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Learning goals

By the end of this lecture, you should be able to:

» Write a formal deduction proof using rules for equality.

» Write a formal deduction proof for properties of natural
numbers using formal deduction rules and Peano axioms.
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Formal Deduction Rules for Equality

(~—) 1o+t Dand S F .@then
S ()

where A’ (t,) results from A(t;)

by replacing some (not necessarily all) occurrences

of t; by t5.

(~+) 0 F uru

—
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Proving Properties of Equality

(Reflexivity) Vz (x &x)
(Symmetry) Vo Vy ((z =y) = (y = z))
(Transitivity) Ve Vy Vz (z=y) A (y = 2) = (z = 2))
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Proving Reflexivity

Reflexivity: ) - Va(z = x)

O &+ uxu
D P F Yx (xxX)
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Proving Symmetry

nxV YD)~ U
@u >@=u tispx vet
Symmetry: 0 - Va Vy (z ~y) — (y = x) tp&@"’ U
(0 $ F UxU  (x+) -
(2) UxV WU (+,
(3) u~v F Uxv (€) A= xxu
@ U=V F Vxu  (=-,2,3, t=ht=v, )
(s) P (UxV)—> (v=u) (=,

© S VI(u=D>8n) (v,
() G Yx VYlxxw)>yxx) (V+,
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Proving Transitivity
PE ux@®w

- b UxV
e b VW
Transitivity: 0 -V Vy Vz (x ~ y)

[ (U V) AVEW) | (UuxVIAN(VaW) (€)
2 (W) A (Vew) - UxV. (A=, 1D
3 (UVIN (VW) - vaWw (A=, 1D

ti=V, =W, Alx)=UxX

FUSVIN(V=W) b+ (Uxw) (==, 2,3)
s P (usVIAVEWSuxw) Tt
6 P Yx VY V2 (xxd)AYxs)>(xa x2))
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Outline

Using Logic to Model Number Theory
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Using Logic to Model Mathematics

We want to use predicate logic to model mathematics.
» Number theory, with 0, +, and -
» Set theory, with € and ()
» Group theory
» Graph theory
» Geometry
For each domain,

» Define axioms that describe the functions, predicates/relations
and individuals/constants.

» Prove theorems in that domain using predicate logic.
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Number Theory

We would like to formalize the properties of natural numbers.

» The domain is the set of natural numbers, 0,1,2,3, ....
» Functions: addition + and multiplication -
» Relations: ordering <.

The axioms should be a small set of true statements from which
we can derive theorems about natural numbers.
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Symbols for Number Theory

0,1,2 3,4, ...
LN
> IndividuaI/Constant@ O, S[O), S[S(O))l S(S(S(O))>

» Functions:
addition +
multiplication -
successor s(x)
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Peano Axioms (1/2)

Axioms for successor
PA1 Zero is not a successor of.a_nl_natural number.
V% (= (sm=0)) St is & suaessor of /X,
PA2 If two numbers are the same, ’X s a Prgdgcgggorma Stx)
they must have the sam
Vx Y (st = sty) = x=y)

Axioms for addition
PA3 Adding zero to any number yields the same number.

X (X+0 =
V (X+0 = %) -t,-o nodual number
PA4 Adding the successor of a number,yields
the successor of adding the number (/) ‘Hl! Sme nadwral mlmL'Ef

W VY (% + sth) =s(x+4))
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Peano Axioms (2/2)

Axioms for multiplication

PA5 Multiplying a number by zero yields zero.
¥x (- 0=0)

PA6 Multiplying one number and the successor of another number
equals the product of the two numbers plus the first number.

x Y (% s 2 xed +x)
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Axiom for Induction

For n € N, let P(n) denote that n has the property P.

» (Base Case)
Prove that P(0) is true.

» (Inductive Step)&
Assume that(P(k
Prove that(P

is true. eue,ry

By the principle of rﬁgﬁematical induction, P(n) is true for every
n € N.

Expressing this in predicate logic:

(P(0) AV (P(x) = P(s(x)))) = Vx P(x)
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Axiom for Induction

O &+ Ao
B &+ ¥x (A — Als@)))
B ¢ 1 AD N Y (A= MY (N, 1,2)

Axiom for induction

@ PA7 For each predlcate formula A(z) with free variable x
¢ ) AVa(A(z) = A(s(z))] = Yo A(z) (PA3Z).

Base Inductibn Conclusion
ose w

© ¢+ Yxhto (=-34)
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Example 1: Every number is not equal to its successor

PA2 Y VY sho=sty) = xxy
S(s(k)) =s(k) = s(k) ~k

Every natural number |s not equal to its successor.
Prove that Vz (—(s(z) =) ¢ (A (S 2<0)) (PA 4__)
» Base Case: Prove that —(s(0) = 0)™ 0 —(8()x0)
—
Which Peano Axiom can we use to prove this?

» Induction Step:
Consider some k € N, “1(s(X) x ’X)

Assume that —(s(k) = k). ~
Prove that —(s(s(k)) = s(k)). —1(s(stk)) ~ S'(k))

Which Peano Axiom can we use to prove this?
—1(S() = k) — =1 (S(stk)) = SCk))
S(stN 2 Stk) = SR =E)
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Fove that 7 (A (six) ) ¢

a) PF Vx (7(stx)y=~0))  (PAL)
() ¢ (s@=o0) (V-, 1)

-
= Vi (alsmoyx=xy = a(ssa)=swy) (¥,

AN\




Frove that (WD

F(x)
Boase case :  Pove ot F) e (Sl)«0)

‘/(/Q‘_»—/—\
Induction step : Pove that Y& (FIX) — F(S(20))

Jnductibn need.
hypothesls  prve tids

\/x (ﬂ(ﬂ«):&rx) —> ﬂ(s(s(«>)f/\5(o<>>>



Base case :

() & Vx (2(stx)=0) (PAL)
(2 P —(Sl)>=D) (Y=, L)

Thduction Step :

(3) B Va VY (soxsy) — xxy)  (PAR)
(4) o |- VY (s(stw) = st4) = S(u% Yy (V- 3
(s) P [ sisw)z=swm)—> su) =< (V= 4
) (Sl =w), s(stuw) = su) S’(S(u)) S(u) —> S(u)mu (+,8)

) (S(wWy =), S(s(W) = Su) | S~ sy (&)
(8) 2 (S(W =) , SIS(u) x=Su) [ Sl = (—>—,

- 6,%)
(D) (S(W) 2= W), SIS(W) 2= S f/-ﬂ/s(wec ") (E)
(10) (st u) = TSE(W) 2 S(w)) (—+,8,9)
(i G s = 1) —> = (S(Su)) 2= S(u))

(=, [0)
(12) 2 Vx (st ax) = ~(ssodx sy (Y, 1D



s

(12) ¢ |- [ﬂ/%) o) A W (— (st~ «)—%"(S[S[oo)f»S/oO)ﬂ
= Y (st X)) (PAT)

() Gl (k) 2 0) A Fax (a(stx) 2 %) = = (5(320)) A St
(A, 2, IR

(15) ¢ Vo (=(Stx)2=x)) (=>—, 13, 4



Example 1: Every number is not equal to its successor

Every natural number is not equal to its successor.
Prove that Vz (—(s(z) = x)).

1.0F Va (s(z) #0) (PA1)
2.0+ s(0)#0(v—,1)

3.s(u) # u,s(s(uw) = s(u) = s(s(u)) = s(u) (€)
40+ YV Vy (s(z) =s(y) - x =1y) (PA2)
5(Z)F s(s(u)) = s(u) = s(u) =u (V—,4)
6.s5(u) # u,s(s(u)) = s(u) = s(s(u)) = s(u) = s(u) =u (+,5)
T.s(u) # u,s(s(u) = s(u) = s(u) =u (= —,6,3)
8.s(u) # u,s(s(u) = s(u) = s(u) #u(€)
9.s(u) #ut s(s(u)) # s(u) (-+,7,8)
10.0F s(u) #u— s(s(u)) # s(u) (= +,9)
11.0 F Va(s(xz) #x — s(s(x)) # s(x)) (10, V+, no u elsewhere)
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Example 1: Every number is not equal to its successor

Every natural number is not equal to its successor.
Prove that Vz(—(s(x) = z)). (continued)

120+ s(0) #0AVe(s(z) #x — s(s(x))
13.0F s(0) #0AVa(s(z) #x — s(s(x)) # s(x))
— Va(s(z) # x) (PA7, with A(z) " s(z) £ 2”)
4.0+ Ve(s(z) # z) (— —,12,13)
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Example 2: Every non-zero natural number
has a predecessor

Every non-zero natural number has a predecessor.
Prove that Vz(z =0V 3y (s(y) = x))

Base case:

1OF 0=0(~+)

20 0=0V3Iy(s(y) =0) (V+,1)

Induction step:

3k=0F k=0 (¢)

4.0+ s(k) = s(k) (prove separately using (~ +))

5.k=0F s(k)=s(k) (+,4)

6.k =0F s(0)=s(k) (= —) with A(z) :“ s(z) = s(k)”
Tk=0F Jy(s(y) = s(k)) ((3+),6)

8k=0F (s(k)=0)VIy(s(y) =s(k)) (V+,8)
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bove thatr V' (20 V JY (Sly=x)

FCX)
Base cse: Pwe that Fb)

~0V Y (S(4)=~0)

Induction step:  Pove #hat- Vx ( F) = F(st0)

Vo (( xoc0V Y (s x) —
Stx) % 0V F Y (s(¥) = Stx)))



Base ese () Z1- 0%0 (2 +)
) - 0o/ JY(S(H~=0) (V+, ])

In duc+bn step:

(16) (k=0) V FY (st) T k) = Skyx=o0\V/ JY (s(y)~=sk)) (V-
() B (koo VFY (spy) ~ k) =

(Stk)y=0V FY (S(Y) 2 S(k))) (>,
(8) @1 Yx ( <oV 3Y(sty) ~x) —

Sioy oV Y (s(y) = sx)) (Y,

Inductim step, st case of (V=) S) e SB) Sk~ sik)
() 2 Sk sk (R4 S @ Q\/KNO
@  kx0 | stxsk) «,3) | s(0)x Stk) Sb)xsk)
) ko = kx 0 (€3
() Kx0 | S0)=x sk) (x—, t=k =0, AD=st0xsk))
H  kx0 = FY(S¥ =Sy (3+, 6)
) k>0 | Sk)=o V JY(SY) ~sk)) (VA, D



Example 2:

Inductive step, second case of (V—)
9.s5(u) =kt s(u) =k (€)

10.s(u) = k+ k= s(u) (9, symmetry of =)

11.s(u) = k= s(k) = s(k) (4,+)

12.s(u) = k+ s(s(u)) = s(k) (11,10, (~ —), A(x) : s(x) = s(k))
13.s(u) = k= Fy(s(y) = s(k)) (12,34)

14.s(u) =kt s(k) =0V Iy(s(y) = s(k)) (13,V+)

153y(s(y) = K) - s(k) = 0V 3y(s(y) = s(k)) (14,3-),

~—

no u elsewhere

16.k =0V Jy(s(y) =
170+ k=0V3y(s(y
+)

18.0 + Vz(P(x) — P(s(x))) (17,V+, no k elsewhere)

19.0+ P(0) AVz(P(x) — P(s(x))) (18,2, A+)

20.0 = P(0) AVx(P(z) = P(s(x))) — VxP(x) (PAT)
21.0F Va(z =0V Jy(s(y) = x)) (20,19, — —)
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Revisiting the learning goals

By the end of this lecture, you should be able to:

» Write a formal deduction proof using rules for equality.

» Write a formal deduction proof for properties of natural
numbers using formal deduction rules and Peano axioms.
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