
‘‘Traditional’’ Even/Odd Proof
The traditional arithmetical proof is to suppose that H2 =
p/q in least terms, so that p2 = 2q2. But the square of an odd
number is odd, so p must be even; say it equals 2r. Now
4r2 = 2q2, and we deduce q2 = 2r2, showing H2 equals the
‘‘simpler’’ fraction q/r.

Discussion
This proof is ‘‘extreme’’ in seeming to depend on the most
elementary concepts. We did need the fact that fractions have
canonical ‘‘least’’ forms, implying that any set of positive
integers has a smallest element. Also, we are relying on the
division of integers into two classes, ‘‘even’’ and ‘‘odd,’’ with
the property that a product is odd iff both factors are odd:

* even odd
even even even
odd even odd

How much does this proof generalize? Note that the same
argumentworks forhigher-order roots, because the table implies
that any power of an odd number is odd, not just its square.

We can replace 2 by any prime and the proof is the same.
Call a number ‘‘3even’’ (pronounced ‘‘threeven’’) if it is divis-
ible by 3, otherwise it is ‘‘3odd’’ (‘‘throdd’’), for instance; then

* 3even 3odd
3even 3even 3even
3odd 3even 3odd

.
Of course, in using the fact that a prime divides a product

only if it divides one of the factors, we are assuming the key
lemma necessary to prove the Unique Factorization Theorem;
this lemma is obvious for the prime 2, but we didn’t totally
avoid ‘‘unique factorization.’’

This proof doesn’t work for nonprimes (2 and 3 are 6odd
but their product isn’t). To generalize to roots of nonprimes,

Figure 2. ‘‘Covering’’ proofs.
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