .3468 

 

 
 
 

Table 2. Sprinkler , S 

Value 

C S 

( | )P S C   hl  ( )c h
l

 

0 0 0.5 
1S

h l  2.3468 

0 1 0.5 
2S

h l  2.3468 

1 0 0.9 
3S

h l  2.0915 

1 1 0.1 
4S

h l  3.0458 
 

Table 3. Rain , R 

Value 

C R 

( | )P R C hl  ( )c hl  

0 0 0.8 
1R

h l  2.1427 

0 1 0.2 
2R

h l  2.7447 

1 0 0.2 
3R

h l  2.7447 

1 1 0.8 
4R

h l  2.1427 
 

Table 4. Wet grass, W. The goal 

Value 

S R W 

( | , )PW S R hl  ( )c h
l

 

0 0 1 0.0 
1W

h l  ∞  

1 0 1 0.9 
2W

h l  2.0915 

0 1 1 0.9 
3W

h l  2.0915 

1 1 1 0.99 
4W

h l  2.0501 
 

2. For every variable v V∈ , create 
v

h  representing that proposition v is assigned 

some truth value; ( )
v

c h = ∞ . Result is a set of hypothesis { , , , }
C S R W

h h h h    

3. For every v V∈ and for every ( )t D v∈ , where ( )D v  is domain of v, 

o Construct a hypothesis 
tvh denoting that proposition v is assigned a value t. Add 

tvh to the system hypothesis and assign ( )
tvc h = ∞ ;  
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Result is a set of new hypothesis: { , , , , , , }
t f t f t f tC C S S R R Wh h h h h h h , we ignore 

fWh . 

o Construct a rule 
tvR with { }

t t

A
v vR h=  and { }

t

C
v vR h=  

Where AR refers to the set of R’s antecedents and CR  refers to R’s consequent. 
Result is this set of rules:  

: , : : , :
: , : : , :

;
;

t t f f t t f f

t t f f t t f f

C C C C C C S S S S S S

R R R R R R W W W W W W

R h h R h h R h h R h h
R h h R h h R h h R h h

→ → → →
→ → → →  

4. For every v V∈  and every 
v

l P∈ : 

o Construct a rule 
l

R  where: { }A

l l
R h=  

o For every { } , ( ) ( )u t l whereu v and t D uπ′ ′→ ⊆ ∈ ∈ , set { }
t

A A

l l uR R h
′

= ∪  

o Let ( )t D v∈ be the value from v’s domain that satisfies{ }v t l→ ⊆ , 

set { }
t

C
vlR h= . Result is the following sets of rules: 

1 1

1 1

2 2

3 3

4 4

:
:
:
:
:

f

f f

f t

t f

t t

c c C

R R C R

R R C R

R R C R

R R C R

R l h l h
R l h l h h
R l h l h h
R l h l h h
R l h l h h

→
∧ →
∧ →
∧ →
∧ →

 

2 2

1 1

2 2

3 3

4 4

:
:
:
:
:

t

f f

f t

t f

t t

c c C

S S C S

S S C S

S S C S

S S C S

R l h l h
R l h l h h
R l h l h h
R l h l h h
R l h l h h

→
∧ →
∧ →
∧ →
∧ →

    

1 1

2 2

3 3

4 4

:
:
:
:

f f t

t f t

f t t

t t t

W W S R W

W W S R W

W W S R W

W W S R W

R l h l h h h
R l h l h h h
R l h l h h h
R l h l h h h

∧ ∧ →
∧ ∧ →
∧ ∧ →
∧ ∧ →

 

Finally, the goal set { , , , , }
t

C W R S W
G h h h h h=   and :

t
G C W R S W

R h h h h h G∧ ∧ ∧ ∧ →  

As discussed above, finding the LCP for this derived CBA system will be the same as 
finding MAP for BN in fig.1. In other words, the values assigned to CBA variables to 
reach the LCP are the same values that achieve MAP for the equivalent BN. Section 3 
will illustrate how HORN can be used to find LCP for the CBA which will be the 
same as finding MAP for BN. 

2.1   Discussion 

The algorithm did a linear time transformation from BN to CBA. However, we have 
the following comments: 

1. There is no analysis in terms of the size ratio between the BN as an input to the 
CBA system as an output.  

2. While the algorithm generates an equivalent CBA system in terms of solution, it 
might not be the most optimal system in terms of size. We did an experiment 

where we shrank the RG to be 
tW

h G→ and we obtained the same LCP, but with 

more computational effort.  
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3. The algorithm does not remove the redundant CPT entries to save memory space. 
Also, we do not need to create rules for the entire CPT of the evidence nodes. We 
only need to create rules for the values observed.  

4. It is not clear from the algorithm how we should deal with CPT entries with prob-
ability equal to 0. Considering such probabilities will cause all assumables to have 
costs of ∞, which means we cannot afford explaining our goal. 

3   Finding LCP Using HORN 

Here, we will summarize how to solve the CBA system using HORN. The reader is 
directed to [7] [8] for full details. The process goes as follows:  

1. Without loss of generality, we start by processing the CBA system such that all 
consequents are provable. Also, we make sure that every provable appears only 
once as a consequent in the system. 

2. Given the preprocessed CBA, we reverse the implication direction of all rules to 
avoid the null antecedent proofs. 

3. We transform the CBA into PL pairs. PL is an extension of propositional logic; the 
reader is directed to [10] for a complete review of PL. 

4. We generate the equivalent energy function for all PL formulas using the following 
characteristic function provided by Pinkas [10]: 

1 2

1 2 1 2

1 2

1 2

                                   if  is atomic proposition        

1                             if 

                       if 

    if 

i ix x

H
H

H H

H H H H

σ

σ
σ σ

σ σ σ σ

σ
σ σ
σ σ σ

σ σ σ

′

=
′− = ¬

=
× = ∧

+ − × = ∨

⎧
⎪
⎪
⎨
⎪
⎪⎩

 (7)

This function maps every propositional sentence σ into a characteristic algebraic term 
H σ that has its maximal points at the truth assignments that satisfy the clause. The 
equivalent energy function for a given proposition sentence σ is the characteristic 

function of the sentence negation H σ¬ . The Energy function for PL pairs 
i

n
iψ σ= ∧  is 

defined by (8); this energy function fully specifies the equivalent HORN. 

n

i

E H σ¬Ψ =∑  (8)

3.1   Deriving Energy Functions for Logical Rules with More Than 3 Variables 

In this section we provide derivations of the energy functions for logical rules with 

more than 3 variables. We start by OR rule; consider
1 2 3 1

...
n n

x x x x xβ −= → ∨ ∨ ∨ ∨ : 

1 2 3 1

1 2 3 1

( ... )
...

n n

n n

x x x x x
x x x x x

β −

−

¬ = ∧ ¬ ∨ ∨ ∨ ∨
≡ ∧ ¬ ∧ ¬ ∧ ¬ ∧ ∧  
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1 2 3 1[(1 )(1 )(1 )...(1 )]n nH x x x x xβ¬ −∴ = − − − −
 

1 2

1

1
1

1 1 .... 1

( 1) ...
k

k

n
k

n n i i i
k i i n

E x x x x xβ

−
+

= ≤ < < ≤ −

⎛ ⎞⎛ ⎞
∴ = − −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

∑ ∑  (9)

For AND rule, consider 
1 2 3 1

...
n n

x x x x xβ −= → ∧ ∧ ∧ ∧  

1 2 3 1

1 2 3 1

( ... )
(1 ... )

n n

n n

x x x x x
x x x x x

β −

−

¬ ≡ ∧ ¬ ∧ ∧ ∧ ∧
≡ −  

1 2 3 1...n n nH x x x x x xβ¬ −∴ = −
 

1

n

n i
i

E x xβ
=

∴ = − ∏  (10)

4   Solution Quality and Size Complexity 

For the example traced in this manuscript, it is clear that the network reached the LCP 
and assigned values which give the maximum joint probability for the random vari-
ables of the BN in Fig.1. In general, we judge if the network reached the global  
minima by benchmarking the solution against the results obtained by the popular 
public domain lp-solve engine which solves the CBA system after converting it to the 
equivalent Linear Programming (LP) form.  

The example above showed that HORN solved a problem of size 26-hypothesis, 
22-rule. However, previous work [7] [8] showed that HORN constantly found feasible 
solutions for a CBA system with 300-hypothesis, 900-rule with high difficulty. Prob-
lem size is not the only factor which determines the CBA instance difficulty and its 
search space complexity. Other factors, like solution depth, rules length, and ratio 
between the number of rules to the total number of hypotheses are taken into consid-
eration when considering a CBA instance difficulty level.  

5   Results Summary 

Using the previously mentioned transformations, we constructed the energy function 
which represents the CBA system derived in section 2. Then, we used HORN simula-
tor to minimize this energy function. The LCP was found through the following  
assignments{ , , , }C T R T S F W T→ → → → . Total cost of 8.6725 by assuming the 

following hypotheses
2C

h l ,
3S

h l ,
4R

h l and 
3W

h l . This is the same solution we reached 

using Bayesian inference for BN in fig.1. Table 5 summarizes the results of the 
HORN which solved this example.  
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We can also find the LCP by backtracking the rules starting from the goal rule. We 

only need to calculate towards 
tW

h because all other hypotheses in the goal rule are 

provables with assumability cost of ∞. By backtracking rules
lWR ’s, it is clear that we 

cannot use 
1W

R l  which costs us ∞, because it explains that the grass is wet while there 

is neither rain nor sprinkler. That leaves us with rules
2W

R l ,
3W

R l and
4W

R l  with costs : 

8.9278, 8.6725 and 9.4884, respectively. That means the best explanation for the 

observation that the grass is wet is 
3W

R l  which assumes that the sprinkler is off and 

there is rain. The LCP assignment of the constructed CBA system is the same assign-
ment for the variables in the BN to achieve MAP.  

Table 5. Results summary 

RG network order network iterations cost 

tC W R S W
h h h h h G∧ ∧ ∧ ∧ →  9 98489 8.6725 

tW
h G→  9 136128 8.6725 

6   Concluding Remarks and Future Work 

In this paper we showed how to find MAP in BN using HORN through an intermedi-
ate representation of CBA. This method creates the full integrated energy function 
directly without explicitly setting the objective and constraint functions. We traced 
and analyzed the only algorithm in literature that transforms BN to CBA. Future work 
would be to invent new algorithms that transform BN to CBA while taking care of the 
size ratio between both systems.  Finding MAPs for BN with continuous probability 
distribution will be an interesting follow up for this work.  Also, we can study which 
classes of BN can create polynomially solvable CBA systems. 
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