
CSC410

Exam 2

Date: December 1, 2023
weight: 20% of course mark, length: 110 minutes

First Name: —————————————–

Last Name: —————————————–

Student Number: ————————————

Read Before You Start

• Write your name and student number, and please do it so that it matches your record on Quercus.

• This exam contains 5 problems (some with multiple subproblems). The idea is to distribute the
credit more, so that no one part is worth too much of the total mark.

• Problem 5(c) and 5(d) are for graduate students only. Undergraduate students do not need their credit
for a full mark.

• The exam totals 130 points for undergraduate students and 150 points for graduate students.

• The exam is designed so that the answers require no English words. You are welcome to write English
sentences, but be warned that they will not be graded.

• The exam may look long, but most questions have very short answers, and the rest also do not involve
a lot of writing. The generous 110-minute time is there to remove any stress from this process. It is
not an indication that this exam requires 2 hours of work!

• You may not use any known (from the text book) LTL or CTL equalities in your answers for problems
2 and 3. If you want to use one, you will have to prove it.
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Temporal Logic and Model Checking

Problem 1: Model Checking (20 points)

Consider the labeled transition system below where each state is labeled with the set of atomic propositions
that it satisfies.

q1

q2 q3

q4q0

<latexit sha1_base64="ULziMM0ffE+qmLaqUfrquqZJwLU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi00oWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZelAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqRFSj4BJ9w43ATqqQxpHAdjS+m/ntJ1SaJ/LRTFIMYzqUfMAZNVbyg5wG01615tbdOcgq8QpSgwLNXvUr6Ccsi1EaJqjWXc9NTZhTZTgTOK0EmcaUsjEdYtdSSWPUYT4/dkrOrNIng0TZkobM1d8TOY21nsSR7YypGellbyb+53UzM7gJcy7TzKBki0WDTBCTkNnnpM8VMiMmllCmuL2VsBFVlBmbT8WG4C2/vEpaF3Xvqu4+XNYat0UcZTiBUzgHD66hAffQBB8YcHiGV3hzpPPivDsfi9aSU8wcwx84nz/rN47B</latexit>{a}

{}

{b} {a}

{b, c}

Answer the two questions below, but keep in mind that a wrong answer does carry a negative weight. For
example, “correct answer 1, correct answer 2” will get more marks than “correct answer 1, correct answer
2, wrong answer 1”. Otherwise, you can just list all states for every item, and you are guaranteed to include
all the correct answers! No justification is necessary. We will only mark the list of states.

(a) List the states that satisfy the LTL formula ¬□(a U b). Be careful with the negation in the LTL
formula!

states satisfying (a U b): q2, q3, q4
states satisfying □(a U b): q3, q4
states satisfying neither □(a U b) nor ¬□(a U b): q1, q2
states satisfying ¬□(a U b): q0

(b) List the states that satisfy the CTL formula ∃
(
b U ∀(a U c)

)
.

states satisfying ∀(a U c): q3, q4
states satisfying ∃

(
b U ∀(a U c)

)
: q2, q3, q4

2



Problem 2: LTL (30 points)

(a) Consider a system with two processes, P1 and P2, one processor, and a round robin style scheduler
that keeps switching between P1 and P2 at every 2 time step. Let atomic proposition p1 be true when
process P1 is running and atomic p2 be true when process P2 is running. We start with process P1 and
we want only one process to be running at a time.

Write an LTL formula that specifies the valid runs of the system under the above round robin scheduler.
In other words, you want to permit only executions of the form:

(p1 ∧ ¬p2) (p1 ∧ ¬p2) (p2 ∧ ¬p1) (p2 ∧ ¬p1) (p1 ∧ ¬p2) (p1 ∧ ¬p2 (p2 ∧ ¬p1) (p2 ∧ ¬p1) . . .

p1 ∧⃝p1

□
(
¬(p1 ∧ p2)

)
□
(
(p1 ∧⃝p1) =⇒ ⃝⃝ p2)

)
□
(
(p2 ∧⃝p2) =⇒ ⃝⃝ p1)

)
□
(
(p1 ∧⃝p2) =⇒ ⃝⃝ p2)

)
□
(
(p2 ∧⃝p1) =⇒ ⃝⃝ p1)

)

(b) Prove or disprove: if a path π satisfies

□
(
(a =⇒ ♢b) ∧□(a =⇒ ♢b)

)
then a is guaranteed to happen infinitely often on π. In other words, π also satisfies □♢a.
False. Counterexample:

¬a ∧ ¬b ¬a ∧ ¬b ¬a ∧ ¬b . . .

which satisfies the above formula, and a never occurs on it.
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Problem 3: CTL (30 points)

(a) Prove or disprove:
¬∀□φ ≡ ∃♢¬ϕ

Here is a clean logical proof:

TS |= ¬∀□φ ⇐⇒ (by semantics of ¬)
¬(TS |= ∀□φ) ⇐⇒ (by semantics of ∀)

¬(∀π ∈ Paths(TS) : π |= □φ) ⇐⇒ (by semantics of □)

¬(∀π ∈ Paths(TS) : ∀m ≥ 0 : π[m] |= φ) ⇐⇒ by basic logic

∃π ∈ Paths(TS) : ∃m ≥ 0 : ¬(π[m] |= φ) ⇐⇒ by semantics of ¬
∃π ∈ Paths(TS) : ∃m ≥ 0 : π[m] |= ¬φ ⇐⇒ by semantics of ♢

∃π ∈ Paths(TS) : π |= ♢¬φ ⇐⇒ by semantics of ∃
TS |= ∃♢¬φ ⇐⇒ by semantics of ∃

(b) Formalize the following English specification as a CTL formula using the atomic propositions {req , acc, den}:
“Every time the system receives a request, the following three choices are available to it: it can imme-
diately deny it in the next step, immediately accept it in the next step, or ignore it. But, if ignored,
no future acceptances or denials should be issued.”. Note that ignoring a request means that neither
an acceptance nor a denial is issued in the next step. Hence, you may not assume that ¬acc → den
and vice versa.

∀□(req =⇒ (∃⃝ acc ∧ ∃⃝ den ∧ ∃⃝ ∀□(¬acc ∧ ¬den))
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Problem 4: DPLL Conflict Clause Learning (30 points)

Consider a formula F that is being checked for satisfiability in CNF using the following set of clauses:

c1 = x4 ∨ x8 c2 = ¬x1 ∨ x6 ∨ ¬x7 c3 = x2 ∨ x3 ∨ ¬x5

c4 = ¬x3 ∨ ¬x4 ∨ ¬x6 c5 = ¬x2 ∨ ¬x3 ∨ ¬x5 c6 = ¬x6 ∨ ¬x8

Consider a hypothetical snapshot of the DPLL algorithm where we inherit the following implication graph
from decisions previously made at levels 1 and 2 of the DPLL algorithm, and we add a current decision node
at level 5.

<latexit sha1_base64="Uf26yqS0+sK9Jt2RMdnBix1Op8A=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKpi20oWy2m3bpZhN2J2Ip/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ncLK6tr6RnGztLW9s7tX3j9omCTTjPsskYluhdRwKRT3UaDkrVRzGoeSN8Ph7dRvPnJtRKIecJTyIKZ9JSLBKFrJf+p6tYtuueJW3RnIMvFyUoEc9W75q9NLWBZzhUxSY9qem2IwphoFk3xS6mSGp5QNaZ+3LVU05iYYz46dkBOr9EiUaFsKyUz9PTGmsTGjOLSdMcWBWfSm4n9eO8PoOhgLlWbIFZsvijJJMCHTz0lPaM5QjiyhTAt7K2EDqilDm0/JhuAtvrxMGmdV77J6fn9eqd3kcRThCI7hFDy4ghrcQR18YCDgGV7hzVHOi/PufMxbC04+cwh/4Hz+AAwjjjI=</latexit>

x1@5

<latexit sha1_base64="Ay4MJv6q6OktNV+PU+J+MYM/q9w=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHaFqEeiF4+YuEACG9ItXWjodjdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5QSK4No7zjQpr6xubW8Xt0s7u3v5B+fCopeNUUebRWMSqExDNBJfMM9wI1kkUI1EgWDsY38789iNTmsfywUwS5kdkKHnIKTFW8p76tUatX644VWcOvErcnFQgR7Nf/uoNYppGTBoqiNZd10mMnxFlOBVsWuqlmiWEjsmQdS2VJGLaz+bHTvGZVQY4jJUtafBc/T2RkUjrSRTYzoiYkV72ZuJ/Xjc14bWfcZmkhkm6WBSmApsYzz7HA64YNWJiCaGK21sxHRFFqLH5lGwI7vLLq6R1UXUvq/X7eqVxk8dRhBM4hXNw4QoacAdN8IACh2d4hTck0Qt6Rx+L1gLKZ47hD9DnDwwnjjI=</latexit>

x3@3

<latexit sha1_base64="l0diCCea2yxY8Zmr6Z8kkD928N0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKpi20oWy2m3bpZhN2J2Ip/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ncLK6tr6RnGztLW9s7tX3j9omCTTjPsskYluhdRwKRT3UaDkrVRzGoeSN8Ph7dRvPnJtRKIecJTyIKZ9JSLBKFrJf+pe1LxuueJW3RnIMvFyUoEc9W75q9NLWBZzhUxSY9qem2IwphoFk3xS6mSGp5QNaZ+3LVU05iYYz46dkBOr9EiUaFsKyUz9PTGmsTGjOLSdMcWBWfSm4n9eO8PoOhgLlWbIFZsvijJJMCHTz0lPaM5QjiyhTAt7K2EDqilDm0/JhuAtvrxMGmdV77J6fn9eqd3kcRThCI7hFDy4ghrcQR18YCDgGV7hzVHOi/PufMxbC04+cwh/4Hz+AAwrjjI=</latexit>

x5@1

<latexit sha1_base64="KCr8iGj1AWkhpYPvnmHj5h94k3M=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4xkUeEDZkdGpgwO7uZmTWSDX/hxYPGePVvvPk3DrAHBSvppFLVne6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqLSPJL3ZhyjH9KB5H3OqLHSQ0figDx1K9XzbrHklt0ZyDLxMlKCDLVu8avTi1gSojRMUK3bnhsbP6XKcCZwUugkGmPKRnSAbUslDVH76eziCTmxSo/0I2VLGjJTf0+kNNR6HAa2M6RmqBe9qfif105M/8pPuYwTg5LNF/UTQUxEpu+THlfIjBhbQpni9lbChlRRZmxIBRuCt/jyMmmclb2LcuWuUqpeZ3Hk4QiO4RQ8uIQq3EIN6sBAwjO8wpujnRfn3fmYt+acbOYQ/sD5/AFt45Ad</latexit>¬x4@5

<latexit sha1_base64="slVrnxmYcTFtoDc8SmHn13ZBeEY=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYJEY9ELx4xcYEENqRbutDQ7W7arpFs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzgkRwbRznGxU2Nre2d4q7pb39g8Oj8vFJW8eposyjsYhVNyCaCS6ZZ7gRrJsoRqJAsE4wuZ37nUemNI/lg5kmzI/ISPKQU2Ks5D0NGs3aoFxxqs4CeJ24OalAjtag/NUfxjSNmDRUEK17rpMYPyPKcCrYrNRPNUsInZAR61kqScS0ny2OneELqwxxGCtb0uCF+nsiI5HW0yiwnRExY73qzcX/vF5qwms/4zJJDZN0uShMBTYxnn+Oh1wxasTUEkIVt7diOiaKUGPzKdkQ3NWX10m7VnWvqvX7eqV5k8dRhDM4h0twoQFNuIMWeECBwzO8whuS6AW9o49lawHlM6fwB+jzBxC7jjU=</latexit>

x7@2



<latexit sha1_base64="b5WA2O4VFBKtBSM2zRZ2iLVxuXw=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpLaOnVXdOOyon1AO5RMmmlDM5khyQhl6Ce4caGIW7/InX9j+hBU9MCFwzn3cu89QSK4Ngh9OLmV1bX1jfxmYWt7Z3evuH/Q0nGqKGvSWMSqExDNBJesabgRrJMoRqJAsHYwvpr57XumNI/lnZkkzI/IUPKQU2KsdEv75/1iCbm4jPCZB5FbQZ6HsSUeuqhWaxC7aI4SWKLRL773BjFNIyYNFUTrLkaJ8TOiDKeCTQu9VLOE0DEZsq6lkkRM+9n81Ck8scoAhrGyJQ2cq98nMhJpPYkC2xkRM9K/vZn4l9dNTVjzMy6T1DBJF4vCVEATw9nfcMAVo0ZMLCFUcXsrpCOiCDU2nYIN4etT+D9plV1cddFNpVS/XMaRB0fgGJwCDDxQB9egAZqAgiF4AE/g2RHOo/PivC5ac85y5hD8gPP2CVY7jdg=</latexit>c6

<latexit sha1_base64="8LEVNK47OLVNdADqYNQHANTe1WA=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpI+nLorunFZ0dZCO5RMmmlDM5khyQhl6Ce4caGIW7/InX9j+hBU9MCFwzn3cu89QSK4Ngh9OLmV1bX1jfxmYWt7Z3evuH/Q1nGqKGvRWMSqExDNBJesZbgRrJMoRqJAsLtgfDnz7+6Z0jyWt2aSMD8iQ8lDTomx0g3tV/rFEnJxGeGKB5FbRZ6HsSUeOq/V6hC7aI4SWKLZL773BjFNIyYNFUTrLkaJ8TOiDKeCTQu9VLOE0DEZsq6lkkRM+9n81Ck8scoAhrGyJQ2cq98nMhJpPYkC2xkRM9K/vZn4l9dNTVj3My6T1DBJF4vCVEATw9nfcMAVo0ZMLCFUcXsrpCOiCDU2nYIN4etT+D9pl1185lavq6XGxTKOPDgCx+AUYOCBBrgCTdACFAzBA3gCz45wHp0X53XRmnOWM4fgB5y3T1NLjdo=</latexit>c3

<latexit sha1_base64="2+ekYaKq52066RNXzCfk1Uq5AZ4=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpLaOnVXdOOyon1AO5RMmmlDM5khyQhl6Ce4caGIW7/InX9j+hBU9MCFwzn3cu89QSK4Ngh9OLmV1bX1jfxmYWt7Z3evuH/Q0nGqKGvSWMSqExDNBJesabgRrJMoRqJAsHYwvpr57XumNI/lnZkkzI/IUPKQU2KsdEv75X6xhFxcRvjMg8itIM/D2BIPXVSrNYhdNEcJLNHoF997g5imEZOGCqJ1F6PE+BlRhlPBpoVeqllC6JgMWddSSSKm/Wx+6hSeWGUAw1jZkgbO1e8TGYm0nkSB7YyIGenf3kz8y+umJqz5GZdJapiki0VhKqCJ4exvOOCKUSMmlhCquL0V0hFRhBqbTsGG8PUp/J+0yi4+dys3lVL9chlHHhyBY3AKMPBAHVyDBmgCCobgATyBZ0c4j86L87pozTnLmUPwA87bJ1HHjdk=</latexit>c2

<latexit sha1_base64="8LEVNK47OLVNdADqYNQHANTe1WA=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpI+nLorunFZ0dZCO5RMmmlDM5khyQhl6Ce4caGIW7/InX9j+hBU9MCFwzn3cu89QSK4Ngh9OLmV1bX1jfxmYWt7Z3evuH/Q1nGqKGvRWMSqExDNBJesZbgRrJMoRqJAsLtgfDnz7+6Z0jyWt2aSMD8iQ8lDTomx0g3tV/rFEnJxGeGKB5FbRZ6HsSUeOq/V6hC7aI4SWKLZL773BjFNIyYNFUTrLkaJ8TOiDKeCTQu9VLOE0DEZsq6lkkRM+9n81Ck8scoAhrGyJQ2cq98nMhJpPYkC2xkRM9K/vZn4l9dNTVj3My6T1DBJF4vCVEATw9nfcMAVo0ZMLCFUcXsrpCOiCDU2nYIN4etT+D9pl1185lavq6XGxTKOPDgCx+AUYOCBBrgCTdACFAzBA3gCz45wHp0X53XRmnOWM4fgB5y3T1NLjdo=</latexit>c3

<latexit sha1_base64="2+ekYaKq52066RNXzCfk1Uq5AZ4=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpLaOnVXdOOyon1AO5RMmmlDM5khyQhl6Ce4caGIW7/InX9j+hBU9MCFwzn3cu89QSK4Ngh9OLmV1bX1jfxmYWt7Z3evuH/Q0nGqKGvSWMSqExDNBJesabgRrJMoRqJAsHYwvpr57XumNI/lnZkkzI/IUPKQU2KsdEv75X6xhFxcRvjMg8itIM/D2BIPXVSrNYhdNEcJLNHoF997g5imEZOGCqJ1F6PE+BlRhlPBpoVeqllC6JgMWddSSSKm/Wx+6hSeWGUAw1jZkgbO1e8TGYm0nkSB7YyIGenf3kz8y+umJqz5GZdJapiki0VhKqCJ4exvOOCKUSMmlhCquL0V0hFRhBqbTsGG8PUp/J+0yi4+dys3lVL9chlHHhyBY3AKMPBAHVyDBmgCCobgATyBZ0c4j86L87pozTnLmUPwA87bJ1HHjdk=</latexit>c2

<latexit sha1_base64="L9p6L1SkaWlOB8qWyzaOTFlA7TM=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpI6dequ6MZlRfuAdiiZNNOGZjJDkhFK6Se4caGIW7/InX9j+hBU9MCFwzn3cu89YSq4Ngh9OLmV1bX1jfxmYWt7Z3evuH/Q1EmmKGvQRCSqHRLNBJesYbgRrJ0qRuJQsFY4upr5rXumNE/knRmnLIjJQPKIU2KsdEt7Xq9YQi4uI3zmQ+R6yPcxtsRHF5VKFWIXzVECS9R7xfduP6FZzKShgmjdwSg1wYQow6lg00I30ywldEQGrGOpJDHTwWR+6hSeWKUPo0TZkgbO1e8TExJrPY5D2xkTM9S/vZn4l9fJTFQNJlymmWGSLhZFmYAmgbO/YZ8rRo0YW0Ko4vZWSIdEEWpsOgUbwten8H/SLLv43PVuvFLtchlHHhyBY3AKMPBBDVyDOmgACgbgATyBZ0c4j86L87pozTnLmUPwA87bJ1TPjds=</latexit>c4
<latexit sha1_base64="YkC9cJTR3vMvOGyltYctfLTFMbs=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpLaOnVXdOOyon1AO5RMmmlDM5khyQhl6Ce4caGIW7/InX9j+hBU9MCFwzn3cu89QSK4Ngh9OLmV1bX1jfxmYWt7Z3evuH/Q0nGqKGvSWMSqExDNBJesabgRrJMoRqJAsHYwvpr57XumNI/lnZkkzI/IUPKQU2KsdEv7uF8sIReXET7zIHIryPMwtsRDF9VqDWIXzVECSzT6xffeIKZpxKShgmjdxSgxfkaU4VSwaaGXapYQOiZD1rVUkohpP5ufOoUnVhnAMFa2pIFz9ftERiKtJ1FgOyNiRvq3NxP/8rqpCWt+xmWSGibpYlGYCmhiOPsbDrhi1IiJJYQqbm+FdEQUocamU7AhfH0K/yetsovP3cpNpVS/XMaRB0fgGJwCDDxQB9egAZqAgiF4AE/g2RHOo/PivC5ac85y5hD8gPP2CVBDjdg=</latexit>c1

<latexit sha1_base64="QCnk1VLeb4UHaZlh/B9exbn5VMU=">AAAB8XicbVDLTgJBEOz1ifhCPXqZSEw8kV0k6pHoxSMm8oiwIbNDL0yYnd3MzBoJ4S+8eNAYr/6NN//GAfagYCWdVKq6090VJIJr47rfzsrq2vrGZm4rv72zu7dfODhs6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4M/Wbj6g0j+W9GSXoR7QvecgZNVZ66Ejsk6duuXreLRTdkjsDWSZeRoqQodYtfHV6MUsjlIYJqnXbcxPjj6kynAmc5DupxoSyIe1j21JJI9T+eHbxhJxapUfCWNmShszU3xNjGmk9igLbGVEz0IveVPzPa6cmvPLHXCapQcnmi8JUEBOT6fukxxUyI0aWUKa4vZWwAVWUGRtS3obgLb68TBrlkndRqtxVitXrLI4cHMMJnIEHl1CFW6hBHRhIeIZXeHO08+K8Ox/z1hUnmzmCP3A+fwBnz5AZ</latexit>¬x2@3

<latexit sha1_base64="Zn2ICDl+PfiNcvr/KSrsnKi6xgI=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYNokeiF4+YuEACG9ItXWjodjdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5QSK4No7zjQpr6xubW8Xt0s7u3v5B+fCopeNUUebRWMSqExDNBJfMM9wI1kkUI1EgWDsY38789iNTmsfywUwS5kdkKHnIKTFW8p769cZlv1xxqs4ceJW4OalAjma//NUbxDSNmDRUEK27rpMYPyPKcCrYtNRLNUsIHZMh61oqScS0n82PneIzqwxwGCtb0uC5+nsiI5HWkyiwnRExI73szcT/vG5qwms/4zJJDZN0sShMBTYxnn2OB1wxasTEEkIVt7diOiKKUGPzKdkQ3OWXV0nrourWq7X7WqVxk8dRhBM4hXNw4QoacAdN8IACh2d4hTck0Qt6Rx+L1gLKZ47hD9DnDxPBjjc=</latexit>

x6@5

<latexit sha1_base64="YkC9cJTR3vMvOGyltYctfLTFMbs=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpLaOnVXdOOyon1AO5RMmmlDM5khyQhl6Ce4caGIW7/InX9j+hBU9MCFwzn3cu89QSK4Ngh9OLmV1bX1jfxmYWt7Z3evuH/Q0nGqKGvSWMSqExDNBJesabgRrJMoRqJAsHYwvpr57XumNI/lnZkkzI/IUPKQU2KsdEv7uF8sIReXET7zIHIryPMwtsRDF9VqDWIXzVECSzT6xffeIKZpxKShgmjdxSgxfkaU4VSwaaGXapYQOiZD1rVUkohpP5ufOoUnVhnAMFa2pIFz9ftERiKtJ1FgOyNiRvq3NxP/8rqpCWt+xmWSGibpYlGYCmhiOPsbDrhi1IiJJYQqbm+FdEQUocamU7AhfH0K/yetsovP3cpNpVS/XMaRB0fgGJwCDDxQB9egAZqAgiF4AE/g2RHOo/PivC5ac85y5hD8gPP2CVBDjdg=</latexit>c1

<latexit sha1_base64="ZVCHvFcPM9b7BnbBzKYc8a28/cg=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHaND45ELx4xkUeEDZkdemHC7OxmZtZICH/hxYPGePVvvPk3DrAHBSvppFLVne6uIBFcG9f9dnIrq2vrG/nNwtb2zu5ecf+goeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzdRvPqLSPJb3ZpSgH9G+5CFn1FjpoSOxT566lepFt1hyy+4MZJl4GSlBhlq3+NXpxSyNUBomqNZtz02MP6bKcCZwUuikGhPKhrSPbUsljVD749nFE3JilR4JY2VLGjJTf0+MaaT1KApsZ0TNQC96U/E/r52asOKPuUxSg5LNF4WpICYm0/dJjytkRowsoUxxeythA6ooMzakgg3BW3x5mTTOyt5l+fzuvFS9zuLIwxEcwyl4cAVVuIUa1IGBhGd4hTdHOy/Ou/Mxb8052cwh/IHz+QNz+5Ah</latexit>¬x8@5

<latexit sha1_base64="L9p6L1SkaWlOB8qWyzaOTFlA7TM=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpI6dequ6MZlRfuAdiiZNNOGZjJDkhFK6Se4caGIW7/InX9j+hBU9MCFwzn3cu89YSq4Ngh9OLmV1bX1jfxmYWt7Z3evuH/Q1EmmKGvQRCSqHRLNBJesYbgRrJ0qRuJQsFY4upr5rXumNE/knRmnLIjJQPKIU2KsdEt7Xq9YQi4uI3zmQ+R6yPcxtsRHF5VKFWIXzVECS9R7xfduP6FZzKShgmjdwSg1wYQow6lg00I30ywldEQGrGOpJDHTwWR+6hSeWKUPo0TZkgbO1e8TExJrPY5D2xkTM9S/vZn4l9fJTFQNJlymmWGSLhZFmYAmgbO/YZ8rRo0YW0Ko4vZWSIdEEWpsOgUbwten8H/SLLv43PVuvFLtchlHHhyBY3AKMPBBDVyDOmgACgbgATyBZ0c4j86L87pozTnLmUPwA87bJ1TPjds=</latexit>c4

(a) Complete the above implication graph (in place) for level 5 to get a conflict. You will notice that part
of this graph would already exist at level 3. That is intentional.

(b) Produce all asserting clauses that could be learned by the DPLL algorithm before it backtracks. In the
case of each clause, indicate the level to which the algorithm would backtrack after learning the clause.
To justify your answer, write down the sequence of binary resolution steps (and all the intermediate
clauses) that gets you to your asserting clause. For clarity, label each clause that you use with its
identifier from the list, e.g. c5 : ¬x2 ∨¬x3 ∨¬x5 instead of just ¬x2 ∨¬x3 ∨¬x5. What is the smallest
asserting clause the algorithm can learn?

Hint: Now you need to use the information about what part of the graph existed before level 5 and
what part is new. You do not need to process the existing parts to find an asserting clause at level 5.

c6 : ¬x6 ∨ ¬x8 c1 : x4 ∨ x8

x4 ∨ ¬x6

x4 ∨ ¬x6 c4 = ¬x3 ∨ ¬x4 ∨ ¬x6

¬x3 ∨ ¬x6

¬x3 ∨ ¬x6 is the first asserting clause. It corresponds to the UIP x6@5, which is on every path from
x1@5 to the conflict node. If we backtrack to level 3 with this clause, it will become a unit clause resulting
to a decision ¬x6@3 at that level.

If we continue: ¬x3 ∨ ¬x6 c2 : ¬x1 ∨ x6 ∨ ¬x7

¬x1 ∨ ¬x3 ∨ ¬x7

¬x1 ∨¬x3 ∨¬x7 is another asserting clause that the algorithm can learn, and it will backtrack to level 3
after learning it. This one corresponds to the trivial UIP x1@5. This clause will become unit at level 3, and
result in a decision ¬x1@3.

We can continue and learn the trivial ¬x1 ∨ x2 ∨¬x5 ∨¬x7, but this is unnecessary. The clause above is
the better stand in for this clause.
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Decision Procedures

Problem 5: SAT Encoding

(20 + 20 points) The goal of this problem is to select a number of teachers to cover a number of subjects.
This is one problem, broken into parts so that you may earn partial credits and have some guidance.

• Let T = {T1, . . . , Tn} a set of teachers.

• Let S = {S1, . . . , Sm} be a set of subjects.

• Each subject s ∈ S is taught by a set T (s) of the teachers (T (s) ⊂ T ). Additionally, you may want to
make use of the function subsets(T, n) = {T ′ ⊆ T | |T ′| = n} where |T | denotes the cardinality of the
set T .

Given a natural number k ≤ n, we want to check if it is possible to recruit at most k teachers and cover all
the subjects. We use the following boolean variables:

• Teachers ti, for i = 1, . . . , n, where ti is true if and only if the corresponding teacher is recruited.

• Subjects sj for j = 1, . . . ,m, where sj is true if and only if the corresponding subject is covered
(taught).

You are only allowed to use these variables in your answers to the questions below. Follow the steps (a)-(d)
to produce the encoding for this problems.

(a) (10 points) Write a constraint (formula in propositional logic) that ensures that a subject is considered
covered only if at least one teacher who covers it is recruited. Think of this as relating the variables si
and ti together. Your formula should be in CNF (conjunctive normal form).

m∧
j=1

sj =⇒
∨

t∈T (sj)

t


(b) (10 points) Write a constraint (formula in propositional logic) that ensures that all subjects in S are

covered.

m∧
j=1

sj

(c) (graduate problem: 10 points) Write a constraint (formula) that ensures that at most k teachers
are recruited. Your formula should be in CNF (conjunctive normal form).∧

c∈subsets(T,k+1)

∨
t∈c

¬t

(d) (graduate problem: 10 points) We have so far solved the problem of recruiting at most k teachers.
Now assume that we want exactly k teachers to be recruited, such that all the subjects are taught.
What other constraints are required (in addition to the ones you listed in (a),(b), and (c) parts)? Write
a CNF formula for the additional constraints. ∧

c∈subsets(T,n−k+1)

∨
t∈c

t
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Cheat Sheet

236 Linear Temporal Logic

σ |= true

σ |= a iff a ∈ A0 (i.e., A0 |= a)

σ |= ϕ1 ∧ ϕ2 iff σ |= ϕ1 and σ |= ϕ2

σ |= ¬ ϕ iff σ #|= ϕ

σ |= ©ϕ iff σ[1 . . .] = A1A2A3 . . . |= ϕ

σ |= ϕ1 U ϕ2 iff ∃j ! 0. σ[j . . .] |= ϕ2 and σ[i . . .] |= ϕ1, for all 0 " i < j

Figure 5.2: LTL semantics (satisfaction relation |=) for infinite words over 2AP.

be regarded in order to be able to refer to the truth-value of the subformula aU b in the
“next step”.

For the derived operators ♦ and $ the expected result is:

σ |= ♦ϕ iff ∃j ! 0. σ[j . . .] |= ϕ

σ |= $ϕ iff ∀j ! 0. σ[j . . .] |= ϕ.

The statement for ♦ is immediate from the definition of ♦ and the semantics of U . The
statement for $ follows from:

σ |= $ϕ = ¬♦¬ϕ iff ¬∃j ! 0. σ[j . . .] |= ¬ϕ
iff ¬∃j ! 0. σ[j . . .] #|= ϕ
iff ∀j ! 0. σ[j . . .] |= ϕ.

The semantics of the combinations of $ and ♦ can now be derived:

σ |= $♦ϕ iff
∞
∃ j. σ[j . . .] |= ϕ

σ |= ♦$ϕ iff
∞
∀ j. σ[j . . .] |= ϕ.

Here,
∞
∃ j means ∀i ! 0. ∃j ! i, “for infinitely many j ∈ IN”, while

∞
∀ j stands for

∃i ! 0. ∀j ! i, “for almost all j ∈ IN”. Let us verify the first statement. The argument
for the second statement is similar.

σ |= $♦ϕ iff ∀i ! 0. σ[i . . .] |= ♦ϕ
iff ∀i ! 0. ∃j ! i. σ[j . . .] |= ϕ

iff
∞
∃ j. σ[j . . .] |= ϕ.

As a subsequent step, we determine the semantics of LTL-formulae with respect to a

CTL Semantics

LTL Semantics

320 Computation Tree Logic

6.2.2 Semantics

CTL formulae are interpreted over the states and paths of a transition system TS. For-
mally, given a transition system TS, the semantics of CTL formulae is defined by two
satisfaction relations (both denoted by |=TS, or briefly |=): one for the state formulae and
one for the path formulae. For the state formulae, |= is a relation between the states in TS
and state formulae. We write s |= Φ rather than (s,Φ) ∈ |=. The intended interpretation
is: s |= Φ if and only if state formula Φ holds in state s. For the path formulae, |= is
a relation between maximal path fragments in TS and path formulae. We write π |= Φ
rather than (π,Φ) ∈ |=. The intended interpretation is: π |= ϕ if and only if path π
satisfies path formula ϕ.

Definition 6.4. Satisfaction Relation for CTL

Let a ∈ AP be an atomic proposition, TS = (S,Act,→, I,AP, L) be a transition system
without terminal states, state s ∈ S, Φ,Ψ be CTL state formulae, and ϕ be a CTL path
formula. The satisfaction relation |= is defined for state formulae by

s |= a iff a ∈ L(s)

s |= ¬Φ iff not s |= Φ

s |= Φ ∧ Ψ iff (s |= Φ) and (s |= Ψ)

s |= ∃ϕ iff π |= ϕ for some π ∈ Paths(s)

s |= ∀ϕ iff π |= ϕ for all π ∈ Paths(s)

For path π, the satisfaction relation |= for path formulae is defined by

π |= ©Φ iff π[1] |= Φ

π |= Φ UΨ iff ∃ j ! 0. (π[j] |= Ψ ∧ (∀ 0 " k < j.π[k] |= Φ)) .

where for path π = s0 s1 s2 . . . and integer i ! 0, π[i] denotes the (i+1)th state of π, i.e.,
π[i] = si.

The interpretations for atomic propositions, negation, and conjunction are as usual, where
it should be noted that in CTL they are interpreted over states, whereas in LTL they are
interpreted over paths. state formula ∃ϕ is valid in state s if and only if there exists some
path starting in s that satisfies ϕ. In contrast, ∀ϕ is valid in state s if and only if all
paths starting in s satisfy ϕ. The semantics of the path formulae is identical (although
formulated slightly more simply) to that for LTL.1 For instance, ∃©Φ is valid in state s if

1The semantics of the CTL path formulae is formulated more simply than for LTL, since in CTL each

<latexit sha1_base64="1a6zuAcTWovXJipp4PoJwXSF5h4=">AAACKXicbVDJSgNBFOyJW4zbqEcvjUHwFGZE1GPQi8cIZoHMEHo6b5ImPQvdb8Qw5He8+CteFBT16o/YWUBNLGgoqurx+lWQSqHRcT6swtLyyupacb20sbm1vWPv7jV0kikOdZ7IRLUCpkGKGOooUEIrVcCiQEIzGFyN/eYdKC2S+BaHKfgR68UiFJyhkTp21UsF9aKkC1JTLxA9LhSnXq1vVEo9hHvMqQhDSkdGMOG26//kTaxjl52KMwFdJO6MlMkMtY794nUTnkUQI5dM67brpOjnTKHgEkYlL9OQMj5gPWgbGrMItJ9PLh3RI6N0aZgo82KkE/X3RM4irYdRYJIRw76e98bif147w/DCz0WcZggxny4KM0kxoePaaFco4CiHhjCuhPkr5X2mGEdTbsmU4M6fvEgaJxX3rHJ6c1quXs7qKJIDckiOiUvOSZVckxqpE04eyBN5JW/Wo/VsvVuf02jBms3skz+wvr4BvBalFg==</latexit>

⇡ |= �� i↵ ⇡[1] |= �

<latexit sha1_base64="urLgbDhj+TTUnouWCcNnY71Zo+E="></latexit>

⇡ |= �U i↵ 9j. ⇡[j] |=  ^ 80  k < j. ⇡[k] |= �

<latexit sha1_base64="1PcMQDA9OS4nC+xf7gNSESKbFy4="></latexit>

� |= ⇤' i↵ 8i. �[i...] |= '
<latexit sha1_base64="opU9zqNL1A4DqC0R75deatswdz4="></latexit>

� |= ⌃' i↵ 9i � 0. �[i...] |= '
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