Tutorial 3: SAT and SMT

September 25, 2026
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Encoding Propositional Formulae

A proposition is defined by:

f

x| -f | AN

You can define other operations in terms of these:

hVvh
i —h
fi < h
Ldh

—hVh
(h = R)A (R = fi)
~(h < £)
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Conjunctive Normal Form (CNF)

A formula in CNF is a conjunction of clauses:
F = GANGA..ANGC,
And a clause is a disjunction of literals:
C = hvhv..Vi

A literal is merely a variable x or its complement X.
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From Formula to CNF

Remember we just need negation and conjunction.

X = X
xANy = (XVyVc)AEVx)A(EVy)
where ¢ is a fresh literal

Everything else can be derived from these mappings!
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An Example

Take the following non-CNF formula:

(zVw)—x
Get rid of the implication:
=(zVw)Vx
Distribute negation:
(mz A=w) V x

Replace conjunction and add constraints:
(cVX)A(m=zV==wVc)A(mcV —z)A(—cV—w)
Simplify:

(cvx)AN(zVvwVc)A(cVZ)A(cVWw)
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Bitvectors in CNF

Bitvectors are arrays of Os and 1s:
(1110), =14

We can use these to model numbers in CNF!

For example, take equality on x1x0...x, and y1y»...¥n:
(x1 <= y1)A (e <= WA AKXy <= yn)

What about other operations?



Adding Bitvectors

We can encode x + y = z as:

21 = x18én

z = X2 D y» @D carry;
z3 = X3 @ y3 D carry,
Zp = XpD ynDcarry,_q
Zp+1 = carry,

Where carrying is defined by:

carryy = x1/A\»n
carryiv1 = AtlLeastTwo(carry;, x;, i)



Proving Something!

How might we prove something useful?

(w>yAx>z) > (wH+x>y+2z)



SMT and the Garden Tree Problem

The problem specification:
1. A gardenis a 5 x 5 space.

2. You may place as many trees as you like, each with height
from 1 to 4.

3. Two trees of height n cannot be placed within n spaces of
each other.

4. You want to maximize height.
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Example Garden

One possible garden of height 34:

a2 W
W~ N R
| [

N =N

Can we do any better? Let's simplify.



Simplified Garden Tree Problem

The problem specification:

1.
2.

A garden is an N x N space.

You may place from a multiset of trees, each with height from
1to4 (eg. {h1:8,hy:4,h3:3, hs:3}).

Two trees of height n cannot be placed within n spaces of
each other.

You want to maximize height.



Constraints for Trees

Each tree has the following attributes:
» x : Nat (the x coordinate of the tree)
» y : Nat (the y coordinate of the tree)
And we have the following constraints:
» Trees must be in a valid coordinate.
» Every slot can only contain one tree.

P Trees with the same height cannot be too close to each other.
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How can we do better?

Right now, we're providing the multiset. What if we look for it?

Each tree has the following attributes:
» x : Nat (the x coordinate of the tree)
» y : Nat (the y coordinate of the tree)
» planted : Bool (is the tree planted?)

And we have the following constraints:
» Trees must be in a valid coordinate.
» Every slot can only plant one tree.
P> Planted trees with the same height cannot be too close.

» Total height of all planted trees must be > target.




