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Dataflow Analyses

Goal and scope:
Calculate over-approximate information about the behaviours 
of the program.
Do it efficiently!

Applications: 
Widely used in optimizing compilers
Verification 
Testing



Let’s start with an 
example…
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Dead Code Elimination

Can part of this program be removed without affecting program behaviour? 

Dead code elimination

x := 2
y := 5
x := 1
z := 0
if (x <= 0) {

z := x + 2
} else {

z := y * y
}
x := z

These commands can be removed without affecting the execution of the

program.

• Based on the principle that the values they write to x and z can never be

read
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Based on the principle that these assignments to x and z can never be 
read by any other statement.
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Live Variable Analysis
Intuition: A variable v is live at a program point if its value may be read 
later in some execution of the program. Otherwise, it is dead. 

An assignment x := exp can be safely removed from the program (i.e it 
is dead code) if x is dead (at the exit point of this statement).



How do we calculate this 
information automatically 

and efficiently?



Models



Control Flow Graphs
A Control Flow Graph (CFG) is a graphical representation of the executions 
of a program. Formally, a CFG is a directed graph ⟨V , E⟩, where: Control flow graphs

A Control Flow Graph (CFG) is a graphical representation

of the executions of a program. Formally, a CFG is a di-

rected graph hV ,Ei, where

• V is a set of program labels (AKA locations, points)

• E is the control flow successor relation: if v follows u
in some execution, then u ! v 2 E

Every execution corresponds to a path in the CFG

• the converse does not hold!

• A CFG represents an overapproximation of the

executions of a program [x <= 0]

z := 0

x := 1

y := 5

x := 2

z := x+2 z := y*y

x := z

yes no
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Live Variable Analysis
Intuition: A variable v is live at a program point if its value may be read 
later in some execution of the program. Otherwise, it is dead. 

Formal definition: A variable var is live at a label l if there exists a CFG 
path from l to a label l′ such that l′ reads var, and no label along that 
path writes to var. Otherwise it is dead. 



ExampleLive variables: example

At x := 1,

• x is:

• y is:

• z is: [x <= 0]

z := 0

x := 1

y := 5

x := 2

z := x + 2 z := y * y

x := z

yes no
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Let’s start automating this 
in the simplest context …



Live Variable Analysis on PathsLive variables analysis on paths

[x <= 0]

z := 0

x := 1

y := 5

x := 2

z := x + 2

x := z

live: ;

live: ;

live: {x}

live: {x}

live: {x}

live: {z}

live: ;

Define for each label `:

• read(`): set of variables ` reads from

• read(y := 5) = ;
• read(x := x + y) = {x,y}

• write(`): set of variables ` writes to

• write([x <= 0]) = ;
• write(x := x + y) = {x}

For a path `1, . . . , `n,

live(`n) = ;
live(`i�1) = live(`i) \ write(`i) [ read(`i)
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read(l): the set of variables l reads from.
write(l): the set of variables l writes to.
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Define for each lablel l:

read(l): the set of variables l reads from.
write(l): the set of variables l writes to.

For a path l1 … ln:

Live variables analysis on paths

live(`n) = ;
live(`i�1) = live(`i) \ write(`i) [ read(`i)

#
liveexit(`n) = ;
liveentry(`) = liveexit(`) \ write(`) [ read(`)

liveexit(`i�1) = liveentry(`i)

Z.Kincaid (CSC410) Data flow analysis February 14, 2012 9 / 17
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live(`n) = ;
live(`i�1) = live(`i) \ write(`i) [ read(`i)

#
liveexit(`n) = ;
liveentry(`) = liveexit(`) \ write(`) [ read(`)

liveexit(`i�1) = liveentry(`i)

Z.Kincaid (CSC410) Data flow analysis February 14, 2012 9 / 17



What if we have branches 
along the way? 



Live Variable Analysis on DAGsLive variables analysis on DAGs

[x <= 0]

z := x + 2 z := y * y

x := z
live on entry: {z}

live on exit: ;

live on entry: {x}

live on exit: {z} live on exit: {z}

live on entry: {y}

live on exit: ???

live on entry: ??? [ {x}
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Live variables analysis on DAGs
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z := x + 2 z := y * y

x := z
live on entry: {z}

live on exit: ;

live on entry: {x}

live on exit: {z} live on exit: {z}

live on entry: {y}
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Live Variable Analysis on DAGs

Live variables analysis on paths
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live(`i�1) = live(`i) \ write(`i) [ read(`i)

#
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Live Variable Analysis on DAGs

Equations for live variables analysis

liveentry(`) = liveexit(`) \ write(`) [ read(`)

liveexit(`) =
[

`!`02E

liveentry(`
0)

What happens when the graph has cycles?
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What if there are cycles in 
the graph? 



What if there are cycles in 
the graph? 

Solution is not unique

LVentry(`) = LVexit(`) \ write(`) [ read(`)

LVexit(`) =
[

`!`02E

LVentry(`
0)

i := 0

j := 1

i < 10

i := i + j

j := i

j := 0

Label LVexit LVentry

i := 0 {i} ;
j := 1 {i,j} {i}
i < 10 {i,j} {i,j}
i := i + j {i} {i,j}
j := i {i,j} {i}
j := 0 ; ;
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Live Variable Analysis on Graphs

Consider the equations below as a system of constraints. A a solution is 
any assignment of live sets that satisfies the equations below:

Solution is not unique
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The Worklist Algorithm
The worklist method

Algorithm 1 Worklist method

worklist empty
for each ` 2 V do

LVexit(`) ;
LVentry(`) LVexit(`) \ write(`) [ read(`)
add ` to worklist

end for
while worklist not empty do

pick ` from worklist
old LVentry(`)

LVexit(`) 
[

`!`02E

LVentry(`
0)

LVentry(`) LVexit(`) \ write(`) [ read(`)
if old 6= LVentry(`) then

Add predecessors of ` to worklist
end if

end while
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analyses?
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algebra!
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Second Structure



Semi-Lattices
<latexit sha1_base64="K6P2wxh/jJGyyd/ArZPctaoXfHc="></latexit>

A (meet) semi-lattice L = (S,u) is a set S with
a binary operation, called meet (u), that has the
following properties:

<latexit sha1_base64="fOdacX7t+sqjZOIj2u+PSCjhCcg="></latexit>

(1) For all x, y 2 S, there exist a unique z 2 S such

that x u y = z (CLOSURE).
<latexit sha1_base64="QNMhuoUcv1hig8scerCnQwJo7OI="></latexit>

(2) For all x, y, z 2 S, we have

x u x = x (idempotence)

x u y = y u x (commutativity)

x u (y u z) = (x u y) u z (associativity)
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The Connection Between The Structures

<latexit sha1_base64="945/oRQrxH61DlchuuAutlPQDEQ="></latexit>

x v y if and only if x u y = x

<latexit sha1_base64="rXU7dT/Q4VTJHv39d74rJ1dyo/M="></latexit>

Given a semi-lattice and define a binary operation v:

<latexit sha1_base64="dkQntyjfI8avMuII0ZPrsH3Kqes="></latexit>

v is provably a partial order relation.

<latexit sha1_base64="oc6TJAjGlAXWKwl1bOD2CGFe5/Y="></latexit>

u is provably the greatest lower bound defined based on v.
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Example: Subset Lattice

7

7Static Analysis

The Subset LatticeThe Subset Lattice

� Every finite set A defines a lattice (2A,⊆), where:
• = ∅
• = A

• x   y = x ∪ y

• x   y = x ∩ y
{0,1,2,3}

{0,1,2} {0,1,3} {0,2,3} {1,2,3}

{0,1} {0,2} {0,3} {1,2} {1,3} {2,3}

{0} {1} {2} {3}
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A descending chain is a sequence of elements related by the
order:

x1 w x2 w · · · w xn
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Useful for Algorithmic convergence: a finite height!
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Recall Live Variable Analysis

Any solution Liveentry , Liveexit to this system of equations overapproximates 
the true set of live variables. 

x is live at l ⇒ x∈ LVexit(l) 

Our domain is a subset lattice where S is the set of all variables!

The worklist algorithm terminates because this lattice has a finite height!

What is the height of this lattice?



An Infinite Lattice

The Constant Propagation Framework

An example of a Monotone Framework that is not a Distributive Frame-
work

The aim of the Constant Propagation Analysis is to determine

For each program point, whether or not a variable has a constant
value whenever execution reaches that point.

Example:
[x:=6]1; [y:=3]2; while [x > y ]3 do ([x:=x� 1]4; [z:= y ⇥ y ]6)

The analysis enables a transformation into

[x:=6]1; [y:=3]2; while [x > 3]3 do ([x:=x� 1]4; [z:=9]6)

PPA Section 2.3 c� F.Nielson & H.Riis Nielson & C.Hankin (May 2005) 66



An Infinite Lattice

The Constant Propagation Framework

An example of a Monotone Framework that is not a Distributive Frame-
work

The aim of the Constant Propagation Analysis is to determine

For each program point, whether or not a variable has a constant
value whenever execution reaches that point.

Example:
[x:=6]1; [y:=3]2; while [x > y ]3 do ([x:=x� 1]4; [z:= y ⇥ y ]6)

The analysis enables a transformation into

[x:=6]1; [y:=3]2; while [x > 3]3 do ([x:=x� 1]4; [z:=9]6)

PPA Section 2.3 c� F.Nielson & H.Riis Nielson & C.Hankin (May 2005) 66

Dead code elimination

x := 2
y := 5
x := 1
z := 0
if (x <= 0) {

z := x + 2
} else {

z := y * y
}
x := z

These commands can be removed without affecting the execution of the

program.

• Based on the principle that the values they write to x and z can never be

read

Z.Kincaid (CSC410) Data flow analysis February 14, 2012 3 / 17
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A General Framework for 
Dataflow Analyses 

based on  
Basic Lattice Theory 



Component 1: 
Domains are (semi)-lattices 

of finite height!



Example: Live Variable Analysis

Solution is not unique

LVentry(`) = LVexit(`) \ write(`) [ read(`)

LVexit(`) =
[

`!`02E

LVentry(`
0)

i := 0

j := 1

i < 10

i := i + j

j := i

j := 0

Label LVexit LVentry

i := 0 {i} ;
j := 1 {i,j} {i}
i < 10 {i,j} {i,j}
i := i + j {i} {i,j}
j := i {i,j} {i}
j := 0 ; ;

Z.Kincaid (CSC410) Data flow analysis February 14, 2012 13 / 17
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To fully define the domain:
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- Define the (semi) lattice: dataflow facts and how to
combine them!
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- Decide on the direction of the analysis: forward or
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`!`02E

LVentry(`
0)
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j := 1
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j := i

j := 0
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[
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LVentry(`
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j := 1

i < 10

i := i + j

j := i
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Distributivity:
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Constant Propagation:



Component 3: 
The Computation
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The Goal
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What is the goal of dataflow analyses?

<latexit sha1_base64="EFV4UMQuWzJHFOOE1zDnXnLrOxo="></latexit>

meet-over-all-paths (MOP) solutions.

<latexit sha1_base64="LU4HAMp/EXN79+M5DGIj20XXAyI="></latexit>

- Start from the beginning (entry node, or exist note for
backward flow problems) with some initial information.

<latexit sha1_base64="99hlGiqt5GVT6JYW3AvWrb4zE+k="></latexit>

- Walk down a path and apply transfer functions along these
paths to each node in the flow graph.

<latexit sha1_base64="f/MHZLBWSlJ3EvcwMMdz5GABY+0="></latexit>

- For each node, compute the meet of all paths to this point.



Formally
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f⇡ = finit � · · · � fl

<latexit sha1_base64="DV2uswIXHTIlIrABMhldPJ9h6J0="></latexit>

For a path ⇡ = init . . . l

<latexit sha1_base64="rpE+F2Uv0ghNaFfUlLneaPUpnB8="></latexit>

MOP�(l) =
d

⇡2Path(l) f⇡(◆).

<latexit sha1_base64="sq3zpjpQX34io755e1nLcX6UHes="></latexit>

MOP•(l) = fl(MOP�(l)).

Transfer Function for location l

Set of all paths to l Initial information at “init”



Can this solution be 
computed effectively?



Bad News!
<latexit sha1_base64="0CZsetT4ZKFCVonaz8yBBvPqxhI="></latexit>

For an arbitrary data flow analysis problem where transfer
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Bad News!
<latexit sha1_base64="0CZsetT4ZKFCVonaz8yBBvPqxhI="></latexit>

For an arbitrary data flow analysis problem where transfer
functions are only monotone, one can show that there may
be no algorithm to compute the MOP solution.

Lemma

The MOP solution for Constant Propagation is undecidable.

Proof: Let u1, · · · , un and v1, · · · , vn be strings over the alphabet {1,· · ·,9};
let | u | denote the length of u; let [[u]] be the natural number denoted.

The Modified Post Correspondence Problem is to determine whether or
not ui1 · · · uim = vi1 · · · vin for some sequence i1, · · · , im with i1 = 1.

x:=[[u1]]; y:=[[v1]];
while [· · ·] do

(if [· · ·] then x:=x * 10|u1| + [[u1]]; y:=y * 10|v1| + [[v1]] else
...
if [· · ·] then x:=x * 10|un| + [[un]]; y:=y * 10|vn| + [[vn]] else skip)

[z:=abs((x-y)*(x-y))]�

Then MOP•(�) will map z to 1 if and only if the Modified Post Corre-
spondence Problem has no solution. This is undecidable.

PPA Section 2.4 c� F.Nielson & H.Riis Nielson & C.Hankin (May 2005) 81



So, what do we do?
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Instead, compute the maximal fixed point solution (MFP).
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Corollary: We have a set of solutions (fixed points), with
a guarantee for the existence of a maximal (also minimal)
solution.
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Let L be a complete lattice and F : L ! L be a monotone
function. The maximal fixpoint of L is the infimum of the
descending chain > w F (>) w F (F (>)) w . . . .
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Theorem: (Kleene Fixpoint Theorem)

Generic DFA Algorithm

DFA Algorithm

8k 2 N . ink = outk = >
repeat

foreach k 2 N do {
ink = u{outp | p 2 pred(k)}
outk = Fk(ink)

}
while solution changes

The analysis terminates when the solutions for each node stop changing.
This means that the analysis has computed a fixpoint, i.e., values for all
ink and outk that simultaneously satisfy all of the equations derived from
the transfer functions Fk .
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<latexit sha1_base64="r/0Mz+wvhIHZVKIF62hWUJq9WPM="></latexit>

We can start with the solution
> and continually apply F to its
own result until we eventually
reach a fixed point which will
be maximal.
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The Coincidence
<latexit sha1_base64="ObJlHK0QULQkU0CgDBLw3f48ogs="></latexit>

If transfer functions are monotone:

<latexit sha1_base64="eP4e/H2+BHi60iWTwz+mM8buLnM="></latexit>

MOP�(l) = MFP�(l)
<latexit sha1_base64="DKo/lu/5iby9CdhDeNR/eLW2NW4="></latexit>
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The Coincidence
<latexit sha1_base64="ObJlHK0QULQkU0CgDBLw3f48ogs="></latexit>

If transfer functions are monotone:

<latexit sha1_base64="eP4e/H2+BHi60iWTwz+mM8buLnM="></latexit>

MOP�(l) = MFP�(l)
<latexit sha1_base64="DKo/lu/5iby9CdhDeNR/eLW2NW4="></latexit>

MOP•(l) = MFP•(l)

<latexit sha1_base64="4UT8xmzBTZoPjBvZ8IZh4vjXKMk="></latexit>

If transfer functions are distributive:

<latexit sha1_base64="lvTOyzri5PCfumgWbNjhuhKUgo4="></latexit>

The fixpoint solution over-approximates the result!

<latexit sha1_base64="d0K6I3Fp/6/LfWavXVWsYT7NYtI="></latexit>

The two solutions coincide!

<latexit sha1_base64="himghdEghcoxroI+M2G5okixvJo="></latexit>

MOP�(l) w MFP�(l)
<latexit sha1_base64="wQdcV4EgdAHSknx0y8BgXrXV1SM="></latexit>

MOP•(l) w MFP•(l)

Less Precise!



Let’s make another 
instance of our 

framework!



Very Busy Expressions

Very Busy Expressions Analysis

An expression is very busy at the exit from a label if, no matter what
path is taken from the label, the expression is always used before any of
the variables occurring in it are redefined.

The aim of the Very Busy Expressions Analysis is to determine

For each program point, which expressions must be very busy at
the exit from the point.

Example:
point of interest
+if [a>b]1 then ([x:= b-a ]2; [y:= a-b ]3) else ([y:= b-a ]4; [x:= a-b ]5)

The analysis enables a transformation into

[t1:= b-a ]A; [t2:= b-a ]B;
if [a>b]1 then ([x:=t1]2; [y:=t2]3) else ([y:=t1]4; [x:=t2]5)

PPA Section 2.1 c� F.Nielson & H.Riis Nielson & C.Hankin (May 2005) 24
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Very Busy Expressions Analysis

An expression is very busy at the exit from a label if, no matter what
path is taken from the label, the expression is always used before any of
the variables occurring in it are redefined.

The aim of the Very Busy Expressions Analysis is to determine

For each program point, which expressions must be very busy at
the exit from the point.

Example:
point of interest
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[t1:= b-a ]A; [t2:= b-a ]B;
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<latexit sha1_base64="qA1JUOHl8JxWWH7CXHFRHX33F7c="></latexit>

An expression is very busy at the exit from a label if, no
matter what path is taken from the label, the expression is
always used before any of the variables occurring in it are
redefined.



Check List



Check List
<latexit sha1_base64="8Yq+0jfA6W17/qko5Fyq1M487VI="></latexit>

- Define the semi-lattice: dataflow facts and how to combine them!



Check List
<latexit sha1_base64="8Yq+0jfA6W17/qko5Fyq1M487VI="></latexit>

- Define the semi-lattice: dataflow facts and how to combine them!

<latexit sha1_base64="4YAEvIVGlVREqRhrghIZZgRADZU="></latexit>

- Decide on the direction of the analysis: forward vs backward.



Check List
<latexit sha1_base64="8Yq+0jfA6W17/qko5Fyq1M487VI="></latexit>

- Define the semi-lattice: dataflow facts and how to combine them!

<latexit sha1_base64="4YAEvIVGlVREqRhrghIZZgRADZU="></latexit>

- Decide on the direction of the analysis: forward vs backward.

<latexit sha1_base64="g8Z6KE+5ZRaVzOEOKsz3ILHLHGA="></latexit>

- Sanity check: the corresponding order should make sense!



Check List
<latexit sha1_base64="8Yq+0jfA6W17/qko5Fyq1M487VI="></latexit>

- Define the semi-lattice: dataflow facts and how to combine them!

<latexit sha1_base64="4YAEvIVGlVREqRhrghIZZgRADZU="></latexit>

- Decide on the direction of the analysis: forward vs backward.

<latexit sha1_base64="g8Z6KE+5ZRaVzOEOKsz3ILHLHGA="></latexit>

- Sanity check: the corresponding order should make sense!

<latexit sha1_base64="uDHoloeitOU/sPTv/ESzv7kYfVc="></latexit>

- Decide on the initial values.



Check List
<latexit sha1_base64="8Yq+0jfA6W17/qko5Fyq1M487VI="></latexit>

- Define the semi-lattice: dataflow facts and how to combine them!

<latexit sha1_base64="4YAEvIVGlVREqRhrghIZZgRADZU="></latexit>

- Decide on the direction of the analysis: forward vs backward.

<latexit sha1_base64="g8Z6KE+5ZRaVzOEOKsz3ILHLHGA="></latexit>

- Sanity check: the corresponding order should make sense!

<latexit sha1_base64="eavTrQJ7h+NjObCszN7rKHduaPw="></latexit>

- Design the transfer functions:

<latexit sha1_base64="uDHoloeitOU/sPTv/ESzv7kYfVc="></latexit>

- Decide on the initial values.



Check List
<latexit sha1_base64="8Yq+0jfA6W17/qko5Fyq1M487VI="></latexit>

- Define the semi-lattice: dataflow facts and how to combine them!

<latexit sha1_base64="4YAEvIVGlVREqRhrghIZZgRADZU="></latexit>

- Decide on the direction of the analysis: forward vs backward.

<latexit sha1_base64="g8Z6KE+5ZRaVzOEOKsz3ILHLHGA="></latexit>

- Sanity check: the corresponding order should make sense!

<latexit sha1_base64="eavTrQJ7h+NjObCszN7rKHduaPw="></latexit>

- Design the transfer functions:

<latexit sha1_base64="NDgZv3mLBDvC8CJJE9U1tie+D0s="></latexit>

- How does each statement a↵ect the dataflow facts?

<latexit sha1_base64="uDHoloeitOU/sPTv/ESzv7kYfVc="></latexit>

- Decide on the initial values.



Check List
<latexit sha1_base64="8Yq+0jfA6W17/qko5Fyq1M487VI="></latexit>

- Define the semi-lattice: dataflow facts and how to combine them!

<latexit sha1_base64="4YAEvIVGlVREqRhrghIZZgRADZU="></latexit>

- Decide on the direction of the analysis: forward vs backward.

<latexit sha1_base64="g8Z6KE+5ZRaVzOEOKsz3ILHLHGA="></latexit>

- Sanity check: the corresponding order should make sense!

<latexit sha1_base64="eavTrQJ7h+NjObCszN7rKHduaPw="></latexit>

- Design the transfer functions:

<latexit sha1_base64="NDgZv3mLBDvC8CJJE9U1tie+D0s="></latexit>

- How does each statement a↵ect the dataflow facts?

<latexit sha1_base64="iik0rQnw50RMsD36dvUAjJaUxPQ="></latexit>

- Sanity check: Monotonicity!

<latexit sha1_base64="uDHoloeitOU/sPTv/ESzv7kYfVc="></latexit>

- Decide on the initial values.



The Design Process
Very Busy Expressions Analysis – the basic idea

N1 N2
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�*

H
H

H
H

H
H

H
H

H
H

H
H

H
H

H
HY

X = N1 \N2

x := a

N = (X\

killz }| {
{all expressions with an x} )

[ {all subexpressions of a}| {z }
gen

6
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Very Busy Expressions: Formal Setup

<latexit sha1_base64="VhtPxqn2CM9Zug8eNr719kOnW38="></latexit>

Transfer Functions:

<latexit sha1_base64="AxMezla41hkZfyPKElIsciVhuKw="></latexit>

Domain: complete meet semi-lattice (D,\, D)

<latexit sha1_base64="rzQqarddf38HcZ5/jK00cYXqRGk="></latexit>

Dataflow Facts: D = P(Exp)

<latexit sha1_base64="ehQII6xEU0rt9Zc1GH87Fr/okhM="></latexit>

Direction: Backward

<latexit sha1_base64="qSpvsTXfkrwdr00kMOsutN4HOdU="></latexit>

V B•(l) =

⇢
; l = exitT

(l,l0)2flow V B•(l0) otherwise

unlike live variables: here we want the greatest fixed point!

<latexit sha1_base64="P1AaZe5p6F8j1dtTKLVHh1aDxhA="></latexit>

V B�(l) = RD•(l) \ {exp|var(exp) \ write(l) 6= ;}
<latexit sha1_base64="rbspFx+oMX2YQYOlmUk/e5kHVe0="></latexit>

[ computed(l)



Reaching Definitions

Live Variables Very Busy ExpressionsReaching Definitions

<latexit sha1_base64="4CUtRJk9cgKDvKlqy3dOy9cpayo="></latexit>

P(Exp)
<latexit sha1_base64="9s2xv28BdXiN/yKPTcQf9K2E/u0="></latexit>

P(Var)
<latexit sha1_base64="7yt+1dq+AFxPB6Bc+4t+XHq9Nys="></latexit>

P(Var ⇥ Loc)

<latexit sha1_base64="mmVDwtOXMijjtEVTMYFvQ3obwIU="></latexit>

Exp
<latexit sha1_base64="U8w7Ca7OQbmEYnyUf9ZbxAyTqOk="></latexit>

;

<latexit sha1_base64="w5z/hq5XnCWwbIr1eCWmIPVod3E="></latexit>

L
<latexit sha1_base64="Ri7iFR2P8qkLYpMy6QokoKF06jU="></latexit>u

<latexit sha1_base64="XNuwuEVH09fLcpGlXbZZD7ChkVM="></latexit>v <latexit sha1_base64="1YEmiUtRoDa3lhHIr7RcpmLzeMY="></latexit>✓<latexit sha1_base64="W9/QtA1tl4i1aDiLYJhRVV4AzPc="></latexit>◆

<latexit sha1_base64="XHgJT/nQQajDcE97RtU9FiS+udQ="></latexit>[ <latexit sha1_base64="XLWHSIa4YAWKzCskGqaNrnCIHqA="></latexit>\

<latexit sha1_base64="n6ta4IXd7QjT8sQDBuescdHrwiE="></latexit>?

<latexit sha1_base64="XHgJT/nQQajDcE97RtU9FiS+udQ="></latexit>[

<latexit sha1_base64="U8w7Ca7OQbmEYnyUf9ZbxAyTqOk="></latexit>

;

<latexit sha1_base64="W9/QtA1tl4i1aDiLYJhRVV4AzPc="></latexit>◆

<latexit sha1_base64="MACWLE17OjJUofWskVel8X7/zGs="></latexit>

Forward
<latexit sha1_base64="BuYFfQ0up62vbqSFYP2Pd5pUr2Q="></latexit>

Backward
<latexit sha1_base64="BuYFfQ0up62vbqSFYP2Pd5pUr2Q="></latexit>

Backward



Reaching DefinitionsThe best solution

[y := x]1;

[z := 1]2;

while [y > 0]3 do

[z := z ⇥ y]4;

[y := y� 1]5

od;

[y := 0]6

�

�

�

�

�

�

�

�

{(x, ?), (y, ?), (z, ?)}

{(x, ?), (y,1), (z, ?)}

{(x, ?), (y,1), (y,5), (z,2), (z,4)}

{(x, ?), (y,1), (y,5), (z,2), (z,4)}

{(x, ?), (y,1), (y,5), (z,4)}

{(x, ?), (y,5), (z,4)}

{(x, ?), (y,1), (y,5), (z,2), (z,4)}

{(x, ?), (y,6), (z,2), (z,4)}
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Reaching Definitions: Formal Setup
<latexit sha1_base64="Ssbv46mfgiQnZrErpztkAI3UXCQ="></latexit>

Dataflow Facts: D = Vars ⇥ Locs

<latexit sha1_base64="FFmGMA5BRKDkoN+yV24Ul8YgjN0="></latexit>

Domain: (D,[, ;, D)

<latexit sha1_base64="u1WvIx1D7UMpZSGP5GsJK+lUOMc="></latexit>

Direction: Forward

<latexit sha1_base64="VhtPxqn2CM9Zug8eNr719kOnW38="></latexit>

Transfer Functions:
<latexit sha1_base64="ZXSVB6GyG9U+OVrxaS2/luDMnbQ="></latexit>

RD�(l) =

⇢
Var ⇥ {?} l = initS

(l0,l)2flow RD•(l0) otherwise

<latexit sha1_base64="38ewe2LOFgj/WVg1OSfzvjtJts0="></latexit>

RD•(l) = RD�(l) \ write(l)⇥ Locs [ write(l)⇥ {l}


