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Semi-Lattices
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A (meet) semi-lattice L = (S,u) is a set S with
a binary operation, called meet (u), that has the
following properties:

<latexit sha1_base64="fOdacX7t+sqjZOIj2u+PSCjhCcg="></latexit>

(1) For all x, y 2 S, there exist a unique z 2 S such

that x u y = z (CLOSURE).
<latexit sha1_base64="QNMhuoUcv1hig8scerCnQwJo7OI="></latexit>

(2) For all x, y, z 2 S, we have

x u x = x (idempotence)

x u y = y u x (commutativity)

x u (y u z) = (x u y) u z (associativity)
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The Connection Between The Structures
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Theorem 3
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Let (S,v) be a partially ordered set such that for all
x, y 2 S the greatest lower bound of x and y is always
defined (and in S). Prove (S,u) to be a semi-lattice if:
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Example: Subset SemiLattice

7

7Static Analysis

The Subset LatticeThe Subset Lattice

� Every finite set A defines a lattice (2A,⊆), where:
• = ∅
• = A

• x   y = x ∪ y

• x   y = x ∩ y
{0,1,2,3}

{0,1,2} {0,1,3} {0,2,3} {1,2,3}

{0,1} {0,2} {0,3} {1,2} {1,3} {2,3}

{0} {1} {2} {3}

{}
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Descending Chains
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A descending chain is a sequence of elements related by the
order:

x1 w x2 w · · · w xn
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The height of a lattice (or semi-lattice) is the length of its
longest descending chain.

<latexit sha1_base64="EDyc7FRjzUB404RYU+BNI6AEsuE="></latexit>

Useful for Algorithmic convergence: a finite height!
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Recall Live Variable Analysis

Any solution Liveentry , Liveexit to this system of equations overapproximates 
the true set of live variables. 

x is live at l ⇒ x∈ LVexit(l) 

Our domain is a subset lattice where S is the set of all variables!

The worklist algorithm terminates because this lattice has a finite height!

What is the height of this lattice?



An Infinite Lattice with Finite Height

The Constant Propagation Framework

An example of a Monotone Framework that is not a Distributive Frame-
work

The aim of the Constant Propagation Analysis is to determine

For each program point, whether or not a variable has a constant
value whenever execution reaches that point.

Example:
[x:=6]1; [y:=3]2; while [x > y ]3 do ([x:=x� 1]4; [z:= y ⇥ y ]6)

The analysis enables a transformation into

[x:=6]1; [y:=3]2; while [x > 3]3 do ([x:=x� 1]4; [z:=9]6)

PPA Section 2.3 c� F.Nielson & H.Riis Nielson & C.Hankin (May 2005) 66
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Dead code elimination

x := 2
y := 5
x := 1
z := 0
if (x <= 0) {

z := x + 2
} else {

z := y * y
}
x := z

These commands can be removed without affecting the execution of the

program.

• Based on the principle that the values they write to x and z can never be

read

Z.Kincaid (CSC410) Data flow analysis February 14, 2012 3 / 17
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A General Framework for 
Dataflow Analyses 

based on  
Basic Lattice Theory 



Component 1: 
Domains are (semi)-lattices 

of finite height!



Example: Live Variable Analysis

Solution is not unique

LVentry(`) = LVexit(`) \ write(`) [ read(`)

LVexit(`) =
[

`!`02E

LVentry(`
0)

i := 0

j := 1

i < 10

i := i + j

j := i

j := 0

Label LVexit LVentry

i := 0 {i} ;
j := 1 {i,j} {i}
i < 10 {i,j} {i,j}
i := i + j {i} {i,j}
j := i {i,j} {i}
j := 0 ; ;

Z.Kincaid (CSC410) Data flow analysis February 14, 2012 13 / 17
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LVexit(`) =
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`!`02E

LVentry(`
0)

i := 0

j := 1
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j := i

j := 0
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j := 0 ; ;
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Solution is not unique

LVentry(`) = LVexit(`) \ write(`) [ read(`)

LVexit(`) =
[

`!`02E

LVentry(`
0)

i := 0

j := 1

i < 10

i := i + j

j := i

j := 0

Label LVexit LVentry

i := 0 {i} ;
j := 1 {i,j} {i}
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j := 0 ; ;

Z.Kincaid (CSC410) Data flow analysis February 14, 2012 13 / 17

<latexit sha1_base64="QrqEfOdmjWozCKiZpIt0g7SnNVM="></latexit>

Example:



Properties of Transfer Functions

<latexit sha1_base64="eVm6AcYBFWuc6aLPt54HlIUqO8w="></latexit>

Monotonicity:
<latexit sha1_base64="DTxU7jCyT69qnFeLg92Gt6WQd/I="></latexit>

8x, y 2 L : x v y =) f(x) v f(y).

<latexit sha1_base64="5SlWdTalxV8GTVcyReRH/9zUhv4="></latexit>

Distributivity:
<latexit sha1_base64="iF6Uhsg7BQ2+VcESVN9FIWYUVOg="></latexit>

8x, y 2 L : f(x u y) = f(x) u f(y).

<latexit sha1_base64="ZQiVtgrxp9dlWQd/u11HO8rWiCk="></latexit>

Transfer functions in a dataflow analysis must be monotone!



Properties of Transfer Functions

<latexit sha1_base64="eVm6AcYBFWuc6aLPt54HlIUqO8w="></latexit>

Monotonicity:
<latexit sha1_base64="DTxU7jCyT69qnFeLg92Gt6WQd/I="></latexit>

8x, y 2 L : x v y =) f(x) v f(y).

<latexit sha1_base64="5SlWdTalxV8GTVcyReRH/9zUhv4="></latexit>

Distributivity:
<latexit sha1_base64="iF6Uhsg7BQ2+VcESVN9FIWYUVOg="></latexit>

8x, y 2 L : f(x u y) = f(x) u f(y).

<latexit sha1_base64="ZQiVtgrxp9dlWQd/u11HO8rWiCk="></latexit>

Transfer functions in a dataflow analysis must be monotone!

<latexit sha1_base64="DiC3ApWUFflJ3z6B95XyQ6zypiM="></latexit>

But not necessarily distributive!



Properties of Transfer Functions

<latexit sha1_base64="eVm6AcYBFWuc6aLPt54HlIUqO8w="></latexit>

Monotonicity:
<latexit sha1_base64="DTxU7jCyT69qnFeLg92Gt6WQd/I="></latexit>

8x, y 2 L : x v y =) f(x) v f(y).
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Distributivity:
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8x, y 2 L : f(x u y) = f(x) u f(y).
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Constant Propagation:
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The Computation
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The Goal
<latexit sha1_base64="8Lwdl3zqkCEQMWBJCN0wPxO9nG4="></latexit>

What is the goal of dataflow analyses?

<latexit sha1_base64="EFV4UMQuWzJHFOOE1zDnXnLrOxo="></latexit>

meet-over-all-paths (MOP) solutions.

<latexit sha1_base64="LU4HAMp/EXN79+M5DGIj20XXAyI="></latexit>

- Start from the beginning (entry node, or exist note for
backward flow problems) with some initial information.

<latexit sha1_base64="99hlGiqt5GVT6JYW3AvWrb4zE+k="></latexit>

- Walk down a path and apply transfer functions along these
paths to each node in the flow graph.

<latexit sha1_base64="f/MHZLBWSlJ3EvcwMMdz5GABY+0="></latexit>

- For each node, compute the meet of all paths to this point.
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Formally

<latexit sha1_base64="kGfNEcE4I6x8Us23+BSbMCIi97Q="></latexit>

f⇡ = finit � · · · � fl

<latexit sha1_base64="DV2uswIXHTIlIrABMhldPJ9h6J0="></latexit>

For a path ⇡ = init . . . l

<latexit sha1_base64="rpE+F2Uv0ghNaFfUlLneaPUpnB8="></latexit>

MOP�(l) =
d

⇡2Path(l) f⇡(◆).

<latexit sha1_base64="sq3zpjpQX34io755e1nLcX6UHes="></latexit>

MOP•(l) = fl(MOP�(l)).

Transfer Function for location l

Set of all paths to l Initial information at “init”



Can this solution be 
computed effectively?
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Bad News!
<latexit sha1_base64="0CZsetT4ZKFCVonaz8yBBvPqxhI="></latexit>

For an arbitrary data flow analysis problem where transfer
functions are only monotone, one can show that there may
be no algorithm to compute the MOP solution.

Lemma

The MOP solution for Constant Propagation is undecidable.

Proof: Let u1, · · · , un and v1, · · · , vn be strings over the alphabet {1,· · ·,9};
let | u | denote the length of u; let [[u]] be the natural number denoted.

The Modified Post Correspondence Problem is to determine whether or
not ui1 · · · uim = vi1 · · · vin for some sequence i1, · · · , im with i1 = 1.

x:=[[u1]]; y:=[[v1]];
while [· · ·] do

(if [· · ·] then x:=x * 10|u1| + [[u1]]; y:=y * 10|v1| + [[v1]] else
...
if [· · ·] then x:=x * 10|un| + [[un]]; y:=y * 10|vn| + [[vn]] else skip)

[z:=abs((x-y)*(x-y))]�

Then MOP•(�) will map z to 1 if and only if the Modified Post Corre-
spondence Problem has no solution. This is undecidable.
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So, what do we do?
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Corollary: We have a set of solutions (fixed points), with
a guarantee for the existence of a maximal (also minimal)
solution.
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Let L be a complete lattice and F : L ! L be a monotone
function. The maximal fixpoint of L is the infimum of the
descending chain > w F (>) w F (F (>)) w . . . .
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Theorem: (Kleene Fixpoint Theorem)

Generic DFA Algorithm

DFA Algorithm

8k 2 N . ink = outk = >
repeat

foreach k 2 N do {
ink = u{outp | p 2 pred(k)}
outk = Fk(ink)

}
while solution changes

The analysis terminates when the solutions for each node stop changing.
This means that the analysis has computed a fixpoint, i.e., values for all
ink and outk that simultaneously satisfy all of the equations derived from
the transfer functions Fk .
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Let’s make another 
instance of our 

framework!



Very Busy Expressions

Very Busy Expressions Analysis

An expression is very busy at the exit from a label if, no matter what
path is taken from the label, the expression is always used before any of
the variables occurring in it are redefined.

The aim of the Very Busy Expressions Analysis is to determine

For each program point, which expressions must be very busy at
the exit from the point.

Example:
point of interest
+if [a>b]1 then ([x:= b-a ]2; [y:= a-b ]3) else ([y:= b-a ]4; [x:= a-b ]5)

The analysis enables a transformation into

[t1:= b-a ]A; [t2:= b-a ]B;
if [a>b]1 then ([x:=t1]2; [y:=t2]3) else ([y:=t1]4; [x:=t2]5)
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An expression is very busy at the exit from a label if, no
matter what path is taken from the label, the expression is
always used before any of the variables occurring in it are
redefined.
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The Design Process
Very Busy Expressions Analysis – the basic idea
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X = N1 \N2

x := a

N = (X\

killz }| {
{all expressions with an x} )

[ {all subexpressions of a}| {z }
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